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( i i )
D e c la ra t io n
Ï  h e re b y  d e c la r e  t h a t  th e  fo llo w in g  t h e s i s  i s  b a sed  upon 
re s e a rc h  work c a r r i e d  o u t b y  me, t h a t  th e  t h e s i s  i s  my own 
co m p o sitio n  and t h a t  i t  h a s  n o t  p r e v io u s ly  been  p re s e n te d  f o r  
a h igho.r d e g re e .
The re s e a rc h  h a s  been  perfo rm ed  i n  th e  D epartm ent o f  
N a tu ra l  P h ilo so p h y  o f  th e  U n ite d  C o lle g e  o f  th e  U n iv e r s i ty  o f  
8t ,  Andrews u n d e r th e  s u p e rv is io n  o f  D r. D. V. Osborne and o f  
P r o f e s s o r  J ,  F , A l le n ,  F .N ,8 .
( i l l )
C e r t i f i o a t e
I  c e r t i f y  t h a t  D erek J» G r i f f i t h s  h a s  sp e n t n in e  term s 
engaged in  r e s e a rc h  i n  th e  D epartm ent o f  N a tu ra l  P h ilo so p h y  
o f  th e  U n ite d  C o lle g e  o f  th e  U n iv e r s i ty  o f  S t .  Andrews 
under th e  d i r e c t i o n  o f  P r o fe sso r  J* F# A lle n  and o f  m y se lf , 
t h a t  he  h a s  f u l f i l l e d  th e  c o n d it io n s  o f  O rd inance  No# 16 o f  
th e  U n iv e rs i ty  C ourt o f  S t .  Andrews and t h a t  he i s  q u a l i f ie d  
to  submit th e  accompanying t h e s i s  i n  a p p l ic a t io n  f o r  th e  
d eg ree  o f  D o c to r o f  Ph ilosophy#
R esearch  S u p e rv iso r ,
(iv)
P e rs o n a l  P re fa c e
X g ra d u a te d  i n  i9 6 0  a s  B a ch e lo r o f  A r ts  o f  th e  U n iv e r s i ty  
o f  Cambridge w ith  f i r s t  c l a s s  honours in  P a r t  I  o f  th e  N atural 
S c ien c es  Tripos and second  c l a s s  honours in  P a r t  IX o f  th e  
same T r ip o s ,  i n  w hich my s u b je c t  was P h y s ic s  (v /ith  t h e o r e t i c a l  
o p tio n )#  I n  October o f  th a t  y e a r  I  began r e s e a r c h  in  the  
D epartm ent o f  N a tu ra l  P h ilosop h y  o f  th e  U n ited  C o lleg e  o f  th e  
U n iv e r s i ty  o f St# .Andrews under Dr. D# V. O sborne, who h as  
continu ed  to  d ir e c t  mo u n t i l  th e  p r e s e n t  t im e , w ith  the  
e x c e p tio n  o f  th e  académ ie y e a r  I 96l / l 962 when h i s  p la c e  was 
tak e n  by  P ro f  e s s o r  J#  F. A lle n . I n  J u l y ,  19^1, I  atten d ed  a 
c o u rse  on l iq u id  helium  a t  th e  Enrico I ’exvai I n t e r n a t i o n a l  
School o f  P h y s ic s , I t a l y ,  and i n  Septem ber, 1962, th e  V T lIth  
I n t e r n a t i o n a l  Congx*esB on Low Temperature P h y s ic s  a t  Queen 
Mary C o lle g e , London.
(v)
Aolcnowl edpmeat
The a u th o r  o f f e r 's  h i s  s in c e r e  th an k s  to  th e  fo llo w in g  
p e o p le  and I n s t i t u t i o n s :
The Department o f  S c i e n t i f i c  and I n d u s t r i a l  Research  
f o r  th o  award o f  a Research Studentsh ip  and foz' g ra n ts  towards 
th e  c o s t  o f  a t te n d in g  th e  I n t e r n a t i o n a l  Summer School c o u rse  
on l i q u i d  helium  i n  I t a l y  in  1961 and th e  V l l l t h  I n t e r n a t i o n a l  
Congress on. Low Temperature P h y s ic s  i n  London in  1962.
Dr. D. V. Oshomo f o r  t h e  b a s ic  id e a s  on w hich th e  whole 
work r e s t s ;  f o r  h e lp  w ith  many p r a c t i c a l  d e t a i l s ,  e s p e c ia l ly  
tlie  d e s ig n  o f  th e  e le c t r o n ic s ;  f o r  b e in g  always a v a i la b le  w ith  
h e lp , s t im u la tin g  id e a s  and d is c u s s io n  when wanted, and, k eep in g  
t a c t f u l l y  o u t o f  th e  way otherw ise*
P ro fe sso r  J . J*\ A llen  f o r  encourageram t  and p a tie n c e  
th ro u g h o u t th e  work, e s p e c ia l ly  durcing th e  d i f f i c u l t  p e r io d  o f  
th e  i n v e s t i g a t io n  f i ’om 1961 to  1962; f o r  d is c u s s io n  o f  th e  
id e a s  o f  th e  e a r ly  p a r ts  o f  c h a p te r  3 and o f  appendix IX , and 
h e lp  in  th e  p rep ara tion  o f  a paper upon them#
P r o f e s s o r  P. Vinen fo r  d is c u s s io n  and c r i t i c i s m  o f  th e  
same i d e a s .
Mr. K, i i . M itch e ll f o r  d e s ig n in g  th e  f i n a l  v ersio n  o f  th e
c r y o s t a t ,  and fo r  a s te a d y  flo w  o f  heliu m , h e lp  and id e a s  on
(v i)
and t h e o r y a  remarkably h igh  proi^ortioa o f  them 
b r ig h t onon*
Mr* n . y , M itch e ll end Mr, T* Mnraholl fo r  co n o tru etln g  
th e  f i n a l  v o r s lo a  o f  th e  c r y o s to t ,
Kr. H* C a lm s  f o r  le n d in g  eon-o v i t a l  p ie c e s  o f  
e l e c t r i c a l  ecridpmentfc
V ir t im l ly  o v e rjo iie  e l s e  in  th e  d sp a rtw o n t f o r  do ing  ond 
len d in g  th:h%p.a a t  voidouB timos#
D%\ A# l io r r id g o  and th e  C a t ty  Marino R esearch  la b o r a to r y  
fo r  la id ln g  a W.gh*"8pQed pen recorcim' and o th e r  oqulpmwit#
Dr* Ke Btevens o.nd the Department of f)%ynlolcg3' foi' the 
tonij^ iomry loan of a CTO e%iu the pwnanent loon of a constant*" 
apoad camoro drive#
Mr# ?\# Curxdo and  th e  D epartm ent o f  TIntux'al P h ilo a o p i^ ',  
Glasgow U n iv ez 'o ity , fo i ' th e  lo a n  o f  an  pow er s % ) l y  u n i t  
and t};ree  phDtomul.ti%)lier tiA'jcs,
Mr, J , C'Orrard fox* tlio  BUppiy o f  eeuipmont nnu fo r  
p r in t in g  th e  i l lu s t r a t io n #  t o  t h i s  t h e s i s .
] 'in n lly *  M rs, M# Cunningham fo r ' ty p in g  th e  t h e s i s  o t 
W,gh u%)oed for a rather unroll able author#
(v il)
Bummaxy
O bservations have b een  made o f  th e  behavioux* o f  a f i n e  q u a r ts  
f i b r e ,  w eighted  a t  i t s  low er end and suspended i n s id e  a s h o r t ,  h o r i ­
z o n ta l  tu n n e l  i n  w hich  ooun terflow  o f  th e  normal and su p e r flu id  com­
p o n e n ts  o f  l iq u i d  he lium  I I  can be  p ro d u ced  b y  a h e a te r .  S e c tio n  I  
o f  t h i s  t h e s i s  i s  an in t r o d u c t io n  to  th e  hydro dynamic s o f  l i q u i d  
he lium  I I .  I n  s e c t io n  XI th e  i n t e r a c t i o n  w ith  such  a f ib . r 0 o f  
q u a n tis e d  v o r te x  l i n e s  i n  th e  a u p e r f lu id  i s  d is c u s s e d , and th e  e f f e c t  
o f  a s h o r t  h e a t  p u ls e  on th e  f i b r e  when i t  i s  carry in g  s u p e r f lu id  c i r ­
c u la t io n  i s  c a lc u la te d  a p p ro x im a te ly . The d i f f e r e n t  re s p o n se s  o f  th e  
f i b r e  t o  tu rb u le n c e  i n  th e  norm al f lu i.d  and i n  th e  super f lu id  a re  con­
t r a s te d #
I n  s e c t io n  I I I ,  a f t e r  a d e s c r ip t io n  o f  th e  a p p a ra tu s  and th e  
e x p e rim e n ta l m ethod, m easu rem en ts, deduced from  th e  re sp o n se  to  h e a t  
p u l s e s ,  o f  th e  c i i c u l a t i o n  abou t th e  f i b r e  from 1 . to  2.1 a re  
r e p o r te d .  At a l l  te m p e ra tu re s  c i r c u l a t i o n s  o f  th e  e x p ec ted  o r d e r  o f  
m agnitude a r e  o b se rv ed  to  grow and decay  w ith  tim e . At 1 , 3°K a p p a re n t 
c ir c u la t io n s  o f  up to  abou t j:  quantum o c c u r . I n  und1.Btur.bed helium  
th e  la r g e s t  c i r c u l a t i o n s  are more s t a b le  than o th e r  v a lu e s ,  p e r s i s t i n g  
fo r  izp to  f i v e  m inutes. M easurement o f  th e  same c i r c u l a t i o n  b o th  by  
th e  h o a t - p u ls e  m ethod and b y  th e  d e f le c t io n  o f  th e  f i b r e  i n  a s te a d y  
h e a t  c u r r e n t  s u g g e s ts  t h a t  th e  l a r g e ,  p e r s i s t e n t  c i r c u l a t i o n s  may in
( v l i l )
f a c t  bo  eq u a l to  one quantum. The sense  o f  th o  o b se rv ed  c i r c u l a t i o n s  
abou t th e  f i b r e  a t  i s  str o n g ly  b ia se d , t h i s  b i a s  b e in g  p ro b a b ly
a s s o c ia te d  m t h  th e  h ea ter  geom etry. In  sm all h e a t  c u r r e n t  no change 
i n  th o  b i a s  o r  p e r s is t e n c e  o f  c i r c u l a t i o n  can be  d e te c te d ,  b u t  i n  
cu rren ts  above 1^-3  iibv/cm^, depend ing  on th e  h e a t e r ,  th e  c ir c u la t io n  
abou t th e  f i b r e  i s  b o th  more v a r ia b le  and o f  th e  o p p o s i te  b ia s  to  t h a t  
i n  u n d is tu rb e d  helium . This b e h a v io u r  c o n tin u e s  f o r  100 se c  o r  more 
a f t e r  th e  h e a t  c u r r e n t  h a s  been  s m tc h e d  o f f .  At h ig h e r  te m p e ra tu re s  
t h e r e  a re  in d ic a t io n s  th a t  th e  b e h a v io u r  m ight b e  s i m i l a r  i f  i t  wore 
p o s s ib le  f o r  th e  helium  to  r e g a in  i t s  undisturbed c o n d it io n  a f t e r  b e in g  
s t i i v ’Gd up by t u r b u le n t  h e a t  c u r r e n ts . In  fa c t  t h i s  seems either*  to  
b e  im p o ss ib le , oi- to  r e q u i r e  many h im diuds o f  seco n d s, and th e  s i t u a t io n  
i s  th e r e fo r e  r a t h e r  c o n fu sed .
I n  F i t i l l  h ig h e r  h e a t  c u r r e n t s  measurement o f  su p e rf lu i.d  c ir c u la t io n  
b y  h o a t p u l s e s  i s  im p o s s ib le  b e ca u se  th e  f i b r e  i s  c o n tin u o u s ly  a g i t a t e d  
i n  a random way. Fiom raoasureitients o f  th e  rms d e f l e c t i o n s  o f  th e  bob on 
th o  end o f  th e  f i b r e  a c r i t i c a l  h e a t  c u r r e n t  f o r  th e  o n s e t  o f  such  t u r ­
b u le n c e  i s  found a t  1 At h igh er  te m p e ra tu re s  th e  s e n s i t i v i t y  i s  
to o  low f o r  th e  t r a n s i t i o n  i t s e l f ,  i f  an y , to  be  d e te c te d ,  b u t  an u p p e r 
l im i t  to  th e  c r i t i c a l  h eat c u r r e n t  i s  g iv e n . At 1.3°% and 2.11IC th e  
rms d e f l e c t io n  in c r e a s e s  m o n o to n ic a lly  v i t h  in c r e a s in g  h e a t  c u r r e n t s ,  
b u t  a t  intexTA ediate te m p e ra tu re s  i t  i s  v a r i a b l e ,  b ecau se  th e  bob i s  
o f te n  h ard ly  a g i t a t e d  f o r  long  p e r io d s  during a p p a re n t ly  s u p e r c r i t i c a l  
h e a t  cLirronts. T his i s  c a l l e d  q u ie s c e n t  b e h a v io u r .
(i%)
'■Vhen a s 'q p e r c r i t i c a l  h e a t  c u r r e n t  i s  sw itched  on th e i 'o  i s  a 
d ela y  b e fo r e  a g i t a t i o n  o f  th e  f ib r e  beg ins., The d e la y  t im e , which i s  
o f te n  n o t  v e ry  w e l l  d e f in e d ,  h a s  b een  m easured s s  a f u n c t io n  o f  th e  
h e a t  c u r r e n t .  Wlien th e  current i s  swnltctied o f f  th e  a g i t a t i o n  o f  th e  
bob decays in  a few  se c o n d s , b u t  a t 1.3°% th e  c:iX'cu.lation about th e  
f i b r e  i s  sm a ll  and v a r i a b le  f o r  100 se e  or m ore, u n t i l  th e  p e r s i s t e n c e  
and b i a s  c h a r o c t e r i s t i c  o f  u n d is tu rb e d  helium  a re  rega in ed .
These r e s u l t s  a re  d is c u s s e d  i n  s e c t io n  XV» I t  i s  b e l ie v e d  t h a t  
a t  1 . 3 ^^ K th o  u n d is tu rb e d  sup e r f  l u i  d c o n ta in s  l i t t l e  v o r t i c i t y ,  w hat 
l i t t l e  th e re  i s  b e in g  perhops c r e a te d  by  th e  measurement p u ls e s  them - 
s e lv e s .  I n  v e ry  low hoat cu rren ts  th o  s u p e r f lu id  moves v /ith o u t 
e s s e n t ia l  m o d if ic a t io n , b u t when th e  s ip ex 'f lu ic l v e lo c i ty  exceeds (y-1 ) 
10 “ cm /sec e x tr a  v o r t i c i t y  appears i n  th e  su p o r flu id . I t  i s  su g g e s te d  
t h a t  t h i s  a r i s e s  from  som eth ing  s im ila r  to  c l a s s i c a l  secondary f lo w , 
h e re  in d u ced  b y  i r r e g u l a r i t y  and asym metry in  th o  h e a t e r ,  and t h a t  i t  
may b e  c o n n ec te d  w ith  Vinen*B ( l9 5 ? d )  sub c r i t i c a l  tu rb u le n ce *  I n  h e a t  
cu rren ts above a c r i t i c a l  v a lu e  g iv e n  by ^  1330 a t  1 *3^K # both  
th e  normal and s u p e r f lu id  components a re  tu r b u le n t .  i s  a
Reynolds* number depending  on th e  mean v e lo c i ty  and th e  v i s c o s i ty  o f  
th e  normal f l u i d ,  th e  mean tu n n e l  diam eter and th e  t o t a l  f l u id  den s i t  3^  
(of, B to as , T aco n is  and Van Alphen 1 96l |  Chase 19 6 2 ). At h ig h e r  tem­
p e r a tu r e s  th e  exporim ental u p p e r  l im i t  to  th e  c r i t i c a l  Reynolds* number 
l i e s  a t  or j u s t  above t h i s  value*  From com pariBon w ith  th e  r e s u l t s  o f  
o th e r  au th ors, in  p a r t ic u la r  V inen (1957&~&) and Chase ( 1962) ,  th e
(x)
t r a n s i t i o n  to  tu rb u le n c e  i s  i d e n t i f i e d  wdth th o  o n s e t  o f  m utual 
f r i c t i o n  betw een th e  normml f l u i d  and th e  su p e rf lu id *  Ho c le a r  e x p lan ­
a t io n  o f  th o  q u ie s c e n t b e h a v io u r  i n  s u p e r o r i11 oa 1 h o a t cu rren ts a t  tom - 
p o ra tu ro s  n ,n tom ecli.ate betw een and th o  X ^w)oint i s  found. I n
g en era l tho r e s u lt s  a t  tem pératures above e r e  n ot so c le a r -c u t
b oth  because o f  th e  la c k  o f  s e n s i t i v i t y  o f  th e  a p p a ra tu s ,  and because  
o f  th e  d i f f i c u l t y  o f  a t t a i n i n g  undisturbed  c o n d it io n s*  I t  i s  su ggested  
t h a t  th o  d e la y  tim e f o r  th e  o n se t  o f  turbu lence i s  a s s o c ia te d  w ith  th e  
propagation  o f  a tu rb u le n c e  fr o n t  from th e  h e a t e r  r a t h e r  th an  w ith  th o  
sim ultaneous grow th  o f  tu rb u le n c e  th ro u g h o u t th e  tunnel#
In  the same s e c t io n  some f lo c u la t io n s  on th e  nature o f  su p e r flid .!  
v o r t i c i t y  and tu rb u le n c e ,  and th e  connection  o f  th e s e  and noirm ol-flu id  
tu rb u lo n cG  w ith  mutual f r i c t i o n  are p u t  forvrard^ I h ir th e r  experim ents 
and p o s s ib le  th e o i'o t io a l in v e s t ig a t io n s  are su ggested . Appendix I  cx3n- 
•brains some e a r ly  measurements o f  th e  normal v i s c o s i ty  o f  helium  I I  in  
axi a p p a ra tu s  sim ilar^  to  bha'b o f  th e  p r e s e n t  oxx>orimento In  appendix  
I I  V inen*8 ( l9 6 lb )  experim ent on th e  d e te c t io n  o f  s in g le  quanta o f  o i r -  
c u la t io n  i s  d is c u s s e d  in  term e o f  c l a s s i c a l  verb e x - l in o  th eory . I t  i s  
found th a t h i s  o b s e rv a t io n s  can b e  q u ite  w e ll  accounted f o r  w ith o u t 
p o s tu la t in g ,  as he d id , an anom alously la zg o  vortex^ -llne co re .
/ 'p a r t  from th e  m a te r ia l  o f  s e c t io n  I  and where s p e c i f i c  r e f e r e n c e s  
a re  g iv e n  in  th e  t e x t  o r  among th e  eclaiow ledgm ents, a l l  th e  work in  
t h i s  t h e s i s  i s  o r i g i n a l .  The m a te r ia l  o f  chapter 3(& )"(o) and o f  
appendix I I  has boon nccer^ted f o r  p u b l ic a t io n  in  th e  P ro c e e d in g s  o f  th e
(xi)
Royal '^ocioty, and a n o te  on tho progroBs o f tho experiment was read  
a t  tho  1 /lII th  I n te r n a t io n a l  Congress on IjOW Temperature Physics*
The q u otation s a t th e  liead o f  each  s e c t io n  a re  ta k e n  fro m  Dorothy 
Ii. Cay ora * s t r a n s l a t i o n  o f  Dent 0*0 D iv in e  Comedy, p u b lis h o d  by P en g u in  
Books*
(%ii)
C o n te n ir
( i i )
( i l l )
** ## (Iv )
............................  (v)
( v i i )
** *4 ,* ( x l i )
(j (> * # * *
recl;T"tio.r.. . .
C e rti f l e a t o  .* « *
PernOA'.'! rrefaco * .
A ckno wlv'dgu, e u te  • •
BuKy-gy , .  » .
ContrntG , ,  *«
Ll&t of illu&trationü
I # Intmduction
Chnptor 1* liquid hollum II
Chap tGX' 2o ThexTiiohydrodynmaioB
(n ) C r i t ic a l  v e l o c i t i e s  end mntuol f r i c t io n  , (b) Vertex l in e s  . .  # *
~T« Theory: B u p c rflu id  c i r c u l a t i o n  hbo^t 
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W eight down th y  w ings to  mimdane t r i v i a l i t y !
(P a ra d is e  XE, 2 -3 )
1 * L iq u id  Helium I I
N a tu r a l ly  o c c u r r in g  h e liu m , w hich  was f i r s t  l i q u e f i e d  by  K am erlingh  
Onues i n  1908, th e  l a s t  o f  th e  perm anen t g a se s  to  b e  s o ,  i s  found  to  
g iv e  a c l e a r ,  c o lo u r le s s  l i q u i d  ab o u t o n e -se v e n th  a s  dense  a s  w a te r .
The c r i t i c a l  te m p e ra tu re  and th e  b o i l i n g  p o in t  a r e  c lo s e  to  th e  a b s o lu te  
a e r o ,  b e in g  5*20^K and 4,21^K  r e s p e c t iv e ly ,  b e c a u se  th e  symmetry and 
s im p l i c i t y  o f  th e  atom le a d  t o  v e ry  weak in te r a to m ic  f o r c e s .  Two 
e x tr a n u c le a r  e le c t r o n s  f i l l  th e  f i r s t  a tom ic s h e l l ,  a n d , b e in g  c lo s e  to  
th e  n u c le u s , a r e  f i r m ly  bound. F u r th e r ,  th e  n u c le u s ,  w hich c o n ta in s  two 
p ro to n s  and two n e u tr o n s ,  h a s  no I’e s u l ta n t  a n g u la r  momentum o r  m ag n e tic  
moment. However, l i q u i d  helium  i s  n o t  th e  v e ry  s im p le , c l a s s i c a l  l i q u i d  
t h a t  m ight be  e x p e c te d , f o r  th e  w eakness o f th e  c l a s s i c a l  i n t e r a c t i o n s  
a llov fs p u r e ly  quantum -m echanical e f f e c t s  to  m a n ife s t  th e m se lv e s , th e  
more s t r o n g ly  b e c a u se  o f  th e  sm a ll mass o f  th e  h e liu m  atom . I t  i s  
e a s i l y  shovn, f o r  exam ple, t h a t  th e  z e ro -p o in t  e n erg y  o f  an atom i s  
in v e r s e ly  p r o p o r t io n a l  to  i t s  m ass. The z e r o - p o in t  energy  o f  h e liu m  i s  
so l a r g e  t h a t  i t  c an n o t b e  s o l i d i f i e d  by  c o o lin g  a lo n e :  a p r e s s u r e  o f  
a b o u t 23 a tm ospheres i s  n e c e s s a ry  f o r  s o l i d i f i c a t i o n .  L iq u id  h e liu n i 
t h e r e f o r e  e x i s t s  down to  th e  a b s o lu te  z e ro .
At th e  a b s o lu te  z e ro  c l a s s i c a l  s o l i d s  a ch iev e  z e ro  e n tro p y , t h a t  
i s  p e r f e c t  o r d e r ,  a s  i s  demanded by  th e  t h i r d  law  o f therm odynam ics, by  
o rd e r in g  t h e i r  atom s o r  M olecu les on a l a t t i c e  i n  p o s i t i o n  sp ace . The 
f a c t  t h a t  he lium  rem ain s l i q u i d  im p lie s  t h a t  o rd e r in g  ta k e s  p la c e  n o t  
in  p o s i t i o n  sp a c e , b u t  i n  momentum sp a c e . One s ig n  o f  t h i s  i s  t h a t  a t
(2)
2 . 18*^ K th e  p r o p e r t i e s  o f  th e  l i q u i d  change d r a m a tic a l ly ,  f o r  w hereas 
above 2. 18°K i t  i s  an  ord inary  l i q u i d  (h e liu m  l )  o f  low v i s c o s i ty  (ab o u t 
2 . 10~^ p o i s e ) ,  below  t h i s  te m p e ra tu re  i t  i s  a b le  to  f lo w  th ro u g h  narrow  
s l i t s  and c a p i l l a r i .e s  m t h  a v e lo c i ty  o f  many c e n t im e tr e s  p e r  second , so
wi.'l At h a t  i t s  e f f e c t i v e  v i s c o s i t y  i s  l e s s  than 10 p o ise*  I t  a ls o  appears 
t o  have a therm al c o n d u c t iv i ty  f a r  g r e a t e r  th a n  t h a t  o f  s i l v e r .  The 
lo w -tem p era tu ro  m o d ifica tio n  o f  th e  l i q u i d  hav ing  th e s e  s o - c a l le d  su p e i '-  
f l u i d  p r o p e r t i e s  i s  Imovmas l i q u i d  helium  I I*  I t  was d isco v ered  
s im u lta n e o u s ly  by  A lle n  and M s o n e r and b y  K a p itz a  i n  1938. No l a t e n t  
h e a t  or volume d i s c o n t in u i ty  i s  a s s o c ia te d  w ith  th e  t r a n s i t i o n  from 
he lium  I  to  I I ,  b u t t h e r e  i s  a d i s c o n t in u i ty ,  t o g e th e r  w ith  a l o g a r i t h ­
mic s i n g u l a r i t y ,  in  th e  s p e c i f i c  h e a t  (F a irb a n k , Buckingham and K e l le r s  
1957)* T h is  ty p e  o f  t r a n s i t i o n ,  o f w hich t h a t  i n  he lium  i s  th e  e a r l i e s t  
and b e s t -known exam ple, i s  lm o\m  a s  a X - t r a n s i t i o n .  The t r a n s i t i o n  
te m p e ra tu re  u n d er th e  s a tu r a te d  vapou r p r e s s u r e  i s  c a l l e d  th e  X -p o in t .
The p r o p e r t i e s  o f  h e lium  I I  can n o t in  f a c t  be  d e sc r ib e d  i n  te rm s 
o f  s im p le  v i s c o s i t y  and th e rm a l c o n d u c t iv i ty  c o e f f i c i e n t s ,  a lth o u g h  th e  
l i q u i d  does seem to  p o s s e s s  a norm al v i s c o s i t y ,  s im i l a r  to  t h a t  o f  
he lium  I  in  m ag n itu d e , wMch c o n t r o l s  th e  clamping of th e  t o r s i o n a l  
o s c i l l a t i o n s  o f  a d is c  immersed i n  th e  l i q u i d ,  fo r  e x a n p le , b u t  n ot i t s  
f lo w  th ro u g h  narrow  c h a n n e ls . A s a t i s f a c t o r y  d e s c r ip t io n  o f t h i s  
b e h a v io u r  i s  p ro v id e d  by  th e  tw o - f lu id  th e o ry  p ro p o sed  i n  d i f f e r e n t  
form s by  T is z a  (1 940) and la n d a u  ( l  941 )# The l iq u i d  i s  c o n s id e re d  to  
b e  an In tu n a  t e  m ix tu re  o f  two com ponents, a  norm al one and a B u p o rf lu id
(3)
one, each vdth  i t s  a s so c ia te d  d en s ity  o r g , r e s p e c tiv e ly , where
the  t o t a l  d en s ity  g g . The normal component, which has on
o rd in ary  v isc o s ity , i s  r e sp o n s ib le  fo r  th e  damping o f th e  o s c i l la t io n s  
o f  a d isc  and s im ila r  phenomena, w hile th e  su p e r flu id  ap p arently  flows 
alm ost w ithout f r i c t i o n .  I t  i s  found th a t  f a l l s  m onotonically
from u n ity  a t  the  \ - p o i n t  to  zero a t  th e  abso lu te  ze ro . With th e  two
components v e lo c ity  f i e ld s  and V a re  a s so c ia te d , and the  thcnmal
e f f e c ts  can then  be ex p la in ed  i f  i t  i s  assumed th a t  a l l  the  entropy  
re s id e s  in  the normal f lu id .  The ap p aren tly  high therm al co n d u c tiv ity  
a r is e s  because h ea t i s  tran sp o rte d  by an in te rn a l  convection mechanism 
in  which normal f lu id  moves away from the  source o f h ea t w hile super- 
f lu id  moves towards i t .  On th i s  b a s is  the fo llow ing  equations of motion 
can be t e n t a t iv e ly  d eriv ed  (A tkins 1959)* By co n serv a tio n  of mass
4 d iv  { p V 4 p V ) = 0 ,  ( 1 .1 )
and by conservation  of entropy (S p e r  u n it  t o t a l  mass)
+ d iv  (  P S  v' '^) = 0 .  (1 .2 )
For th e  su p e r flu id  component
p î= — 2$ grad 0  4 S  grad T , (1 .3 )
' D t  e  '
(4)
and f o r  th e  norm al component
P g ra d  p  -  P S  g ra d  X
" D t  e
4 n f  V  4 g ra d  d iv  j , ( 1 *4 )
vrhere p i s  th e  p r e s su r e , I i s  th e  tem perature, v| i s  th e  norm al 
v i s c o s i ty ,
and ^  4 V . g rad
D t  c)tr
E q u a tio n s  ( i» 3 )  and ( l # l )  are s im i l a r  t o  th e  N av iex '-S tokes e q u a tio n  f o r  
a c l a s s i c a l  l i q u i d ,  excei?t f o r  th e  te rm s in  g rad  T  and th e  la c k  o f  
v isc o u s  d i s s ip a t io n  i n  th e  supe3r f lu id #  They must ho supplem ented by  
a p p ro p r ia te  boundary  c o n d i t io n s ,  w hich a rc  u s u a l ly  ta k e n  to  be
V = 0 a t  a s o l id  boundary )
and i s  t a n g e n t i a l  b u t  o th e rw ise  u n r e s t r i c te d , ( 1 .5 )
T h is  form  o f  th e  s u p e r f lu id  boundary  c o n d itio n  i s  however n ot u n iv e r ­
s a l l y  a c c e p te d  (L in  i 9 6 l ) .
From th e  e q u a tio n s  i t  fo llo w s  th a t  i t  sh o u ld  be p o s s ib le  to  props* 
g a te  two form s o f  wave m otio n  i n  helium  I I ;  a p r e s s u r e  v a r ia t io n ,  
o rd in a ry  o r  f i r s t  sound , w i th  v e lo c i ty  = 240 ta /s c c , and a
(5)
tomperatui'e v a r ia t io n , aecond sound, w ith  v e lo c i t y  à 20 lu/seo in
th e  ran g e  from  1 °K to  2®K* B oth  th e s e  wave m o tions have been id e n t i ­
f i e d  and found to  p ro p a g a te  w ith  l i t t l e  d isp e r s io n  and a tte n u a t io n ^
I t  i s  found t h a t  f r i c t i o n l e s s  f lo w  o f  th e  nupez'fluid seems to  
o c c u r  o n ly  a t  s u f f i c i e n t l y  sm a ll v e l o c i t i e s ,  and s o ,  i n  order to  se c u re  
b e t t e r  agreem ent w ith  e x p e rim e n t, v a r io u s  a d d i t io n a l  f r i c t io n a l  f o r c e s  
a c t in g  on and betw een  th e  two com ponents have been  p ro p o se d  a t  d i f f e r e n t  
t im e s . I t  i s  hoped t h a t  th e  p r e s e n t  t h e s i s  r e s o lv e s  some o f  th e  con­
f u s io n  su rro u n d in g  t h i s  t o p ic .
20
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5 •
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F ig u re  2,1. Ener gy  and m o m e n t u m  of  e l e m e n t a r y  e x c i t a t i o n s
(6)
2» 1?hermohydix)dynamioB 
(ü) C r i t ic a l  v e lo c i t ie s  and mutual f r i c t io n
The m ost f r u i t f u l  app roach  t o  th e  problem  o f  he lium  11  has p ro v ed  
to  b e  t h a t  o f  Landau ( l  941 » 1947)# who c o n s id e re d  v/hat e le m e n ta ry  
e x c i ta t io n s  cou ld  e x i s t  in  a background  o f  u n d is tu rb e d  su p erfl u i d^  
e s s e n t i a l l y  th e  same a s  th e  w hole f l u i d  a t  a b s o lu te  soro* By i d e n t i ­
fy in g  th o se  e x c i t a t io n s  w ith  th e  norm al component he was a b le  to  o b ta in  
th e  tw o - f lu id  equ ation s o f  c h a p te r  1 « As in  a s o l i d  th e r e  e x i s t  
q u a n tis e d  sound w aves , c a l l e d  phonons , w ith  energy t  and momentum p 
r e l a t e d  l i n e a r l y  tlirough th e  v e lo c i t y  o f  f i r s t  sound;
u. , P - ( 2 . 1 )
Landau showed t h a t  th e  thermodynaiai.c d a ta  c o u ld  be  e x p la in e d  i f  th e r e  
e x is te d  o th e r  e x c i ta t io n s  s e p a ra te d  fzom th e  phonons by an energy  gap 
and w ith  en erg y  r e l a t e d  q u a d r a t i c a l l y  to  t h e i r  momentum;
6 = A  + ( p ' p j '  Î ( 2 . 2)
whez^e A  ^ and j.L a re  c o n sta n ts , w hich may how ever be  fu n c t io n s  o f
te m p e ra tu re  and pressure* I t  h a s  been  con firm ed  by  n e u tro n  d i f f r a c t i o n  
ex p erim en ts  (P a lev sk y  e t  a l ,  19571 Y a m e ll  ot al» 1959) th a t  tli.e two 
s o r t s  o f  e x c i ta t io n  f a l l  on two p a r ts  o f  th e  same d is p e r s io n  curve, as  
shovni in  f i g u r e  2 ,1 , w here th e  th ickened  p o r tio n s  o f  th e  cui-ve c o n ta in
(?)
th e  e x c i t a t io n s  n o im a lly  p r e s e n t  i n  s i g n i f i c a n t  num bers, ex cep t n e a r  
th e  X""pointu The d iv i s io n  in to  phonons and rotons i s  t h e r e f o r e  q u i te  
e x a c t. Above abou t ro ton s dom inate  th e  b e h a v io u r o f  th e  l iq u id ^
phonons b e in g  im p o rta n t o n ly  a t  low te im e ra tu re s ^
Landau (1 941) p o in te d  o u t t h a t  s u p e r f lu id  flow ing  p a s t  a s o l i d  
boundary  can  lo s e  energy and momontura o n ly  e i t h e r  by slow ing  up a s  a 
wholep w hich seems in h e r e n t ly  v e ry  îjnprobable in d eed , o r  by  th e  c r e a t io n  
o f  on e x c i t a t io n  i n  th e  f lu id *  I n  the. l a t t e r  p ro c e s s  energy and 
mojnentum can  be  s im u lta n e o u s ly  co n serv ed  o n ly  i f  ^  ^ / p  $ where 
E , p  a re  th e  energy  and momentum o f  th e  new e x c i t a t i o n ,  and i s
th e  v e lo c i ty  o f  th e  a u p e r f lu id  r e l a t i v e  to  th e  boundary. I f  th e  m in i­
mum v a lu e  o f  6 / p  i s  g r e a t e r  th a n  ze ro  th e r e  w i l l  be a c r i t i c a l
v e lo c i ty  Vg  ^ / ç j  below  w hich no i n t e r a c t i o n  betw een  super­
f lu id  and s o l id  can o c c u r , and so f r i c t i o n l e s s  flow  w i l l  ta k e  p la c e  
w ith  v e lo c i ty  up to   ^ *
For th e  phonon-roton spectrum  6 / p  h as  a minimum v a lu e  o f  ,
so  t h a t  we expect f r i c t i o n l e s s  flow  to  occur. The v a lu e  o f  A /p ^  i s
3 /how ever about 10 c m /se e , w hich i s  f a r  i n  excess o f  any ex p erin ien ta lly  
observed c r i t i c a l  v e lo c i t y .  There m ust th e r e f o r e  e x i s t  o th e r  
e x c i ta t io n s j ,  which may be s t a t i s t i c a l l y  and therm odynam ica lly  i n s i g n i ­
f i c a n t ,  w ith  low er v a lu e s  o f  € / p  . A l te r n a t iv e ly  th e  observed c r i t i c a l
v o l o c i t i e s  may n o t b e  o f  t h i s  i d e a l  ty p e  (V inen 1 957d) .
Many rnoasurernents have  been made o f  c r i t i c a l  v e l o c i t i e s  in  v a r io u s  
c irc u m s ta n c e s I t h a t  i s ,  o f  th e  v e lo c i ty  a t  which extra  f r i c t i o n a l  f o r c e s
(8)
n o t a p p a r e n t ly  p r e d ic te d  by th e  s im p le  thorm ohydrodynam lcal e q u a tio n s  
o f  c h a p te r  1 appear* I n  such  experlH ients th e  flow  may be induced  
th e rm a lly  o r  by  p ressu re  ; i t  may ta k e  p la c e  w ith  o r  w ith o u t n e t  tr a n s fe r  
o f  m ass, and i n  c h a n n e ls , s l i t s  o r  c a p i l l a r i e s  ran g in g  from  10 to  1 cm 
in  c h a r a c t e r i s t i c  dim ension; f u r t h e r ,  th e  s u p e r c r it ic a l  o f " 'acts may be 
d e te c te d  by measurement o f  th e  p re s s u re  g r a d ie n t  o r  th e  te m p e ra tu re  
g r a d ie n t ,  o r  by some o th e r  method* Yfith so  many v a r ia t io n s  in  c o n d it io n s  
th e  r e s u l t s  were e q u a l ly  v a r ie d  and c o n fu s in g  u n t i l  G o r te r  and M ellink  
( l %-9) su g g e s te d  t h a t  many o f  them c o u ld  bo  ex p la in e d  by  ad d in g  a nev/ 
tozm to  th e  e q u a tio n s  o f  m otion  f o r  th e  two f l u i d s ,  a s  fo llo w s ;
X? = -  Cj grad p  + g  S  grad T  -  . (2 .3 )it Y '
P = -  P grad t) 0 S  grad 1 -i- F^ V \ - « . « I .  I
' j ) t  ^
4- r| f \7  4 Y g ra d  d iv  * (2 .4 )
f " , w hich i s  a volume fo r c e  mutual f r i c t i o n  betw een th e  two com-k "rv '" ' " A
p o n e n ts , and th e re fo re  a p p e a rs  v /ith  o p p o site  s ig n  in  th e  two e q u a tio n s ,
h as  th e  p o s tu l a t e d  form
.  A
where 11; i s  hoped t h a t  ( \ i s  in d ep e n d en t o f  ch an n e l width and o f o r
(9)
V, j and not too  dopancient on te inpei’a tu reo  Study o f th o  r e s u l t s  quoted  
i n  th e  o r i g i n a l  paper su g g e s ts  t h a t  A i s  i n  f a c t  a ra th er  poor con­
s t a n t ,  w h ile  i n  su b séq u en t moa.BUroment w hich have been i n t e r p r e t e d  in  
terms o f  m u tua l f r i c t io n  (Hung e t .  a l .  195^? 'Virücol e t .  a l .  1955 | Brewer 
and Edwards 195?; Vinen 1957a , b ; Chase 1962) th e  powoz" o f  th e  v e lo c i ty  
dopendo.noe h as  v a r ie d  from 3 up to  k o r  5 # and a sm a ll v e lo c i ty  
h a s  som etim es been  s u b t r a c te d  from   ^ -  v j  * I t  appears th a t a g re e ­
ment w ith  tJio G ortei^ '-M ellink p o s t u l a t e  i s  b e t t e r  in  w id e r c h a n n e ls  and 
w ith  h ig h er  v e l o c i t i e s ,  a c o n c lu s io n  which i s  co n firm ed  by B rew er and 
Edwards ( l  957) fo r  t h e ir  own r e s u l t s  in  c a p i l l a r i e s  o f  5 ^ , 100 and 366 \i 
d ia m e te r . T here  i s  a ls o  a c r i t i c a l  v e lo c i ty  below  which th e  m u tua l 
f r i c t i o n  i s  n o t  d e te c ta b le .
T) __I n  th e  s te a d y  s t a t e ,  w here =•- 0 and d iv  = 0 , equation sJy C r-y
( 2 . 3) and ( 2*4 ) are e a s i l y  so lv e d ;
reread P = M , (2 .5 )
p S  g rad  T "  -  (1 ^  V + , ( 2 . 6 )^  'V\ ^
F o r s u f f i c i e n t l y  sm a ll v e l o c i t i e s  = 0 ,  e i t h e r  e x a c t ly  or approxi*
m a ta ly , and we o b ta in  th e  London (1 939) r e l a t i o n
g rad  g r a d T „  (2 .7 )
(10)
The h e a t  f].ow p e r  u n i t  croBS**Gnctionn3, a re a  i s  W f V , so
t h a t  i n  a p a ra  11 e l - s id e d  ch an n e l g ra d  p and ç^SgradT* a rc  eq u a l and  
p r o p o r t io n a l  to  th e  a v erag e  h e a t  f lo w , p ro v id e d  th e  norm al f l u i d  flo w  
Z'omains o f  th e  P o is o u i l l e  ty p e  and i s  sm all*  Y/hen m utual f r i c t i o n
i s  im p o r ta n t ,  grad"T” exceeds g ra d  p  , w hich i t s e l f  i s  u n a f f e c te d
u n le s s  th e  no rann l-f J.uid flo w  i s  a I t  o r  ad @ I f  f o r  exam ple th e  no rm al 
f l u i d  hGcams t u r b u l e n t , g rad  p  w ould be  g iv e n  by  an  em pird.cal e :qpres- 
s io n  s im i la r  to  th o s e  well^îcnoMi i n  c l a s s i c a l  hydrodynam ics, w h ilo  x
g r a d T  would c o n tin u e  to  exceed i t  by  cn amount depend ing  on th o  
mutUQ1 f r i c t i o n  *
(b ) V ort ex l i n e s
I t  was su g g e s te d  b y  F . London 954) and o th e r s  t h a t  f r i c t i o n l o s s  
flo w  o f  th e  s u p e r f lu id  m igh t fo llo v ; from  th e  c o n d it io n
c u r l  = 0 , (2 .8 )
That i s ,  t h a t  th e  f lo w  o f  th e  s u p e r f lu id  must be  p o te n t ia l*  I t  i s  w e l l  
known t h a t  in  t h i s  c a se  th o  sup o r  f l u i d  can  e x e r t  no f o r c e  on a body sub­
merged in  i t*  London assum ed t h a t  t h i s  im p lie d  th e  ab sen ce  o f  v isc o u s  
d i s s i p a t i o n  in  th e  s u p e r f lu id ,  Y/hich i s  n o t s t r i c t l y  t r u e  (L in  I 9 6 l ) .  
N o v o r th e le s s  th e  c o n d it io n  (2 .8 )  h a s  b een  g e n e r a l ly  a c c e p te d  a s  con­
t a in in g  a t  l e a s t  some t r u t h  (Foynman 19551 C h e s te r  1 9 ^ 1 )« I t  fo llo w s  
t h a t  i n  a s im p ly -c o n n ec ted  volume th o  c i r c u l a t i o n  o f  s u p e r f lu id  v o lo c i ty  
around  any c ir c x i i t  i s  s e r o ,  and so th e  s u p e r f lu id  conno t ro ta te *  I n  a
( -11)
doubly-conuejctod  volume (a  t o m s )  however th e  c i r c u l a t i o n  around a l l  
c i r c u i t s  e n c lo s in g  th e  c e n t r a l  p o r t io n  o f  th e  to r u s  may have a con­
s t a n t ,  non-F.ero value*  Hi nee  th e  su p erflu id  i s  found to  r o t a t e  e x p e r i ­
m e n ta lly  (O sborne 1950; V/olmsley and Lane 1 9 5 8 ), O nsager ( l  949) and 
Feynman ( l 955) auggested  t h a t  i t  m igh t become m u lt ip ly  co n n ec ted  by th e  
fo rm a tio n  o f  l i n e  s i n g u l a r i t i e s  p a r a l l e l  to  th e  a x is  o f  r o t a t i o n ,  w ith  
c u r l  Vg = 0 ovoryv/here ex cep t on th e  s i n g u la r i t i e s .  A rguing from  th e  
s ing3 -e-va lu0dness o f  th e  wave f u n c t io n ,  Feynman i n f e r r e d  th a t a t  
a b so lu te  a e ro  th e  s u p e r f lu id  c i r c u l a t i o n  abou t such  a s i n g u l a r i t y  
sh o u ld  b e  quantized  i n  u n i t s  o f  K/wv , where K i s  P lanck*  s c o n s ta n t  
and  ivv i s  th o  mass o f  a he lium  atom* T h is  r e s u l t  i s  assum ed to  h o ld  a t  
f i n i t e  tem pera  tu ile s  also#  The t a n g e n t i a l  s u p e r f lu id  v e lo c i t y  a t  d i s ­
ta n c e  r  from  an i s o l a t e d ,  s t r a i g h t  l in o  s i n g u l a r i t y  i s  nk/iirMf, w here 
a  i s  th e  quantum number o f  th o  c i r c u l a t i o n .  B ecause o f  th e  a tom ic  
s t r u c tu r e  o f th e  f l u i d ,  th e  s i n g u l a r i t y  can n o t be  mo th e m a tic a lly  i d e a l ,  
b u t  m ust be  sm eared o u t o v e r  a c o re  o f  d ia m e te r  a t  l e a s t  a s  g r e a t  as  
th e  in te r a to m ic  spacing# I t  tu r n s  o u t to  be e n e r g e t ic a l ly  fa v o u ra b le  
f o r  a l l  s in g u la r i t i e s  to  have a s in g l e  quantum o f  a ss o c ia te d  c ir c u -  
l a t i o n  (H a ll  19oO)• Buch s i n g u l a r i t i e s , w ith  f i n i t e  c o re  s iz e  and u n i t  
c ir c u la t io n ,  a re  c a l l e d  v o r te x  l in e s *
The su p e r flu id  i s  a b le  to  s im u la te  so lid -b o d y  r o t a t i o n  o f  a n g u la r  
v e lo c i ty  CO i f  i t  c o n ta in s  v o r te x  l i n o s  pax’a l l e l  to  th e  r o t a t i o n  a x is  
so a r ra n g e d  t h a t  th e  avex’s.ge c i r c u l a t i o n  p er  u n i t  a re a  i s  eq u a l to  th e  
c u r l  o f  th e  v e lo c i ty  i n  tru e  s o l id -b o d y  r o ta t io n . T hat i s  Nk^M. % I w  ,
(12)
v/hero N i s  th e  num ber o f  v o r te x  l i n e s  p e r  u n i t  a re a  norm al to  th o
a x is  o f ro ta t io n *  The d is to n c o  betw een  n e ig h b o u rin g  l i n e s  i s  o f  th e  
Xo i 'd e r  o f  Nl w hich  i s  about 1 ram when -  0*1 rad /a eo *
A v o r te x  l in e  has a k i n e t i c  e n e r g y  p e r  u n i t  le n g th  o f
LS
Lk A
whert'G 2nVK k  / k t  i s  th e  c ir c u la t io n  ab o u t th e  v o r t  ox l i n e  and t)
a le n g th  o f  th o  o r d e r  o f  th o  s i z e  o f  th e  con ta in in g  v o s s e l  o r  th o
8%)o r a t io n  between l i n e s  (w h ich ev er i s  th e  s m a lle r ) ,  and. ck^  I s  o f  th e
o r d e r  o f  th e  v o r te x -c o re  ra d iu s*  The l i n e  th e r e f o r e  appears t o  b e  i n
te n s io n , and i t  i s  p o s s ib le  to  propagate c i r c u l a r l y  p o l a r i s e d  waves on
i t .  H a l l  ( l  958) has done c a lc u la t io n s  and experim ents on wave propa«
g a tio n  on an orz'ay o f  p a r a l l e l  v o r tex  l i n e s ,  o f  th e  e o r t  expected in
r o t a t i n g  helium , and th e  agreem ent o b ta in e d  p ro v id e s  g e n e r a l  su^pport
fo r  th e  e x is te n c e  o f  vozrtex l i n e s ,  a lth o u g h  th e  b e h a v io u r  i s  probably
n o t c r i t i c a l l y  dependen t on such q u a n t i t a t iv e  d e t a i l s  o f  th e  th eory  a s
«8ex ac t q u a n t i s a t io n .  A v o rte .x -c o re  I'adius o f  6# 8 10 cm i s  deduced 
from  th e  experim ental r e s u l t s .
H a ll  and Vinen (l95^ ) m easured  th e  extra  a t te n u a t io n  o f  second 
sound in  s t e a d i ly  r o ta t in g  h e liu m , f in d in g  th a t  i t  was sm all when th e  
second sound was p ro p a g a te d  a long  th e  a x is  o f  r o t a t i o n ,  but r e a d ily  
d e te c ta b le  and p ro p o rtio n a l to  th e  a n g u la r  v e lo c i ty  o f  n o ta tio n  fo r  
propagation  norm al to  th e  a x is»  Now i n  a second-sound  wave th e  
p e r io d ic  te ra p e ra tu ro  v a r i a t i o n  i s  produced by a lte r n a te  co n cen tra tio n  
and r a r e f a c t io n  o f th e  n o r m a l- f lu id  e x c i ta t io n s »  The normal fluii.d and 
th e  s u p o r f lu id  th e r e f o r e  o s c i l l a t e  in  a n tip h a se , and any m u tu a l f r i c t io n
(13)
between them \Yould a t t e n u a te  th e  second  sound. H a ll  and Vlnen found  
t h a t  t h e ir  r e s u l t s  c o u ld  b e  i n t e r p r e t e d  In  term s o f  a m utual f r i c t i o n
^ S h  =  £  w / v ^ ~ . v l  J  ( 2 . 9 )
e
w here %  i s  a te m p e ra tu re -d e p e n d e n t p a ra m e te r  o f  o r d e r  u n ity *  'Bie
dependence o f  th e  a t t e n u a t io n  on d i r e c t i o n  o f  p ro p a g a tio n  and on
anguJ.ar v e lo c i t y  su g g e s te d  t h a t  th e  m u tua l f r i c t i o n  m ight be  due to
c o l l i s i o n s  o f  n o rm a l- f lu id  e x c ita t io n s  w ith  v o r te x  l i n e s  in  th e  su per-
f l u i d .  On t h i s  assu m p tio n  H a ll  and Vinen c a lc u la te d  th e  expec ted  s i z e
and tem perature dependence o f  th e  p a ra m e te r  S  , They obta in ed  good
agreement w ith  exp;erim e n t when th e  c i r c u l a t i o n  abou t each o f  th e  v o r te x
l in o s  was to k en  a s  e x a c t ly  one guan tim , and th e  r a d iu s  o f  th e  v o r te x
-8c o re  a s  ab o u t 10 cm, A lthough  t h i s  experim ent p ro v id es f u r t h e r  
support fo r  th e  th e o ry  o f  v o rtex  l i n e s ,  i t  a g a in  depends on th e  proper­
t i e s  o f  an  array o f  many l i n e s ,  and i s  t h e r e f o r e  n o t to o  s e n s i t iv e  to  
th e  d e t a i l s  o f  th e  th eo ry .
The o n ly  d ir e c t  support f o r  th e  Q u a n tiz a tio n  o f  c ir c u la t io n  comes 
from V inen*8 (l96lb) work on th e  d e te c t io n  o f  s in g le  q u a n ta . He 
measured th e  su p erflu id  c i r c u l a t i o n  abou t a w ire  s t r e tc h e d  along th e  
a x is  o f  a s lo w ly  r o t a t i n g ,  c y l in d r ic o  1 v e s s e l  o f  helium , w ith  r e s u l t s  
w hich proved r a t h e r  d i f f i c u l t  t o  i n t e r p r e t ,  a lth o u g h  he was a b le  to  
show t h a t  an apparent c i r c u l a t i o n  o f  e x a c t ly  one quantum was a  p a r t io u -  
la z 'ly  s ta b le  v a lu e . The th e o ry  and in te r jp r e ta t io n  o f  t h i s  experim en t
(14)
SIC further discussed in II#
TÎ1C connection  betaecji BLpcrTlulu v o r t ic i t y  end au tocl l i l c t i o n  
w:i£ fa r tn er  explored  by Vinen ( l9 5 7 a -d ) In a sc i'io c  o f  expux’daente on 
h eat currunta in  x id e  clianncls. Dclow 1*3®K tho tempox'stuxe g ra d ien t  
end th e  h eat flow  W wero r u ls te d  by
grad ( W -  ,  ( r .  10)
loading:' to c mut’jul fr ic tion  of the fore;
Frv ■= A g , ç / 1 ^ - V „ |  -  V,) .  (2 .1 1 )
Wg end ara an^'lrical const ante# The velue of A  ^ deternined ea e
function of terpoi^ituie, agreed with the Ecetterec ▼- lues calculated by 
Gorter and hellink fiom pj-ovious mepeurer ents# A w»e independent of 
channol width over the rruige invietifatec (obcut 2 to 4 ex),
TJi« irutuf l  fidction was a.lbO determined from; the attenuation of 
securu! souiiv. proj agatod ncroee the ci;rni4el, wi,lch m  & used as a 
rcsonrtci'# Frovidoc the her.t flow W me fa ir ly  Ir rgc, the flttenuetion 
coefficien t oC v ri ed as
C ( W - W /  , (C .1 ? )
#102 e o<^  la tho mttenuet "on coefficien t of second sound in uncinturbed
(15)
holi'uni. N e g le c tin g  W , t h i s  im p lie s  a m utual f r i c t i o n
where -  V i s  th e  tim e  a v e rag e  o f  V -  o v e r  one p e r io d  o f  th o/V-
second  sound, B ia t  i s ,  i t  i s  th e  r e l a t i v e  v e lo c i t y  p roduced  by th e
h e a t  ourz'ont a lo n e . The v a lu e s  o f  A a g re ed  w ith  th o s e  o f A , Below
a c r i t i c a l  h e a t  f lo w  W . . th e  m u tua l f r i c t i o n  f e l l  s h a rp ly  to  a v a lu eo n t
in d i s t in g u i s h a b le  from  z e ro ,
Olie m u tua l f r i c t i o n  n o rm a lly  to o k  some seconds t o  re a c h  i t s  
e q u il ib r iu m  v a lu e  a f t e r  th e  s w itc h in g  on o f  a s u p e r c r i t i c a l  h e a t c u r r e n t .  
T h is  t im e  %  was d ep en d en t on th e  h i s t o r y  o f th e  h e liu m , b u t  a t t a i n e d  
a r e p ro d u c ib le  maximum v a lu e  when th e  he lium  had b een  l e f t  uncÜ-sturbed
9f o r  a tim e  o f  th e  o r d e r  o f  iO*' see# D e te c ta b le  m utual f r i c t i o n  decayed  
v ù th in  a few  seconds o f  th e  sw itc h in g  o f f  o f  th e  h e a t  c i r c u i t ,  b u t  th e  
v a r i a b i l i t y  o f  %  im p lie d  t h a t  th e  he lium  rem ained i n  some way modi­
f i e d  f o r  100 se c  o r  m ore. By m easu ring  th e  re d u c t io n  i n  a
s u p e r c r i t i c a l  h e a t  f lo w  a f t e r  a s u b c r i t i c  a 1 one had b een  a llow ed  to  
f lo w , V inen was ab3_e to  show t h a t  ex ce p t a t  th e  lo w e st te m p e ra tu re s  
( ^  1 ,3 ‘^ K-) th e  helium  was m o d ified  i n  some way even i n  s u b o r i t i c a l  h e a t  
c u r re n ts *  T h is  m o d if ic a t io n ,  w hich he  c a l l e d  s u b c r i t i c a l  tu rb u le n c e ,  
was g r e a t e r  i n  w ider c h a n n e ls  and a t  h ig h e r  te m p e ra tu re s ;  so much so 
t h a t ,  above abou t 1 ,4°K t o  1 th e  t r a n s it io n  was c o m p le te ly  b lu r r e d
and no c r i t i c a l  h e a t  in p u t  c o u ld  be  d e f in e d .
( 16)
V inen in te z p r e te d  h i s  r e s u l t s  in  te rm s o f  la m in a r  f lo w  o f  th e
norm al f l u i d  to g e th e r  w ith  tu rb u le n c e  i n  th e  s ijp e r flu id , which ho
im agined  a s  a ta n g le  o f  v o r te x  l i n e s  w ith  eq u ilib riu m  d e n s i ty  p ro p e r -  
 ____  ,x
t i o n a l  to  in  t h e  s u p e r c r i t i c a l  c o s e . He d eve loped  th e o z ie s
o f  th e  growth and decay o f  such  tu rb u le n c e  ( i9 5 7 o ,d )  w h ich , a lth o u g h  
th e y  a g re e  q u a l i t a t i v e l y  w ith  experim ent in  t h e i r  p r e d i c t i o n s  o f  growth 
and decay t im e s , c r i t i c a l  h e a t  in p u t  and s u b c z i t i c a l  tu rb u len ce , a re  
n eV erthe l e s s sp e c u la t i v e ,
Townsend ( 15^ 63) h a s  p o in te d  o u t son.e s e r io u s  d i f f i c u l t i e s  in  t h i s  
i n t e r p r e t a t i o n  o f  mutual f r i c t i o n ,  Vdiile th e  G o rte r -M e llln k  fo r c e  
i s  a volume f o r c e ,  th e  l ia l l -V in e n  fo r c e  a c t s  o n ly  a t  o r  n e a r  th e  c o re s  
o f  th e  v o r te x  l i n e s ,  and i t  i s  d i f f i c u l t  to  se e  how i t  can  b a la n c e  th e  
d ri.v in g  f o r c e  (-g ra d  p 4- ^ 5  g ra d  T  ) ,  w hich i s  uniform ovez" th e
channel eross^-^section* Under th e  Ha 1 1 -Vinen f o r c e  th e  v o r tex  l i n e s  
th em se lv es  move a cross th e  c h a n n e l p e rp e n d ic u le r  to  th e  h e a t  f lo w  and 
a re  d e s tro y e d  a t  th o  w a lls . T here  i s  th u s  a c o n tin u o u s  lo s s  o f  
v o z b ic i ty  by th e  s u p e r f lu id ,  and th e  m utual f r i c t i o n  fox’ce  can n o t be  
m a in ta in ed  u n le s s  th ere  i s  some o th er  mechenism which g e îio ra te s  vor-  
t i c i t y ,  Townsend shows t h a t  w ith  th e  assum ed s t r u c tu r e  o f  th e  h e a t  f lo w  
th e r e  i s  no such  mochonism, and su g g e s ts  t h a t  th e  d i f f i c u l t y  can  be  over* 
come by assum ing t h a t  th e  m u tu a l f r i c t i o n  a c t s  n o t j u s t  on th e  v o r te x  
cores b u t on th e  whole su p erflu l.d . T his i s  l i a b l e  to  le a d  to  d i s -  
t r i b u t ed v o r t i c i t y  i n  th e  s u p e r f lu id ,  and he su g g ests  t h a t  thez 'c  sh o u ld  
be p r o v is io n  i n  th e  c l a s s i c a l  e x p re s s io n  o f  th e  quantum -m eohanica1
(17)
proport lu s  o f tlie  s i p e r f l u i d  f o r  th e  d e stru c tio n  o f  such m io iien tizcd  
v o r t ic ity *  I t  i s  n o t  s u f f i c i e n t  to  show th ^ 't d i s t r i b u t e d  v o r t i c i t y  
does n o t a r i s e  i n  c r i t i c a l l y  i r r o t a t i o n n l  f].ow. B iio  "pioblem la  
e x p lo re d  fu r th e r  i n  c h a p te r  9,
d tn .es , T nconis and van Alphen ( l 9 6 l )  in v e s tig a te d , th e  ten.pernture 
and p z 'cssu ro  g r a d ie n ts  in  f lo w  th ro u g h  wide o n p illn z d .e s  ( 00-250 ;i) u n d e r 
n g r e a t  v n zd e ty  o f  circum stances (n o t r e s t r ic t in g  thornsolvos to  tho  
c a se  o f z e ro  n o t m ass t r a n s f e r ) »  They found th a t  th e  p ressu ra  g r a d ie n t  
xrP3 alw ays r e l a te d  to  th e  n o r m a l- f lu id  flow  in  a way very  E in riln r ho 
t h a t  f o r  o rd in a ry  f l u i d s ,  in d ep en d o n t o f  th e  szpez 'flz iid  v e lo c i ty  th ro u g h  
th o  c a p i l la r y ,  provided th a t a Reynolds * number d e f in e d  a s
Ke., = (2 .1 4 )1V
1 v\>
was u se d  to  d e s c r ib e  th e  flow* w here i s  th o  mean n o rm a l- f lu id  
v e lo c i t y ,  ot i s  th e  c a p i l ln z y  d ia m e te r  and g i s  th e  t o t a l  d e n s i ty  o f  
th e  h e liu m . At a Reynolds* numb o r o f  abou t 1200 th e r e  was a tz 'a n s i t lo n  
to  a regim e ivhich oppoared  i d e n t i c a l  to  th e  tu rb u le n c e  o f  a o la s s io n l  
f l u i d , a lth o u g h  h y s t e r e s i s  was o b se rv ed  in  which la i r in a r  flo w  p e r s i s t e d  
u%.) t o  h ig h  01" heynolds^ numbers# I n  a c l a s s i c a l  f l u i d  th e  lo w est R eynolds * 
numb0X7 a t  w hich tu rb u le n c e  can o c c u r  i s  2500*
Chase ( 12)62) measured th e  te m p e ra tu re  g r a d ie n t  i n  h e a t  cu rren ts i n  
wide c a p i l l a r i e s  (0*08 to  0*4 cm) nnd found t h a t  th e  o n s e t  o f  m utual 
f r i c t i o n  was w e ll  d esczd b ed  by a c r i t i c a l  hoynolclfF number o f  th e  same
ty p e , hav ing  n v a lu e  a lm ost c o n s ta n t  and n p p ro x lm ato ly  e q u a l to  th e  
c l e s r i c n l  v a lu e  below  and f a l l i n g  o h a ip ly  to  z e ro  a t  th e  X -
p o in t*  The c r i t i c a l  h o a t in p u t  was n o t v e ry  w e ll  d e fin e d  in  th e  ran g e  
1 . 7^K to  1 * , p a r t i c u l a r l y  in  th e  l a r g e r  c h a n n e ls . Ho su g g e s te d
th a t  below  1 .6°K  m utual f r i c t i o n  was a s s o c ia te d  w ith  tu rb u le n c e  i n  th o  
n o r r a l  f l u i d  o r  th o  w hole f l u i d ,  r a t l i e r  th a n  j u s t  th o  o u p e r f lu id , and 
t h a t  n e a r  th e  X -p o in t  p o s s ib ly  a n o th e r  m echanism , such a s  a c r i t i c a l  
s u p o r f lu id  v e lo c i t y ,  caused  th e  c r i t i c a l  R ey n o ld s’ number to  d rop  from  
th e  c l a s s i c a l  v a lu e  tow ards sero#  I f  t h i s  R ey n o ld s’ number i s  c a l ­
c u la te d  f o r  V in en ’ s c r i t i c a l  h e a t  in p u ts  f o r  th e  o n se t o f  m utual 
f r i c t i o n ,  w hich a r e  in  th e  ronge from  1 * 3°1C to  i »5°T(, i t  i s  found to  
l i e  be tw een  1 $00 and 2500 in  a l l  c a s e s ,  i n  approzcimato agreem ent w ith  
Chas0 ’s r e  s u i t s ,
A part from  doub t in  th e  i n t e r p r e t a t i o n  o f  c r i t i c a l  h e a t  in p u ts  i n  
w ide c h a n n e ls , th e  w hole v o r t e x - l in e  h y p o th o s is  h a s  r e c e n t ly  been 
q u e s tio n e d  (L in  1961; P ellam  1962, 1965 ). F u r th e r  ex p erim en ts  in  t h i s  
f i e l d  a re  th e r e f o r e  u se fu l*  The o r i g in  o f  th e  p r e s e n t  work was a s  
fo l lo w s .  Tho a u th o r  was n ieosuring  th e  v isc o u s  d rag  e x e r te d  on a f i n e  
f i b r e  by  a h e a t  c u r r e n t , i n  on e f f o r t  to  obserovo .and in te z p r e t  e f f e c t s  
due to  th e  phonon mean f r e e  p a th ,  w hich was comp a liab le  with, thie f i b r e  
d ia m e te r  n t  low te m p era tu re s*  P in c e  th e  f i r s t  e x p lo ra to ry  r e s u l t s ,  
w hich a rc  g iv en  i.n append ix  I ,  showed t h a t  th e  e::q e rim o n t war n o t 
l i k e l y  to  -prrove f r u m tf u l  i t  was d isc o n tin u ed *  I t  had howevez- b een  
n o t ic e d  t lx i t  th e  f i b r e  s u f f e r e d  Z'andom d e f le c t io n s  i n  cond.it.: ons wliez’e
(m)
a c l a s s i c a l  f l u i d  w ith  th e  d e n s i ty ,  v i s c o s i t y  and v e lo c i ty  o f  th o  
normal f l u i d  would n o t  have been tu rb u le n t*  I t  was th o u g h t t h a t  th e  
d e f l e c t io n s  m ight be due to  v o r te x  l in e s  in  th e  tu r b u le n t  s u p e r f lu id  
s t r i k i n g  th e  f i b r e ,  and t h a t  th e  phenomenon sh o u ld  bo in v e s t i g a t e d  i n  
more d e ta i l»
H
T heory; S u p e r f lu id  c i r c u l a t i o n  ab o u t a f i b r e
*•• and each and a l l  
More s lo w ly  tu rn e d  a s  th e y  w ere more removed 
N u m e ric a lly  from  th e  in te g r a l#
(ra ro -d jso  XXTIIJs 3k~ j6)
(2ü)
5* I n te r a c t io n  o f  a v o r te x  l in o  w ith  o s tr a ig h t  f ib r e
(a ) In tzo d .lo tio n
J u s t  n8 th e  GUT)erfluid c i i ’c u la t lo n  abou t a vortex  l i n e  i s  quan­
t i z e d ,  so i s  the c i r c u l a t i o n  ab o u t a f i b r e  o r  any s o l id  body wliich 
makcG th e  a im e r f lu ld  doubly oonnootod* Puch c i.rcu la1 ;ion  can a r i s e  
e ith e r  when th e  se ^ o r flu id  i s  crea ted  or by suboequont onpturo o f  
vortex  l i n e s  from th e  su p o r flu id . S in ce  v o r te x  l in e s  may be ottnohod. 
to  th e  f i b r e  a t  v a r io u s  p o in t s  a lo n g  i t s  le n g th ,  w ith  c o rre sp o n d in g  
quantum changés in  th o  c ir c u la t io n  ab o u t i t ,  tho mean c ir c u la t io n  o v e r 
a g iv en  le n g th  o f  f ib r e  may be fr a c t io n a l*  F urther, th e  c ir c u la t io n  
abou t a body which p r o j e c t s  in to  th e  ho Hum wi'bhout making i t  tr u ly  
doubly connected w i l l  behave  i n  n s im i.la r  way, f o r  a v o r tex  l i n e  can  
c o n tin u e  th e  c i r c u l a t i o n  from  th e  f r e e  end o f  th e  p r o j e c t io n  to  th o  
vm ll o f  th o  co n ta in in g  v e s s e l ,  a s  shovm in  f ig u r e  5$'1#
Yo ohnll f ir s t  consider the interaction between two straight, 
p a r e i l o l vortex li .n e s  in oth erevise u n d is tu rb e d  helium* ( f Iternntivoly 
the a n a ly s i s  appiies epproxiinately to  the interaction betw een  any two 
l in o s  of th e  o q u ilib r iu m  a r r a y  in r o t a t i n g  helium, th e  v e lo c i ty  f i e l d s  
of tho romaiudcr being smoothed to gi.vo solid-body rotation* I f  many 
l in o s  are p r e s e n t  t h o ‘o m issio n  o f  two i.n t h i s  %):rocess w il.l have 
negligible e f f e c t  on th e  mean a n g u la r  v o lo c i ty  o f  th e  suTtcrflui.ci, wlii.eh 
w i.ll c o n tin u e  to  r o t a t e  with, th e  norinnl f l a id ) *  I.e t th e  s^^parstion  o f  
th e  two vort ox l i n e s  b e  2\g * Then the velocity  induced on th e  a x is  o f  
one l in o  by th e  o th e r  i s  -  K /2r i n  r diz-ectlon norm al to  th e  plane
H
(21)
c o n ta in in g  b o th  l i n e s .  I n  th e  ab sen ce  o f  noz’mal f l u i d  th e  l i n e s  would 
c i r c l e  each o th e r  w ith  t h i s  v e lo c i ty .  I f  on th e  o th e r  hand th e y  w ere 
b o th  bound at r e s t  i n  th e  h e liu m , f o r  example by b e in g  c e n tre d  on f i n e  
f i b r e s ,  a Magnus f o r c e  would a c t  on each g iv en  by
f  » Cl % K p e r  unit l e n g th ,  (3#l)5 y ^  XV
where 2.TTK i s  th e  vector c i r c u l a t i o n  abou t e ith e i*  v o r te x  l i n e .  T h is 
f o rc e  i s  r e p u ls iv e  when th e  c i r c u l a t i o n s  a re  i n  th e  same sense*
I n  p r a c t i c e  a v o r te x  l in o  i s  n e i t h e r  c o m p le te ly  bound n o r  com­
p l e t e l y  f r e e ,  f o r  th e  nozmal f l u i d  e x e r ts  upon a moving l i n e  a v is c o u s  
d rag  p p e r  u n i t  l e n g th ,  which g iv e s  r i s e  to an e x t r a  d r i f t  v e lo c i ty  
,  g iv e n  by
j) = 2.TT0 Ûq X K . (3 .2 )
S e t up a c y l i n d r i c a l  c o o rd in a te  system  a t  r e s t  i n  th o  h e liu m  and w ith  
i t s  a x is  p a r a l l e l  t o  th o  v o r te x  l i n e s  and lying midway between them 
(figure 5 *2 ) * Then each l i n e  i s  a t  d i s ta n c e  r  from t h e  a x is  and 
i s  t a n g e n t i a l .  E q u a tio n  (3*2) shows t h a t  th e  r a d i a l  component o f  tho 
d rag  p l e a d s  t o  a t a n g e n t i a l  component o f  , t h a t  i s  a change
in  th e  a p p a re n t m agnitude o f  , vd iile  th e  t a n g e n t i a l  component o f  p 
le a d s  to  a .r a d ia l  component ocj  ^ . Now
f = - f c  - / C ' / kJ k , (3.3)
F igure  3.1.
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Figure 3 , 3 ,  images  of
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cy l inder
(22)
w hore C anâ C a r e  p o s i t i v e  c o e f f i c i e n t s  s p e c ify in g  th e  d rag  com- 
p o n e n ts  i n  th e  d i r e c t i o n s  p a r a l l e l  to  ana normal to  th e  r e l a t i v e  
v e lo c i ty  o f  th e  l i n e  and th e  norm al f lu id #  T h e re fo re
= - ( C  + [ C ' / k ]  K x ) (  Y  (3.W
Whence5 a f t e r  some m a n ip u la tio n ,
JT C
* c ‘
w here i s  ta k e n  a s  p o s i t i v e  i n  th e  d i r e c t i o n  o f  <l x  «  # T h is
f l y  ^  fr a t i o  depends on te m p e ra tu re  th ro u g h  C » C and p ,  h u t ,  i f  C  C > 
i t  c an n o t exceed *§*• The v a lu e  o f  C ,  w hich increases s te e p ly  w ith  tern-» 
p e r a t u r e ,  i s  o f  th e  o rd e r  o f  a t  abou t 1 #3°K, w h ile  C i s
probably no l a r g e r  th a n  C (H a ll  i 960) ,  and q u i te  possibly zero 
(Townsend 1963)#
Hence th e  e f f e c t  o f  I 'o ton  d rag  i s  to  superimpose an outw ard  radial 
v e lo c i ty  on th e  t a n g e n t i a l  v e lo c i ty  o f  each v o rte x  l in e #  I f  th e  l i n e s  
had  b een  co m p le te3,y free th e y  would have c i r c l e d  each o th e r  with con** 
s t a n t  separation; i f  bound, a r e p u ls iv e  Magnus fo rc e  w ould have a c te d  
betw een them# 0?he s i t u a t i o n  in  l i q u i d  he liu jn  i s  rm te rm e d ia te ; under 
th e  combined in f lu e n c e  o f  t h e i r  own v e lo c i t y  f i e l d s  and of ro to n  d ra g  
th e  l i n e s  trace o u t s p i r a l  p a th s  away from  each o th e r ,  as shovm. in  
f ig u r e  3 #2 *
XT
OO— J 0) >
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(23)
(b )  l l ie  i n t e r a c t i o n  betw een  a f i b r e  and a p a r a l l e l  vortex l i n e
I f  a  longg s t r a i g h t  fibre o f c i r c u l a r  c r o s s - s e c t io n  i s  immersed
i n  th e  h e liu m , th e  i n t e r a c t i o n  w hich  o c cu rs  betvToen i t  and a p arallel
v o r te x  l i n e  can  be  d e te rm in e d  by an image method* The a x is  o f  th e
f i b r e  i s  ta k e n  as th e  a x i s  o f  a c y l i n d r i c a l  c o o rd in a te  system*
L et th e  s u p e r f lu id  c i r c u l a t i o n  abou t th e  f i b r e  be  ZiTK , th o
ra d iu s  o f  th e  fibre be R , and  th e  r a d i a l  d is ta n c e  OA of th e  vortex
line from  th e  a x is  be  r  # Then th e  image system  i s  a s  shovm i n  f ig u r e  
r\T> i p ii*3> w here O o  tz cK = i\ /  r  ( M iln e-Thoms on 19bO)* Hence th e  in d u ced  
r a d i a l  v e lo c i t y  of th e  v o r te x  l i n e  i n  th e  ab sen ce  o f  no rm al f l u i d  i s
K + «' K
r  r  ~ d.
(3 .6)K + k' K<f
r  / „  R"
II f  th e r e  i s  no c i r c u l a t i o n  a b o u t th e  f i b r e ,  K = 0, and so
,  - k R ^
"  r ( r " - r j  '
th e  negative s ig n  showing t h a t  i t  i s  i n  th e  o p p o s i te  d i r e c t i o n  to  t h a t  
which would be  in d u ced  by  a c i r c u l a t i o n  ab o u t th e  origin in  th e  same 
sense, a s  th e  vortex l in o *  The v a r i a t i o n  o f  0^^ m t h  r  i s  shown in  
f i g u r e  3*4» From e q u a tio n  (3»4) i s  d i r e c te d  in w a rd s , and so
th e  p a th  o f  th e  l i n e  i s  a s p i r a l  towards th e  fibre with th e  same r a t i o
(%.)
a s  t h a t  i n  ( a ) .  A f te r  a  c e r t a i n  tim e  i t  i s  a n n ih i la te d  a t  
th e  stirfacG  o f  th e  abou t w hich u n i t  c i r c u l a t i o n  s im u lta n e o u s ly
appears*
In  th e  c a se  t h a t  th e r e  i s  u n i t  c i r c u l a t i o n  ab o u t t h e  f i b r e  i n  th e  
o p p o s ite  s e n se  to  t h a t  ab o u t th e  v o r te x  line K % ^ K ,  and
— K* r
( j  i6k*!iw»»t**HMs*www*,t#ew»wei3 f  %  P t iV  ' r "  »  r  "
T h is  f u n c t io n  i s  shown i n  f i g u r e  3#^# I ts  n e g a t iv e  s ig n  in d ic a te s  t h a t  
th e  v o r te x  l i n e  fo llo w s  a ►spiral p a th  tow ards th e  fib re, where i t  i s  
c a p tu re d  w ith  th o  a n n ih i l a t io n  o f  th e  c:i r c u la t io n *
F i n a l l y ,  l e t  th e  f i b r e  have unit p o s i t i v e  c i r c u l a t i o n  abou t i t
Then
Z k k t
Yt r
T h e re fo re  q ■< 0 f o r  K  <T <■ J f  TR )
and
\
) (3 . 10)
>  0 f o r  r  >  i f R
So a  l i n e  T d th jji R  o f  th o  a x is  o f  th e  f i b r e  would bo cax jtu red ,
making a  t o t a l  o f  two quan ta  o f  c i r c u l a t i o n ,  while beyond t h i s  c r i t i c a l
(25)
d i s ta n c e  I t  w ould b e  r e p e l l e d ,  .A asu rp to tica lly  f o r  l a r g e  r  , ^
w hich i s  i d e n t i c a l  vd.th th e  v e lo c i t y  f i e l d  o f  a v o r te x  l i n e  ly in g  on th e  
ax is#  For sm a ll r   ^ when th e  f i b r e  i t s e l f  i s  more im p o rta n t th a n  th e  
c i r c u l a t i o n  ab o u t i t ,  th e  in d u c e d  v e lo c i ty  i s  rev e rse d #
(c )  The s t a b i l i t y  o f  a com plet e l y  a t ta c h e d  quantum o f  c i r c u l a t io n
The induced  t a n g e n t i a l  v e lo c i ty  o f  an i d e a l  v o r te x  l in e  becom es 
i n f i n i t e  (n e g a t iv e  i n  o u r  s ig n  c o n v e n tio n )  a s  i t  a p p ro a ch e s  th e  s u r f a c e  
o f  th e  f ib re *  A r e a l  v o r te x  l i n e  h as  a f i n i t e  c o re ,  i n s id e  which th e  
veloc ity i s  n o t  defined, o r  th e r e  i s  p e rh a p s  d i s t r i b u t e d  vortic ity, 
j I th e r e f o r e  re a c h e s  an up jjo r l i m i t ,  w hich may be w r i t t e n  a s  K /2 c T  , 
th e  in d u ced  v e lo c i ty  o f  an i d e a l  l i n e  a t  d i s ta n c e  S  fiom th e  s u r f a c e ,  
i f  R * 'de e x p e c t , an  o s tim a te  c o n s i s t e n t  w ith  th o
en erg y  c a l c u la t io n s  o f  append ix  311, The quantum -m echanical d e t a i l s  o f  
th e  c a p tu re  o r  lo s s  p ro c e s s  w i l l  n o t  be considered* 31f we assum e t h a t ,  
i n  th e  loss p r o c e s s ,  a v o r te x  l i n e  i s  f ir s t  form ed i n  th e  f l u i d  a t  th e  
s u r f a c e  o f  th e  f i b r e ,  i t  w i l l  immediately be r e c a p tu re d  u n le s s  i t s  
m otion  th ro u g h  th e  noriiial flu id  i s  rev e rse d *  S in ce  th e  normal f l u i d  i s  
bound to  th e  f i b r e  by v iscosity n e a r  the s u r f a c e ,  th e  l i n e  can  escape 
o n ly  i f  th o  s u p o r f lu id  i s  s tre a m in g  p a s t  th e  fibre w ith  a lo c a l  veloc ity  
g r e a t e r  th a n  K /  , Hence th e  c r i t e r i o n  f o r  lo ss  i s ,  i n  o rd e r  o f
m ag n itu d e ,
>  K / l A ,  , (3 .1 1 )
where i a  th e  com ponent norm al to  th e  f i b r e  o f  th e  r e l a t i v e  v e lo c i t y  
o f  f i b r e  and a u p e rf lu id *  I'xx e s t im a te  o f  can  th e r e f o r e  he o b ta in e d  
i n  p r i n c i p l e  b y  measurement o f  th e  minimum v a lu e  o f  needed  to  c a u se  
loss o f  a c o m p le te ly  a t t a c h e d  quantum o f  c i r c u la t io n #
S in c e  ( 3 a 1 l )  i s  in d ep e n d en t o f  R , i t  opplles t o  th e  c r e a t io n  o f  
a  v o r te x  l i n e  a t  any s o l id  b oundary  w ith  r a d iu s  o f  c u rv a tu re  l a r g e  
compared with # I f  i s  o f  th e  o rd e r  o f  th e  in te r a to m ic  s p a c in g , 
th e  criterion i s  sa t is fied  f o r  almost any s u r f a c e  (u n le s s  ro ughness on 
an atom ic s c a le  i s  important). Hence th e  c r it ic a l s u p e r f lu id  v e lo c i ty  
f o r  th e  c r e a t io n  o f  v o r te x  l i n e s  at a s o l id  boundary  i s
^  K / Z f t „
i  '10 cii(/s0c with (K K 10 cm. (3.12)0
(d) The capture o f  v o r te x  l i n e s  from  moving s u p e r f lu id
I n  s t a t i o n a r y  s u p e r f lu id  th e  induced  v e lo c i t y  o f  a v o r te x  lino  
ly in g  p arallel t o  a s t r a i g h t  fibre i s  g iv en  by e q u a tio n  (3 * 6 ), I f  the 
sup e r f  3-uid i s  given a stream v e lo c i t y  V. relative to the f i b r e  th e  
v o r t e x - l in e  v e lo c i t y  w i l l  be, n e g le c t in g  iiorm al**fliûd drag;,
ch -  A -Î' v " *  ( 3 . 13)
/vL y  1
V^’‘% th e  l o c a l  s u p o r f lu id  v e l o c i t y ,  i s  eq im l to  f a r  from  th e
x \/ /V
2R
F igure 3 . 5 .  Coo r d ina t e  sys t em for  path of vor t ex  Line pas t  f ibre in 
s u p e r f l u i d  s t r e a m
s t a t i onary  
point
F igure 3 . 6 .  Paths of a vortex l in e  pas t  f ibre with k' = 0 ; 
 ^ — X - l i n e s  ( 6  = 0 ) ,  — »  path l in e s  for 6  = « / 2
(27)
p e rtu rb in g  e f fe c t  o f th e  fibre. The path  o f th e  vortex  l in e  in  the  
absence of nonoal f lu id  (Milne^Thornson 1960, p . 365) i s  g iven  by
 ^ f  ^  / r j  s in  0 4- K* r  -  ^  K Lk -  R / r ^
r~ c o n s ta n t, (3# i 4)
where th e  v a r ia b le s  a re  as sho\m in  f ig u re  3*5* Suppose fo r  sim­
p l i c i t y  th a t  th e re  i s  no c i r c u la t io n  about the f ib r e  æ 0 ^ *  Then
on one side of th e  f ib r e  0^  and are  in  th e  same d ire c t io n , w hile
on the o th e r  s id e  they a re  o%pposGd. At the  p o in t where they  a re  equal 
and opposite  th e  v o rtex  l in e  would be s ta tio n a ry . Without so lv ing  
( 3. 14) the  form o f th e  l in e s  o f co n stan t v  i s  seen to  be as in  f ig u re  
3*6,
Since no - l i n e  touches th e  surface of the f ib r e ,  except the  one 
which wholly co incides w ith  i t ,  no v o rtex  l in e  can be cap tu red  in  th e  
absence o f normal flu id . We know from § (a) th a t  th e  p resence  of 
s ta t io n a ry  normal f lu id  w i l l  add a d rift v e lo c ity  to  cb , andrth a t  Od cf (1 , th e  angle betv/een th e  two v e lo c i t ie s  being f ix e d ,
 ^ theHence th e  p a th  o f^vortex  l in e  w il l  cu t th e  ^  - l in e s  a t  a constan t 
angle £ g iven by
C sz ta n   ^ g (3*15)\ ■ i
(28)
w here and a r e  th e  com ponents o f  p a r a l l e l  and p e ip o n -
d i c u l a r  r e s p e c t iv e ly  to  « I f  6 0 th e  ^ -« li ï ie s  and p a th  l i n e s
/vt
c o in c id e  and no v o r te x  l in o  i s  c a p tu re d  by  th e  f i b r e .
"Tf f  vr\I n  tb o  l im i t  Z -  - j  th e  c a p tu re  d ia m e te r  ^  ^an b e  e s t i ­
m ated from  f ig u r e  3*6 , v;here some ty p ic a l  p a th  l i n o s  a r e  drawn f o r  
t i l l s  v a lu e  o f  Z (w ith  th e  c o r r e c t  s i g n ) . C le a r ly  j  i s  r e l a t e d
to  p g th e  d is ta n c e  o f  th e  s t a t i o n a r y  p o in t  from  th e  a x is  o f th e  f i b r e ,  
We g u e ss  t h a t
^  Z  j) . ( 3 . 16)
As t  v a r i e s  from  0 to  T f / i  , v a r ie s  sm ooth ly  from  0 to  ,
and i t  i s  t h e r e f o r e  n a tu r a l  to  i n t e r p o l a t e  from th e  fo rm u la
1-J B i n ?  ( o  <  £ ^  V j  . ( 3 . 17)
p i s  g iv e n  by
V?) V /
= f o r  (3 .1 8 )
With
(29)
K Pd
% r  ( -  ■R^ )
-  for rz3>lK . (3.19)
K VT h e re fo re  V T ( ) , (3*20)
 ^ V, ^
p ro v id e d  p R
t h a t  1 b ^  /  R .
T h e re fo re  th e  d ia m e te r  f o r  c a p tu re  o f  a s in g le  quantum i s
^  ^   ^ s in  6 0 ( 3 *21)
f o r v_ K / t \
I f  th e  circulations about f i b r e  and v o r te x  lin e a re  e q u a l and 
opposite , th e  - l i n e s  a r e  to p o lo g ic a l ly  u n a l te r e d ,  b u t  p
i s  now g iv en  by
- s ( s e e  e q u a tio n  ( 3a8) )  (3*22)s _ RT-
t h a t  i s =  K /'P  fo r  |)
(30)
o r P 4  K / V . f o r  Vj<?C K / R (3. 23)
T herefore the capture diameter for a n n ih ila tio n  o f an e s tab lish ed  
quantum of c i r c u la t io n  io
/V 2 k in C (3 .2 4 )
f o r V < K  K /  R
ViB , p -4  bs in b o th  casea. Hence in  the opposite l im i t
( K / R )
<r  ^ ( j )  q t )  U R  Gin & (3 .25)
I f  there a re  equal c i r c u la t io n s  in  the same sense about f ib re  and 
vortex, l in o ,  th e  behaviour i s  q u ite  d i f f e r e n t .  We know that
-ir-M, «A<.«*to.*y4AN-
tr
K (  -  I R ' )
( r ' -  S '- ) b y  eq , (3«9)
T his fu n c tio n  i s  shown in f ig u re  3*4# For <?C K /R  there are  th re e  
ro o ts  to  the  equation
< -  i % ( p ) (3 .26)
Figure  3 . 7 .  Paths  of  a vor t ex  l i n e  p o s t  f i b r e  wi th K' = +K; 
 >  y -  l i n e s ,   path l i n e s  f or  6 =  J t / 2
(3-1 )
and oorresp on d in g ly  th r e e  s ta t io n a r y  p o i n t s ,  o f  w hich th e  n e a r e s t  to  
th e  f i b r e  i s  on trie  o p p o s i te  a id e  o f  i t  to  th e  o th e r  two. The - l in e ;  
have  th e  foxm shown i n  f ig u r e  3*7, where th e  p ath  l i n e s  f o r  th e  c a se  
t  ^  are a ls o  drawn. Hence
q ( | - ]  = 0  f o r  V ^ < 5 T K / R .  ( 3 . 2 7 )
T h is  r e s u l t  i s  t r u e  f o r  a l l  Z i n  tb o  f i r s t  q u a d ra n t.
As in c r e a s e s  p  and. p move to g e th e r  and e v e n tu a l ly  c o in c id e
a t  r  T: 2.R 9 Y/hen
< ( ■ (v) max
K / 3 R .  (3*28)
I f  i s  fu i'th er  in c r e a se d  th e r e  rem ains a s in g le  r o o t   ^p ^ to  
equation ( 3 .2 6 ) ,  th e  to p o lo g y  o f  th e  ^  - l i n e s  changes to  t h a t  o f  th e  
c a s e s  K 5  0  and K K , and b e g in s  to  r i s e  from  zer o .
Beplacemont o f  vf*' by  g iv e s  a s  an  estim a te  o f  th e  c r i t i c a l  su p er-  
f l u id  v e lo c i t y  f o r  th e  c a p tu re  o f  a second  v o r te x  l i n e
s!^ ^  K / 3 R  , ( 3 . 2 9 )
As V -4» ZR s i n  C ,  b u t  rem ains s m a lle r  th a n  (T^  (t ]
(32)
and . I t s  b e h a v io u r  a s  a •function  o f  V, i n  'fcho th ro e  c a s e s
stud-led  i s  sk e tc h e d  in  f ig u r e  3*8*
Th,0 v a lu e  o f  £ can  i n  p r i n c i p l e  b e  found aa  a f u n c t io n  o f  tern- 
p o z n tu i '0 from  e q u a tio n  (3*^)» Although th e  c o e f f i c i e n t s  C and C  
a.re n o t  known e x a c t ly ,  £ i s  p ro b a b ly  o f  th e  o rd e r  o f  30° o r  45° a t  
tem peratures between 1 °K and th e  X - p o in t , so  t h a t  s i n  6  may re a s o n a b ly  
b e taken  as unity*
In  a c o im tc rf lo w  ex p erim en t th e  noim al f l u id  i s  n o t  s t a t i o n a r y  b u t  
moving w ith  such  a v e lo c i t y  t h a t  th e r e  i s  no n o t mean mass tr a n s fe r .
At low tem pératures i t s  v e lo c i ty  i s  many tim e s  g r e a te r  than th a t  o f  th e  
s i -p e r f lu id  and th e  r e s u l t i n g  r o t  on d rag  on th e  v o r te x  l i n e  le a d s  to  a  
la rg e  e x tra  c o n tr ib u tio n  to  th e  d r i f t  v e lo c i ty  o f  the l i n e  th ro u g h  th e  
s u p e r f lu id ,  « F a r  from  th e  f ib r e  th e  lo c a l  v e lo c i t i e s  V'" and
/"V
V'" a re  o p p o s i te ly  d i r e c te d  ( in  n on -tu rb u len t flow ) and so th e  p a th
o f  th e  v o r tex  c u ts  th e  'Y - l in e s  a t  a la r g e r  o n g le  £  th a n  when th e  
normal f l u i d  i s  s t a t i o n a r y ,  £ may even exceed Ï  rad ia n s»  Very c lo s e  
to  th e  f i b r e  th e  norm al f lu id  i s  h o ld  a t  r e s t  by v i s c o s i t y ,  and b o  th e  
f i n a l  s ta g e s  o f  capture a re  independent o f  i t s  stream v e lo c ity *  
d is ta n c e s  o f  o rd e r  p from  th e  f i b r e ,  where th e  c a p tu re  o r  lo s s  o f  th e  
v o r te x  l i n o  i s  d e c id e d , £ i s  a c o m p lica te d  fu n ctio n  o f  p o s i t io n .
I f  th e  c o n tr ib u t io n  t o  th e  d r i f t  v e lo c i ty  from  th e  m otion  o f
th e  normal f l u i d  i s  sm a ll compared w ith  when f' ^  p , th e n  th e  
above a n a ly s is  w d ll  rem ain  c o r r e c t .  C le a r ly  a s u f f i c i e n t  c o n d it io n  fo r  
t h i s  i s  t h a t  , w here i s  th e  s tream  v e lo c i ty  o f  th e
(33)
norm al f l u i d .  T h is c o n d it io n  i s  s a t i s f i e d  i n  a c o u n te rf lo w  experiment 
o n ly  Very c lo s e  to  th e  X -po in t#  A l t e r n a t iv e ly  p m ust h e  c lo s e  enough 
to  K to  l i e  i n  th e  re g io n  w here th e  norm al f l u i d  i s  h e ld  a t  r e s t  by  
v i s c o s i ty .
At te m p e ra tu re s  low enough f o r  N/ to  bo v e ry  much g r e a t e r  th an  
we have
^  V / (3 .30)
everyw here except v e ry  c lo s e  to  the f i b r e .  In  t h i s  c a se  th e  m otion  o f  
th e  v o z te x  l i n e  w i l l  be  dom inated , th ro u g h  , by rath er  th a n  by
Vj ♦ From th e  q u a l i t a t i v e  p i c t u r e  ob ta in ed  by  r e p la c in g  in  th e
above a n a ly s is  by  dcj^  we se e  t h a t  th e  main e f f e c t  o f  th e  n o m a l- f lu id  
m otion  i s  to  in c r e a se  th e  e f f e c t iv e  v a lu e  o f  and to  make th e  v o r te x  
l i n e s  d r i f t  in  a d ir e c t io n  q u i te  d i f f e r e n t  from t h a t  o f  th e  s u p e r f lu id  
s tre a m . T h is le a d s  to  p rob lem s i n  th e  m ain tenance  o f  su p erflu id  v o r -  
t i c i t y  (iV m sond  1963; se e  a ls o  ch ap ter  2 ( b ) ) .
( e) The p r o b a b i l i t y  d i s t r i b u t i o n  o f  th e  mean c i r c u l a t i o n  ab o u t a f i b r e  
I n  th e  ex p erim en t th e  c i i 'c u la t io n  was m easured  abou t a f ib r e  o f  
d ia m e te r  0 .7  p , f o r  which K /R  ÿ  5  cm /sec. By (3*29) /v % cm /sec , 
v/ixlch i s  g r e a t e r  th a n  both n o r m a l- f lu id  and s u p a r f lu id  v e l o c i t i e s  in  
th e  e x p e rim e n ta l c o n d it io n s  vdiGZ'e c i r c u la t io n  was m easurable. Hence 
CT. = 0 , and no c i r c u l a t i o n  g r e a te r  th a n  one quantum shou ld  have been  
o b serv ed  i f  th e  v o r te x - l in e  h y p o th e s is  i s  co rz-oct.
k'= -  k
V^R/K v^R/K
Figure 3 . 8 .  Sketch of th e  variat ion of c a p t u r e  d i a m e t e r  w i th  
s u p e r f l u i d  s t r eam  v e l o c i t y  for var iou s  c irculat ions about  f ibre
CT(0)
Figure 3 . 9 .  Capture of a vortex l in e  incl ined to the  f ibre
(34)
At such low v e l o c i t i e s  <T^ i s  co n sid era b ly  l a r g e r  th a n  (Tj ( s e e  
f ig u r e  3 * 8 ), The a p r i o r i  p r o b a b i l i t y  o f  th e  a n n ih i l a t io n  o f e s t a b l i s h e d  
c i r c u l a t i o n  i s  t h e r e f o r e  c o n s id c ia b ly  g r e a t e r  th a n  t h a t  o f  th e  c a p tu r e  
o f  f r e s h  c i r c u l a t i o n .  I t  i s  im m ed ia te ly  c l e a r  t h a t  i n  a s tream  o f  
randojiiily o r i e n t a t e d  v o r te x  l i n e s  la r g e  rneon c ir c u la t io n s  (ap p ro ach in g  
one quantum) a re  l i k e l y  to  e x i s t  f o r  s i© ii ; f le a n t  tim es o n ly  i f  v o rte x  
l i n e s  a re  s u f f i c i e n t ly  r a r e  f o r  a n n ih i l a t io n  to  b e  an in f r e q u e n t  pro­
c e s s ,  I n  order t o  proceed f u r t h e r  th e  i n t e r a c t i o n  between th e  f ib r e  
and an i n c l in e d  v o r te x  l i n e  m ust be  c o n s id e re d .
Suppose t h a t  an in c l in e d  v o r te x  l i n e  i s  c a r r i e d  to w ard s th e  f i b r e  
a s  shown i n  an id e a l i s e d  form  i n  f i g u r e  3*9# I t  e v e n tu a l ly  c u ts  th e  
f i b r e  a t  some p o i n t ,  and a l e n g th  U o f  i t  i s  c a p tu r e d ,  th e  two 
rem ain ing  p o r t io n s  o f  f r e e  v o r te x  l i n e  b e in g  a t t a c h e d  to  th e  f ib r e  a t  
p o in t s  d is ta n c e  L  a p a r t .  These p o in t s  o f a tta c h m e n t may th e n  move 
a lo n g  th e  f ib re#  I t  i s  shovm i n  append ix  I I  t h a t  in  o e i'ta in  c o n d i t io n s  
v o r te x  l i n e s  p a r t l y  a t ta c h e d  to  th e  f i b r e  i n  t h i s  way a re  m eta sta b le , 
b u t  t h a t  th e s e  c o n d it io n s  can  h a rd ly  b e  f u l f i l l e d  in  th e  expérim ental 
geom etry  when th e  he lium  i s  s ta t io n a r y , and hence  even l e s s  so  when i t  
i s  moving. N e v e r th e le ss  i t  d oes seem th a t  th e  p e e l in g  o f  a p a r t ly  
a t ta c h e d  vortex  l in e  on o r  o f f  th e  f i b r e  may b e  a slow  p r o c e s s , so t h a t  
we can  s e n s ib ly  r e f e r  to  the c a p tu re  o f  a g iv en  len g th  L  o f  v o r te x  
l in e #
From f ig u r e  3 - 9 ,  L  can be  w r i t t e n  a s  (T'‘' | t a n  8 |  , where (T"' i s
an ap p rop ria te  cnirbure d ia m e te r . B ecause th e  i n t e r a c t i o n  betw oen an
(35)
i n c l in e d  v o r te x  l i n e  and g f i b r e  i s  l e s s  s tro n g  th a n  when th e y  a re  
p a r a l l e l ,  v/e g u ess  t h a t
( T " ' - s;m (3 .31)
whore (T i s  th e  a p p ro p iia te  capture diam eter from ( d ) , Hence0, 1,1
L  1 1 s in  0 t t m 9  . (3 .32)
T h is  fu n ctio n  i s  so s h a rp ly  peaked  a t  [® | -  t h a t ,  to  a f i r s t  a p p ro x i­
m a tio n , o n ly  v o r te x  l i n e s  which, a r e  v e ry  n e a r ly  p a r a l l e l  to  th e  f i b r e  
can  s i g n i f i c a n t l y  a l t e r  th e  c ir c u la t io n  about i t .  The c a p tu re d  le n g th  
o f  such  v o r te x  l i n e s  i s  l im i te d  in  th e  f i r s t  p la c e  b y th e  le n g th  o f  
th e  f i b r e  i t s e l f ,  and i n  the second  p la c e  by th e  c u rv a tu re  o f  th e  v o r te x  
l i n e s ,  w hich a re  l i lc e ly  to  be  s t r a i g h t  o n ly  o v e r d i s ta n c e s  o f th e  o r d e r  
o f  X , th e  mean sep a ra tio n  o f  th e  l i n e s ,  o r  o f  th e  tu n n el w id th  i f  t h a t  
i s  sm alle r*  T h erefore , i f  th ere  a r e  so few  v o r te x  l i n e s  In  th e  f lo w  
t h a t  X i s  la r g e  compared w ith  th e  tu n n e l  w id th  and th e  le n g th  o f  th e  
f i b r e ,  we may ex p ec t o c c a s io n a l ly  to  capture © le n g th  L o f  v o r te x  l i n e  
which i s  0. f a i r  f r a c t i o n  o f  th e  le n g th  o f  th e  w ii 'e . Mean c i r c u l a t i o n s  
o f  up to  one quantum a re  p o s s ib le  ( l a r g e r  c i r c u l a t i o n s  b e in g  fo rb id d e n  
b e c a u se  -  0 in  th e  e x p e r im e n ta l c o n d it io n s )  and w il'i grow or d ecay  
a s  th e  v o r te x  l in e  p e e l s  on o r  o f f  th e  f ib r e .  They may e v e n tu a l ly  b e  
a n n ih i l a t e d  by th e  captui'o o f  o v o r te x  l in e  o f  o p p o s ite  sen se .
(36)
I f  X i s  much s m a lle r  than th e  le n g th  L o f  th e  f i b r e  wo may
suppose t h a t  c i r c u l a t i o n  i s  c a p tu re d  in  d io r t  leng-bhs o f  e x a c t ly  X «
Vfe ta k e  a s  th e  id e a l i z e d  s t r u c tu r e  o f  th e  c i r c u l a t i o n  ab o u t th e  f i b r e
a number N -  L /A  o f  s ta t is t ic a lly  ^independent le n g th s  X , abou t each
o f  w hich th e  c i r c u l a t i o n  may be  o loekvdso  (4. ZirK ) ,  a n ti-c lo c k A i.se
(T" d*(»>» ZrtK ) o r  zez 'o , with p r o b a b i l i t i e s   ^ .,..1,.,..^ .,. Qjià
^  I<T', 4- (Tj, 4* To
r e s p e c t iv e ly ,  proportional to  th e  r e le v a n t  c a p tu re  d ia m e te rs ,
(T*
T his d i s t r i b u t i o n  i s  t r in o m i a l ,  w i th  mean 3 ore  and s ta n d a rd  d e v ia tio n
Z(fa p p ro x im a te ly  1—   ^ By th e  c e n t r a l  lim it theorem  th e  averageACTj 4-
c i r c u l a t i o n  o v e r th e  whole wli'c lias  a  near-normal d i s t r i b u t i o n  v/ith
/  2 CTmoan z e ro  and standard d e v ia t io n  ( ZîTk f o r  X L *\ 2 r , 4 - c r o J L y
S ince  << 6^  ^ a t  low v e l o c i t i e s ,  the probability o f  o b se rv in g
mean c i r c u l a t i o n  approaching one quantum drops rapidly as X d e c re a se s  
th ro u g h  v a lu e s  com parable w ith  L # The mere o b s e rv a tio n  o f  si.'ch c i r ­
c u la t i o n s ,  q u i te  apai't from  their persistence, is  therefore in  i t s e l f  
a s ig n  o f  th e  presence of few  vortex lin es.
( f )  Simima:
A f i b r e  w ith  no c i r c u la t io n ,  ab o u t i t  has a week a t t r a c t i o n  f o r  
v o r te x  l i n e s ,  b u t  once c ir c u la t io n  i s  e s ta b l is h e d  t h e r e  i s  a s t ro n g  
ten d e n cy  to  a n n ih i l a t e  i t  by th e  c a p tu re  o f  l i n e s  o f  o p p o site  s e n s e , 
to g e th e r  w ith  a ten d e n cy  to  r ep e l l in e s  o f  th e  same se n se  a s  t h e c i r ­
c u la t i o n  about th e  f ib re*  Except a t  r e l a t i v e l y  high  f l u i d  v e l o c i t i e s ,  
o f  th e  o rd e r  o f  2 em /sec  in  th e  cxporim ental a p p a ra tu s ,  c i r c u l a t i o n s  
g r e a te r  th a n  one quantum cannot be e s ta b lis h e d #  Is  w e l l  a s by
(37)
a n n i h i l a t i o n ,  c i r c u l a t i o n  can  change by  th e  p e e l in g  o f  a p a r t l y  
a t ta c h e d  v o r te x  l i n e  on o r  o f f  th e  f i b r e ,  A w h o lly  a t ta c h e d  quantum . 
o f  c i r c u l a t i o n  can n o t b e  removed b o d i ly  from  a f i b r e  excep t by  super- 
f l u i d  f lo w  o f  very h ig h  v e l o c i t y ,  o f  th e  o rd e r  o f  10*^  cm /sec .
Vdien th e  s e p a r a t io n  o f  th e  v o r te x  l in e s  i s  much l a r g e r  th a n  th e  
le n g th  o f  th e  f i b r e ,  s lo w ly -c h an g in g  mean c i r c u l a t i o n s  o f  up to  one 
quantum sh o u ld  b e  o b s e rv a b le ,  w h ile  when i t  i s  s m a lle r  th a n  th e  le n g th  
o f  th e  f i b r e  th e  mean c i r c u l a t i o n  sh o u ld  be  s m a lle r  and more r a p id ly  
v a ry in g .
0f ibre ,  m a s s  m per  u n i t  Length
dz
bob,  m a s s  M
(a)  Elevation
F per un i t  l eng th
(b)  Plan v i ew
axis of tunnel /
Figure 4 . 1 .  Coordinate sy s t em for c a l c u l a t i o n  of  transient  
fibre response
4# Hesponae o f  a  f i b r e  o a iry in g  s u p e i f lu i a  c i r c u l a t i o n
to  a lie a t p u ls e
(a ) Tlie s o lu t io n  o f  th e  equotlon o f  motion o f  the f ib r e
%hen 8i:g)erfluld la  made to  stream vglth v e lo c i t y  V, p a s t  a f ib r e  
oarry ln g  c ir c u la t io n  ^TTK, a Magnua fo r c e  a c ts  u^ o^n th e  f ib r e  g iv en  by
F Z ir p  V X K p er  u n it  le n g th , (4®i)
I f  th e  f ib r e  l a  auapon&ed v e r t i c a l l y  vdlth a w eighted bob a t  I t s  loY/or 
end aa ahov,!! in  f ig u r e  4 * 1 , th e  fo r c e  can be d e te c te d  by th e  d ef].8otlon  
o f  th e  bob, w hich w i l l  a ls o  respond to  the v isc o u s  drag o f  th e  normal 
f lu id *  N e g le c tin g  th e  s t i f f n e s s  and w eight o f  th e  f ib r e ,  a uniform , 
stead y  fo r c e  F p er  u n it  Im g th  produces a s te a d y  bob d e f le c t io n  g iven  
t y
F Cy g; , (4 , 2 )
I T
whero I la  th e  len g th  o f  th e  f ib r e  and T  I s  th e  te n s io n  provided by  
the bob* % e c o n fig u r a tio n  o f  the f ib r e  l a  a quadratic  cu rve, and th e  
bob d e f le c t io n  I s  normal to the su p o r flu ld  v e lo c i t y  In  th e  ca se  o f  a 
Magnus fo r c e , but In  th e  d ir e c t io n  o f  th e  norm al'^fluld v e lo c i t y  fo r  a 
v isc o u s  force*
The resp onse o f  th e  f ib r e  to  a varying fo r c e  I s  more d i f f i c u l t  to  
c a lc u la t e ,  becau se  I t s  f l e x i b i l i t y  p rec lu d es treatm ent as a s in g le  pen--
dulum. W ith th e  c o o rd in a te  system  o f f i g u r e  4#1 th e  e q u a tio n  o f motion
(39)
o f  a le n g th  e lem ent &z o f  th e  f i b r e  I s
F  d z  + T  d -Z  Ç r h v .d z  ,  (4 . 3 )
w here i s  th e  e f f e c t i v e  mass p e r  m i t  le n g th  o f  th e  f i b r e ,  and th e
f o r c e  F  p e r  u n i t  le n g th  a c t in g  on i t  i s  g iv en  by
F = B ( « r) + ^  ~ F) x: K . (4 . 4 )
% and D a re  c o e f f i c i e n t s  c h a ra c te r f .s in g  th e  v isc o u s  and Magnus forces
r e s p e c t iv e ly ,  and and a re  th e  e x te r n a l ly  im posed , tim e -  
dependent v e l o c i t i e s  o f  th e  no rm al and s u p e r f lu id  components* Hence
vn'r -I- B r -k x k) -  T  )C - ^  V -f T / V. x k \ . (4*5)
dZ
In  a coun t e r f  low v/inci tu n n e l  V and  V. a r e  a n t i - p a r a l l e l .  For slm - 
p l i c i t y  we ta k e  them b o th  to  be c o n v e n tio n a l ly  in  th e  p o s i t i v e  X - 
d ir e c t io n *  We s h a l l  r e q u i r e  th e  re s p o n se  o f  th e  f i b r e  to  a s h o r t  
sq u a re  v e lo c i ty  p u ls e  o f  h e ig h t  and l e n g th  'b , This may be
w r i t  t  en approximat e l y s
[ t]  .  V Z ^ ( t )  ( 4 .6 )
and s im ila r ly  f o r  V * Remembering t h a t  K i s  in  th e  p o s i t iv e
(40)
2. ~cT irect:lon, (4 .5 )  may now bo rsa o llre d  in to  two s im u lta n e o u s  j seals.;
d i f f e r e n t i a l  e q u a tio n s  a s  f o l lo w s :
wvx 'F 3x <F 3)y T ^  V %: )
) (4c 7)
y + ■» T  c) y  ™ . . P \  t
3 ?
Taking la p  la c e  ■bransfoxBs w ith  th e  'boundary c o n d it io n  X r» y  ^ 0 a t  
t  = 0 f o r  a l l  z p and so lv in g  f o r  th e  tra n s fo rm e d  t r a n s v e r s e  d is p la c e ­
ment j  g WG o b ta in
Wip " - .  B p  - T r y  + D i d
( m p i  B p )  . - - B v y D p ,  (4 .8 )
w here wo have assumed t h a t  D  , i . o ,  th e  c i r c u l a t i o n ,  i s  independent o f  
% * Apart from th e  te rm  D Y on th e  l e f t  hand s id e  Y i s  p ro p o r­
t i o n a l  to  D , and so th e  tr a n sv e r se  d isp lacem ent i s  a measure o f  th e  
Magnus f o r c e ,  and hence o f  th e  c ir c u la t io n *
The f iz 's t  term on th e  r i g h t  hand s id e  i s  th e  d i r e c t  c o n tr ib u t io n  
from the s u p e r f lu id  p u ls e  $ th e  second a r is e s  b e ca u se  th e  f i b r e  i s  
d ragged  w ith  th e  norm al f l u i d ,  and so th e  r e l a t i v e  v e lo c i ty  betw een 
f i b r e  and s u p e r f lu id  i s  in c r e a se d , and b e in g  a n t i - p a r a l l e l*
The terms f »f Bp -«1 à ^Y  le a d  to  danroed o s c i l l a t i o n s  o f  th e
(41 )
f i b r e ,  w h ile  th e  term  D  p^Y  a r i s o a  becnuse  th e  p la n e  o f  th e  o s c i l -  
lo t io n s  p rec essG s under th e  in f lu e n c e  o f  th e  Magnus force#  I f  th e  c i r ­
c u la t io n  i s  sm a ll enough D  B  * i .o *  th e  p er io d  o f  p r e c e ss io n  
i s  much lo n g er  th a n  th e  d ecay  tim e  o f  th e  o s c i l l a t i o n s ,  and th e  p r e ­
c e s s io n  may he n eg lected #  Although t h i s  approx im ation i s  n o t a good 
one i f  th e  c i r c u l a t i o n  i s  near one quantum , p a r t i c u l a r l y  a t  low tem­
p e r a tu r e s , i t  w i l l  h e  u se d  b ecau se  th e  la b o u r  o f  n u m e ric a l c a lc u la t io n  
i s  then  v e ry  much re d u c e d , th e  form  o f  y (k) (b u t n o t  i t s  am p litu d e ) 
b e in g  th e n  in d ep e n d en t o f  th e  s i s e  o f  th e  c i r c u l a t i o n  a t  a g iv e n  tmM  
p e ra tu re #
In  th e  e a s ie r  case  o f  a r i g i d  sim p le  pendulum  i t  h a s  been  v e r i f i e d  
t h a t  th e  main e f f e c t  o f  th e  te rm  D Y i s  to  le n g th e n  t h e  a p p a re n t 
p e r io d  o f  th e  o s c i l l a t i o n s  and to  red u ce  th e  a p p a re n t dam ping. The 
s i z e  o f  th e  I n i t i a l  t r a n s i e n t  d e f l e c t io n  i s  reduced  by iO^o o r  20^# I t  
i s  probable t h a t  th e  p r e c e s s io n  would have a s im i l a r  e f f e c t  in  th e  f u l l  
c a lc u la t io n ,
The s im p l i f i e d  e q u a t io n , v a l i d  i n  th e  l i m i t  o f  sm a ll  c i r c u l a t i o n ,
T n  - InpT/p BA 11  . kV(p + Bf  Y
^ ( ) f  V k ]
^  .  g y ,  ( 4 .9 )
where g w ith  re g a rd  to  s ig n .
(42)
T h is h a s  th e  s o lu t io n
where
Y  = P  .q/" +
p  - t v ^ - r  ( p  . , . ^ [ - 1 -  p j )
F h )  ’h
and Q  micl ^  a re  t o  b e  determ ined from th e  boundary c o n d it io n s ;
(2^.10)
on % % 0 , J 0 1 .L. •  0 • 0 )
) (4*11 )
on "2 K L , M j = -  I c)j , i .  e , M Y  = -  I AY )
3 i  3%
Tho boundary  c o n d it io n  on Z = L i s  th e  e q u a tio n  o f  m otion  o f  th e  b o h ,
n e g le c t in g  th e  v is c o u s  d rag  on i t#
The s o lu t io n  on Z r.r, L i s  found to  bo
►»we»lWiRWr<«r »«#>*»»
|A .ckj^l -I- g j i  t k  |<vL
(4.12)
By th e  in v e r s io n  theorem  (Ja eg er  1 951 ) th e  u n tra n s fo rm e d , t r a n s v e r s e  
d e f l e c t io n  o f  th e  bob i s  g iv e n  by
y k t ) £
cL,.
 (ck  |vA.l -  1 )
-t-
(4.13)
(43)
where j) = gives the singularities of Y (Ljp) in the complex p
p la n e
Eemembering t h a t  and P  a r e  fu n c t io n s  o f  p , v/e f in d  t h a t  
rem ains f i n i t e  a s  p  —^ 0 ,  b u t  t h a t  a t  p  -  -  b  / vn th e r e  i s  a s in g u ­
l a r i t y  v/Mch le a d s  to  th e  c o n t r ib u t io n  to  y  ( L p )
-  S t/w i
-  1 3 v  1: p *  J L  (4*14)
^  2 T  1 + 6  lAL
I
F o r a l i g h t  f i b r e  B /vn  i s  a freq u e n cy  o r  decay  c o n s ta n t  much M g h e r  
th a n  any we a re  i n t e r e s t e d  in , and so v/e ta k e  th e  l i m i t  a s  :
L t Y » ( l  t )  « 0  f o r  a l l  • ( • > 0 .  (4 .1 5 )
'B/vk“^ oo
T his c o n t r ib u t io n  i s  th e r e f o r e  n e g le c ted #
The rem a in in g  s i n g u l a r i t i e s  a re  g iv en  b y  th e  r o o ts  o f
tk  i^ L B 1 « (4*16)
Let p. K when |) B oc^  , so  t h a t
f o r  B / |
(4 . 1 7 )1
H .
1
L et , ___
Then (2f,16 ) becomes
"gi j
W T  (e  -I- L&)
in  th e  l i m i t  t h a t  B /v n  —5> <^  , i . e .  f o r  a l i g h t  f i b r e .  
T h is  e q u a tio n  h as  s o lu t io n s  with 6 = 0  g iv e n  by
ta n  §” B  ^ ( 4 # 20)
iv \T  r
I n  th e  e x p e rim e n ta l c o n d it io n s  I , so t h a t  th e  s o lu t io n s  arefV\T
S' i  TT (-) ,  Z'lT (-) ,  l~) , ••.)
( 4 . 2 1 )
6 s= 0
S in c e  i n  o u r  p r e s e n t  approximation ^  Fh » th e s e  s i n g u l a r i t i e s
o f  Y g iv e  n o n - o s c i l l a t o r y ,  exponentially decaying c o n t r ib u t io n s
to  y  (ij' t) w ith  decay  c o n s ta n ts
( 4 . 22)
I s  no
(45)
For v e ry  l a r g e  v a lu e s  o f  S  th e  approx im ation j B  / 1
lo n g e r  v a l id  and so th e  c o n t r ib u t io n s  to  a re  n o t  p u ie ly
exponential#  I n  th e  ex trem e o p p o s i te  l i m i t ,  w here B /m  ^ oT
e q u a tio n  (4 *16) becomes
h '
which h a s  s o lu t io n s
t u
T J
T (4 .23)
7 f (4 .24)
Tfith a larg 'o  in te g e r#  Those a lm o s t undamped, o s c i l l a t o r y  o o n t i i -  
b u t io n s  t o  y a re  n e v e r th e le s s  n o t p h y s ic a l ly  Im p o r ta n t, b e ca u se
t h e i r  a c tu a l  am p litu d e  i s  v e ry  sm all#
I n  o r d e r  to  f in d  s i n g u l a r i t i e s  o f  w ith  n o n -ze ro  v a lu e s
o f  C 9 e q u a tio n  (4*19) i s  s e p a ra te d  i n to  r e a l  and im a g in a ry  p a r t s ,  
g iv in g  th e  s im u ltan eo u s e q u a tio n s
C t i t  j l  t a d  A")
 ^ + Ud t  t a d s ' M T
i  tan (T J j  -  t d c ) r f
j *î‘ Î  tan'^(T M T
5 r  
( d  (Th'
I d  _< r
+ <r^)
(4 .25 )
(4 . 26)
Qliese e q u a tio n s  a r e  unchanged by th e  s im u ltan eo u s r e v e r s a l  o f th e  
s ig n s  o f  £ and S” , a s  we ex p ec t s in c e  i t  i s  o n ly  (c  -f t h a t  ha;
(a)
iS
4ÎTC1
3 iTC(
2ijT
(fjL)- ha l fp lane
ITT
- T T TC
l m ( p ) A
pure e x p o n e n t i a l  decay p - p l o n e
Re( p )further roots
l i g h t l y  d a m p e d  osc i l la t ion
Figure 4 . 2 .  S i n g u l a r i t i e s  of Y ( l ^ p )  |n (a)  t h e - j - p l a n e  of (pi)
(b) the p -p lone
(k6)
p h y s ic a l  s ig n i f i c a n c e .  They a re  a ls o  unchanged i f  th e  s ig n  o f  o n ly  one 
o f  C o r  <r i s  r e v e r s e d . Hence i f  (T J  i s  a s o lu t io n , so i s
r  M  T 'O  1£ . 6 \ , and we need  lo o k  o n ly  f o r  p o s i t i v e  v a lu e s . W ith  •“ —« ^ I
P  M T
th e r e  i s  a r o o t  w ith  C 0 and o n e a r  th e  m iddle  o f  th e  i n t e r v a l
(Oj, ^  ,  Good a n a ly t ic a l  approx im ation i s  cumbersome, b u t  i t  can  be
t  r-zv e r i f i e d  t h a t  th e  f i r s t  a p p ro x im a tio n  t  ~ 0 le a d s  to  an  o s o i l^  
la  to r y  s o lu t io n  w ith  p e r io d  tim e s  t h a t  o f  a r i g i d  s im p le  pendulum
o f  th e  same le n g th , A b e t t e r  ap p ro x im atio n  can  be  o b ta in e d  n u m e r ic a lly  
by  an i t e r a t i o n  p ro c e d u re .
There appears to  be no f u r t h e r  ro o t  w ith  t  o f  s im i la r  m agnitude 
b u t  d i f f e r e n t  ^  , and no ro o t  w ith  sm a lle r  b u t n o n -z e ro  £ • I f  £ i s
l a r g e ,  c i  , and so by  e q u a tio n  (U»26)
However, f u r t h e r  approxim ation on t h i s  b a s is  le a d s  to  th e  same r o o t  a s  
t h a t  o b ta in e d  from  ^ , The s i n g u l a r i t i e s  o f  Y p ) v/hich
have been  found f o r  a l i g h t  f i b r e  a r e  mapped i n  th e  complex h a lf-p la n e  
o f  i n  f ig u r e  4 * 2 ( a ) , In  f ig u r e  if<,2(b) th e y  a re  mapped in  the
complex j) -p la n e , where im ag in a ry  p a r t s  le a d  to  o s c i l l a t o r y  c o n t r i ­
b u t io n s  to  ^  .rea l p a r ts  to  e x p o n e n tia l  c o n t r ib u t io n s .  F o r
a f i b r e  o f  sm a ll but f i n i t e  mass th e  s e r i e s  o f s i n g u l a r i t i e s  a lo n g  th e  
n e g a tiv e  r e a l  a x is  o f  p b e g in s  to  d iverge  from  t h a t  a x is  n e a r  th e  
p a r t i c u l a r  s i n g u l a r i t y  a t  = - B /< n ( s e e  ( l* 1 4 ))  and to  wheel back
(47)
sy m m e tr ic a lly  tow ards th e  p o s i t i v e  and n e g a t iv e  im a g in a ry  a x is  a s  j|>| 
in crea ses*
The o n ly  im p o rta n t o s c i l l a t o r y  c o n tr ib u tio n s  eoino from  th e  tv/o 
ro o ts  n e a r  th e  o r ig in ^  "which have e q u a l, n e g a t iv e  r e a l  p a r t s ,  end eq u a l 
and o p p o s i te  Im ag inary  p a r t s .  T o g e th er th e y  th e r e f o r e  g iv e  to  y  
a con 'fcribu tion  w hich i s  a damped s in e  wave, p ro b a b ly  p h a s e -s h if te d  w ith  
r e s p e c t  to  th e  z e ro  o f  t im e .
(b ) The n u m e ric a l e v a lu a tio n  o f  th e  s o lu t io n
I h i s  p h y s i c a l ly  i n t e r e s t i n g ,  o s c i l la t o r y  c o n t r ib u t io n  i s  e v a lu a te d  
a s fo llow s*  liquations (4*23) and (4 ,2 6 )  a re  added and s u b tr a c te d  to  
g iv e  th e  e q u a tio n s
t  ^  t  to n ^  (T) 4- f  t a n  (T (^ 1 -  'tlv
1 + t  t a n ^  5" M T
1
^ R,;. tan^’* f') (T ta n
1 -i- tsua^ (T MT -■ T ) (4 . 28)
When & I? /  iWT h a s  b een  c a lc u la te d  as a fu n c tio n  o f  te m p e ra tu re  f o r  th e
g iv e n  e x p e rim e n ta l c o n d i t io n s ,  f i r s t  e s t im a te s  and ^ a r e  su b s ti- -
tu te d  i n  th e  l e f t  hand s id e s  o f  (4 .2 ? )  and (4 .2 8 ) to  g iv e  t  S  )^T-  ^ t   ^ J
and — r e s p e c t iv e ly .  Z and can  th e n  be found  and th e
4 T  ^ ^w hole p ro c e s s  r e p e a te d .  T h is  i s  c o n tin u e d  u n t i l  and  a t t a i n  s u f ­
f i c i e n t l y  s t a b le  v a lu e s .  The r e s u l t i n g  c o n tr ib u t io n  t o  j /  i s  g iv e n
by
( L , t ) cC exp ^ - X  ( exp ± % T
[ J
(4 .2 9 )
(48)
Yd (:h CO e f  f i c i  e n ts p
_ i   ^ ck |nL -I- f  M skuL
dp T
e v a lu a te d  a t
th e  tiivo s i n g u l a r i t i e s ,
how
d p
%|A. 1
r
A/
l . T
[ c U (.L .  j
[ K L ) '
-
"51 4- <  (2 T T
/V\LT d ; ) c k  f.
T
1 d- M.L cL
sLyv Lr*'
 Kii '•■ I 4L + , l ü  «(A 1 K L (4.30) \ Z T  T  7 '
i n  th e  l im i t  a s  * From e q u a tio n  (4*10)
i t  ?
6 |iw~9oo :7
(4 . 31)
?
T herefore
|aP  ^ c1\jaL -  1 jl =o(. L - 1 ] (4 . 32)3  JL.
i n  t h i s  l i m i t .
S u b s t i tu t in g  f o r  and fiom  eq u a tio n  ( 4 .1 8) we f in d  t h a t  th e
c o e f f i c i e n t s  o f  th e  ex p o n en tia ls  in  r e l a t i o n  (4*29) are
*%% (4 # 33
[  ^ {a  Ù ^ 
i mi(£‘î civ[c ^^ s'j 4 H 4.4-MT^ i i&y 4 if") $L^£ TL^ )
^  j  L y
with ( {& ) taking tho appropriate sign* Tbie function i s  even in  
( t  4 L<T)# Bonce i t  i s  o f  th e  foxin t " T  j4 u £^ ; l , o
the slgiï o f the IwAglnsiy port but not that o f the rea l pert dopendn on 
the sign of ( ( ^ ) # Therefore
r
i i Y ) - i ( r ' - i ’)(:3 r  '  .
H . f f
X  ( r » d ) t
I d
+ I. 4 ^ )  c '  "  €
Z F  C O J zr  £<TtA d ^ r c  BiJlTcH'h f  /  I f
v.'hcro F anil G ara culcitlotefi only for poo itlve €  «n<5 0 .  T'hia la  
the expected comped, ph0ee"*8hiftod sine wove*
"bepreoeiono (4*30) to  (4*33) i i i  fg)ct p f f f e o t ly  gen era l end can
be uaed to  o vo lu ete  th e  fast^'deca;, in g  ex p o n en tia l e o n tr lb u tlo n e  to  
y * ITeee have f  *« 0  end j^ = T ^ 3 w ,. .( g e e  equation (4 .2l))#  l^or 
the experim ental f ib r e  t h i s  appioxlm ation becomes b e t t e r  f o r  h ig h er  
Vciluem o f  J" and even fo r  th e  low net voluq I s  In e r io r  by only  a few 
dogi'ws*. From (4*33) wo f in d  th a t  th e  o o e f f lo ie n t  o f  exp ^  ^'*^1 
In ^ ( L Is 3010 i f  »%k%r w ith  w. « 1 ,2 ,3 . ,» ,  w h ile  the when 
^  the cori eaponding ex p o n en tia l c o n tr ib u tio n  i s
(90)
r
TM f|  B ' g * )
in »
Ronce f o r  a l i g h t  f i b r e  th e  c o n tr ib u tio n  to  ^ from  th e  sum o f
e x p o n e n tia ls  i s  a p p ro x im a te ly
5  A o l  1 1>H'
5 ,  V O  ' '  i » n T  -& ’
I  i  . r *
K,1 1 6  "
)?rom tho ’boundary c o n d itio n  V -  0 a t "t = 0 we expect th a t
Z  j  ( k p )  = "• V ( l ,  O j  (4 .3 7 )
k ,1  '^2.-1 4 ^ '  ^
w ith in  o u r approx im ation. T h is  r e la t io n  i s  a u s e f u l  chock on th e
n u m erica l work s in c e  y (^j^j depends s e n s i t i v e l y  on th e  v a lu e s  o f  f
and o b ta in e d  by I t e r a t i o n ,  w h ile  j  ^ 3  i s  c a lc u la te dZk-i
d i r e c t l y  ficm  th e  e x p e rim e n ta l c o n s ta n ts*
?  /Because o v e r 98^ o f  Z_ si \ L. Oj  i s  con tr ib u ted  by th eK31
s i n g u l a r i t y  a t  6 = ir  , th e  form  o f  ty can b e  found w ith  s u f f i c i e n t
accuracy by add ing  th e  s in g le  ex p o n en tia l co n tr ib u tio n  y to  th e
o s c i l la t o r y  term  y *
The le n g th  o f  th e  f i b r e  w ith  wirlch m ost o f  th e  m easurem ents o f 
c i r c u l a t i o n  were made ( f i b r e  X) w as, from th e  p o in t  o f  su sp en s io n  to  th e
(51)
c e n tr e  o f  th o  b ob ,
L = 0,91 cm. (4 . 38)
The bob had q t r u e  mass o f  0*9 I t s  e f f e c t i v e  hydrodynam ic mass
was th e r e f o r e  (B irk h o f f  1950)
|V\ = 0*9 ,10   ^ (4 *39)e
where ^  i s  th e  t o t a l  d e n s i ty  of l i q u i d  helium  and g i s  t h a t  o f 
n y lo n , th e  matorlG 1 o f  th e  bob# T aking g a s  1*19 gi»
M ^ 1 . 0 ,1 0  ^  gm, (4 *4 0 )
The te n s io n  In  th e  f i b r e  i s  e q u a l to  th e  v .e igh t o f  th e  bob l e s s  th e  
.A I ’chim ed ean u p th r u s t  *
i*e*  1 Abxvi /
= 0 , 77 . 10"^ djaie. (4 . 4 1 )
Tine stea d y  v isc o u s  d ra g  o f  a moving f.luicl on a long  c ir c u la r  
c y lin d e r  i s  n o t e x a c t ly  p ro p o rt:jo n a .l to  th e  jæ lc t iv e  v e lo c i ty  o f f l u i d  
and c y l in d e r ,  b u t depends on th e  v e lo c i ty  in  0 com plicated way (se e
(52)
appondix l ) «  3;t r/.igh't bw thougirt fizr.t in  flow  erf v;-.rs'Xnr v : ' lo o i ty
th o i 'o  wns no u i^iquoly d e fin e d  v is c o u s  d rog  o o e f f i c lo n t ,  b u t  Sew ell
(1910; LiGc Vlnan 1957o) showed th a t  in  o sound Yove of frorsikncj ...5tL
liT
the drag on 3 c ir c u la r  cyliJidui" o f dif:%otor g iven
k  I 1 -  A-TTm VI ' ^ p e r  ui'ij t  Innr'th
U / - t
A- 4
(h.us)
-Üü1
a t  low fr o q u e n c le s , where V i r  tlic ineW itancouc v e lo c i t y  o f  Th;: f lu id  
in  th e  sound A&vc, ^  i s  i t s  d e n s i ty ,  ana. k| i t s  viscosifcy* Ronco th o  
drag ouofflo ivA t 'B i s  in  th is  oese giveu by
3 /p k j /  j , (4 ,4 3 )
1
S ince  th e  depondonco on freq u e n cy  i s  s l i g h t  we estions t o  3  by te h in g  
W ag 30 ro d /n ec , wliich la  api-rox im atcly th e  fundamontnl regu lar  frow, 
quuncy o f  th o  fibz'o# The ro q u iio u  d e n s i ty  nno v i s c o s i ty  a re  th o s e  o f  
th e  nonr^el f lu id *
The diremoter o f  th o  f ib r e  was
(L 0*7 ,10  Cii.fs (4 #4 4 )
I to  tiw o  nxiss p e r  u n i t  langU i was the.rofcu 0
(53)
«V = Tf<( (3"y-" q u a r tz
4  10 ^ gm/cm, (4 , 4 5 )
w hich may b e  n e g le c te d  i n  com parison  w ith  th e  w e igh t o f  th e  bob , a s  
assumed i n  e q u a tio n  (if. 2 ) .  W ith a r e s to r in g  fo rc e  due o n ly  to  th e  
s t i f f n e s s  o f  th e  f i b r e  th e  d e f le c t io n  o f  th e  lo w e r end would be  g iv en  
by
f
g .   ^ (4 . 4 6 )
- ? E I
w V ' 11 —2fhero (Z sf 3"9$10 dyne cm i s  Young’s modulus f o r  q u a r tz  and
I  s= TA^ /6 4  i s  th e  g e o m e tr ic a l  moment o f  c r o s s - s e c t io n  o f  th e  f ib r e *
F o r a g iv en  1" , (4 *4 6 ) p r e d i c t s  a d e f l e c t io n  about 400 tim es a s  g r e a t  
a s  t h a t  g iv en  by e q u a tio n  ( 4 , 2 ) ,  Hence tre a tm e n t o f  th e  f i b r e  a s  com­
p l e t e l y  f l e x i b l e  i s  j u s t i f i e d .
A lthough  th e  g e n e r a l  form  o f  th e  v a r i a t i o n  o f no rm al v i s c o s i ty  
w ith  te n p c o u tu re  i s  w e l l  known, th e  m easured v a lu e s  have q u i te  a la r g e  
s c a t t e r  ( e . g .  A tk in s  1959; Lane 1962; l a s h  and T a y lo r  19 5 7 ). The 
t r a n s i e n t  re sp o n se  o f  th e  f i b r e  h a s  been  coapu ted  a t  t h r e e  te L p o ra tu re s
u sin g  th e  fo llo w in g  v a lu e s  o f  Kj :
n = 22 .10  p o is e  a t  1 , 30°K' K
-  1 0 ,10  p o is e  a t  1.647^4
= I 6 .IO  ^ p o is e  a t  2 ,1 0 %  ^
(4.2F7)
A lthough  th e s e  v a lu e s  l i e  w ith in  th e  range  o f  th e  m easurem ents t h o j  
a r e  rather extreme, t h a t  at -UiO^K b e in g  h ig h , and t h a t  a t  1 .6 4 ’^ îi, low, 
I t  i s  however o f  in terest to  se e  how va %i. a t  io n  o f  r| a f f e c t s  th e  com­
puted t r a n s i e n t  behaviour. V alues o f  p have been to k e n  f;i-om LIT 
tables (19Ê0).
i ; t  1 .3 “K th e  v a lu e  o f  th o  d rag  c o e f f io io ia t  from  (4 .4 3 )  i s
—5 / 2j> sz 4 * 4 ,1 0  dyne-sG c/om ",
Hence I f / T  « t.'/.IO ™ '’
È J  n
By th e  iteration procedui-e wo f i n d
se c
t  = 0 .7 3 ,  0 0 .93 .
The oscilla tory  p a r t  o f  th o  t r a n s v e r s e  m otion o f  th e  bob i s
V. h D v c T  A .. -A t A  / \) ^  " I 0 ,3 2  COB {^t 2*5 s in  Wt j^0 -g I ^
z: *'0,76 0 s in   ^Wb — g  (4*48)
wher W =: i c < r r / 1 ^ t  -  28. ( 9 ) ra d /s e c j
(55)
^  - ‘iZ )  T  / % l  = 7 . 0 ( 2) se c  '
and ta n  c/ ;= 0 * i 3 l  1»G* ^  = 0 ,1 3  %'ad 4 7s°»
T h e re fo re
w h ile  th e  sum o f  a l l  th e  rem ain in g  e x p o n e n tia l  r o o t s  a t  't ' = 0 i s  
ap p ro x lu 'ia te ly , by  (4 * 3 6 ),
OP1 
K
eo
T h e re fo re  \f fl^ 0 j  i  i L  )  ( l^O)  ,
'  k=1
S in ce  t h i s  boundary  c o n d i t io n  i s  obeyed to  w ith in  oui" ap p ro x im a tio n s
v/e may have c o n fid e n c e  b o th  i n  th e  a lg e b r a ic  s o lu t io n  o f  th e  o r i g in a l
d i f f e r e n t i a l  e q u a tio n  and i n  th e  n u m e ric a l r e s u l t s  b a se d  upon i t .
The decay  mode V (L,fc) has decay  c o n s ta n t  V  -= l î ^ T /  c) o*
210 se c   ^ and i n i t i a l  a m p litu d e  v e ry  n e a r ly  e q u a l t o  ^  v o )
Hence
(Lj t  ) é  -  0 .0 8  — ^ - 21 ot"  ^ (4 . 4 9 )
1)
and to  a good ap p ro x im atio n
B y d . t )
y^(L^t) a lone
0*4 t sec
0 7 7
Figure 4 . 3 .  T r a n s i e n t  t r a n s v e r s e  response  of bob 
calculated at V3°K.
(5o)
3/ ( L , t )  = (.,!:) + J  ( l , t )  . (4 . 50 )
T h is  fu n c t io n  i s  shown i n  f ig u r e  he3t. The p e a k - to -p c a k  m agnitude o f  
th e  t r a n s i e n t  i s
0 .7 7  D v j t  ( i  _ û A  ,
3
w h ile  th e  c i f f e r e n c c  betw een th e  second and. t h i r d  ex trem a i s
0 .3 7  1.. p--!-) , .   ^ «I \n *
A t  ^  t'i 2 ,4*10  ^  d;yne«'sec/cra'"“ÿ whence "S C ^/T  == 2 ,6 ,1 0  sec
and fLL -  1*78, By i t e r a t i o n  £ -  0 ,5 7  and & -  0 ,6 5 ^  and v/e f in d  
t h a t
J  " 0*42 ^  s in  ^Wt p (4»53)
w here W =  28. ( 3 ) ra d /s e o ^  X =  3*7(5) b o g   ^ and t a n  d  -  0 ,0 7 ;  i . e ,
(4 = 0 , 07  ra d  a  4"".
N (L 0^ z: 0 , 0 2 ( 7)
J» ' 15
<  A r.*\  ^ ^ \ Dy^T (i*.« f  -)w h ile  42. \j V I / %= *" 0 ,0 2 (4 /
h=i d w -1  -J,
(57)
'Bio boundary  c o n d it io n  a t  t  = 0 i s  th u ro fo i’e s a t i s f i e d  to  v rith in  our  
approx im ation*  At t h i s  ten tera  tu rc
X ? 0 .0: T)v.^T ( h  p A  ..-3 8 0 't ' (4*54)
The j. e n e ra l  form  o f i s  s im ila r  to  th a t a t
1,3^K , The peak-^to^-peak t r a n s i e n t  d e f le c t io n  a t  1*64^K i s
0.61 ( i .  pA
3
(4 .5 5 )
At 2.10°K  J5 = 4 .2 ,1 0  ^  d y n e - s e c /c i f  5 whence tC /T ":=  4 .5 .1 0  
Ü L  •- 0 . 58 ,  he f in d  t h a t  t = 0 . 7 3 j  T =  0 .9 0  end
u^  s in  p (4 *56)
w here W ^ 29» ( 2) r a d / s e c ,  A -  6 , 1 ( 3 ) se c   ^ and ta n  cL = 0 *10 ; i , e ,  
cA ^ 0*10 r a d  (A \
( 1 , 0 )  '
00
w h ile  4L. \  (L O )
kU  k - 1
1
0 .0 7
0 ,0 7
B
The boundary c o n d it io n  a t  X ts 0 ±3  therefore) s a t i s f i e d .  At t h i s  tem­
p eratu re
58)
^ i -  f t )  „ ~ 2 2 0 t  f .
3
and tLo c a lc u la te d  p eak * to * p eak  t r a n s i e n t  d e f le c t io n  l i
0 .8 0  ) v ; T  [ i  „ P »
3
(4*58)
B earin g  in  mind t h a t  ^  e n te r s  n o t  o n ly  th ro u g h  th e  c a lc u la t e d ,  
n u m e ric a l c o e f f i c i e n t s  b u t  a ls o  th ro u g h  th e  f a c t o r  D v^T / B ,
we se e  t h a t  th e  i n i t i a l  a m p litu d e  and th e  freq u e n cy  o f  v t l ^ ^ j a r edo
a lm o st in d ep en d en t o f  S  , w hich a f f e c t s  s t ro n g ly  o n ly  th e  damping o f  
th e  o s c i l l a t i o n s .
we have  oonputed  th e  t r a n s i e n t  form f o r  a l i g h t  f i b r e .  To check
th a t t h i s  i s  a v a lid  approxiBiation, th e  v a lu e s  of j f o r  
and ^ must be com pared w ith  th e  value of ^ /w v i n  the  experri*»*
m ent, whei'e M., th e  e f f e c t i v e  mass p e r  u n i t  le n g th  o f  th e  f i b r e ,  i s  f o r  
an i d e a l  f l u i d  eq u a l to  i t s  t r u e  mass p lu s  th e  mass o f  d is p la c e d  f l u i d  
(lamb 1945 , P*85 and B irlch o ff 1950 , p .1 5 l)«  i s  o f  th e  o r d e r  o f  10*^ 
gin/cm, so  t h a t  2.-4,iO ^ se c  \  w h ile  b y  e q u a tio n  ( l# l6 )
T
IL ^
(2 0 -4 0 )  C + 4  7  . ( t . 5 9 )
(35)
The X o f o re  ^ p ro v id e d  th a t
\ i  4- t<Tp 100,  ( 4 . 60)
T his G ûïiciition i s  e a s i l y  s a t i s f i e d  f o r  j  ( t / 0  re a so n a b ly  w e ll
so f o r  j  (lyir) ÿ where €*{-'-(T') 10 , Hence th e  ap p ro x im atio n  seems
to  be  J u s t i f i e d ,
Oliere a re  how ever some d i f f i c u l t i e s *  I t  I s  n o t c e r t a i n  t h a t  th e  
cone o p t o f e f f e c t i v e  hydrodynam ic mass i s  a p p lic a b le  to  th e  m otion o f  a 
o i ic L ila r  cylindex* th ro u g h  a v isc o u s  f l u i d .  I f  i t  i s ,  i t  may be freq u en cy - 
d e p e n d e n t, so t h a t  a t  th e  b e g in n in g  o f  th e  t r a n s i e n t  when v e ry  high-* 
fx ’equency f o u r io r  com ponents a re  p r e s e n t  th e  e f f e c t i v e  mass o f  th e  f i b r e  
may b e  v e ry  much g r e a t e r  th a n  v/e have supjposcd. C e r ta in ly  i t  i s  t r u e  
t i i a s e  Ixigh^-frequency com ponents th e  form ula, (d'*43) f o r  ^  i s  
i n c o r r e c t  and tn o  d ra g  i s  px’o b ab ly  h ig h e r ,  '.Ye sh a ll ,  c o n s id e r  iiu ls  
p o s s i b i l i t y  f u r t h e r  in  l e l a t i o n  to  th e  ex p o iim en ta l r e s u l t s ,
Borne o f  th e  x e s u l ts  were o b ta in e d  w ith  a n o th e r  fibre ( f i b r e  II),
T his had th e  same d ia m e te r  a s  f i b r e  I  ( 0 .7 ,1 0  cm). I t s  le n g th  from  
su p p o rt to  th e  c e n tr e  o f  th e  n y lo n  bob was
L %: 0 ,9 0  cm.
ilie  w e ig h t o f the  bob was 0 ,87*10  gin^ and so i t s  e f f e c t i v e  iiydro' 
dynamic mass was
(60)
Urt -  0 ,9 9 .1 0   ^ gïïip
w h ile  th e  te n s io n  i n  th e  f i b r e  was
I = 0.73*10  ^ clynOo
Tho d ia m e te r  and p r i n c i p a l  p e r io d  o f  t h i s  f ib r e  a re  v e ry  s im ila r  
t o  th o se  o f  f i b r e  1 , T h e re fo re  th e  d rag  c o e f f i c i e n t  S  w i l l  be  th e
M T 151?sair.c f o r  b o th , — and - ~ r  d i f f e r  by o n ly  a few  p e rc e n t  f o r  th o
D b  \
two f i b r e s ,  so t h a t  to  o u r  ap p ro x im atio n  th e  t r a n s i e n t  re sp o n se s  o f  
th e  f i b r e s  shou ld  b e  in d is t ln g u is h a b lc s .
( é l )
5• -D lfferinp: f i b r e  re sp o n se s  to  tu rb u le n c e  i n  th e  tv/o f l u i d s  
'Bie s u p e r f lu id  i n t e r a c t s  w ith  a f i b r e  o n ly  th ro u g h  th e  Magnus 
foï'ce# From c h a p te r  3 we know t h a t ,  i f  tu rb u le n c e  in th e  s u p e r f lu id  
ta k e s  th e  form o f  a ta n g le  o f  c lo s e ly  spaced  v o r te x  l i n e s , a s  i s  o f te n  
supposed  ( e .g ,  Vinen 1 9 5 7 c ), th e  mean c i r c u l a t i o n  abou t t h e  f i b r e  m ust 
b e  s m a ll .  The mean Magnus f o r c e  on i t  w i l l  th e r e f o r e  a ls o  b e  s m a ll ,  
and so l i t t l e  a g i t a t i o n  o f  th e  f i b r e  i s  to  be  e x p ec ted . Sup e i f  l u i  d 
tu rb u le n c e  can p ro b a b ly  b e  d e te c te d  o n ly  by  measurement o f  th e  mean 
c i r c u l a t i o n  about th e  f i b r e ,  w hich w i l l  b e  much s m a lle r  and more 
v a r ia b le  th a n  when th e  su p e r f l u i d  i e  n o t t u r b u le n t .
The norm al f l u i d  i n t e r a c t s  w ith  th e  f i b r e  th ro u g h  v isc o u s  foixjes* 
Assuming t h a t  i t  i s  s i n d l a r  to  a c l a s s i c a l ,  v is c o u s  f l u i d ,  i t s  random 
m otion i n  tu r b u le n t  f lo w  can b e  s p a t i a l l y  a n a ly se d  i n to  a  s e r i e s  o f 
superim posed e d d ie s  o f  wave-num ber ( s i s e )  ra n g in g  downwards from  th e  
o rd e r  o f  th e  w id th  ID o f  th e  c h a n n e l i n  which flo w  i s  o c c u r r in g  
(B a tc h e lo r  1953)* A I te r n a t1v e ly  th e  m otion can  be  an a ly se d  te m p o ra lly  
in to  a spectrum  ra n g in g  from  v e ry  h ig h  f re q u e n c ie s  to  f r e q u e n c ie s  o f  
o rd e r  / D  , w here i s  th e  mean flow  v e lo c i t y  o f  th e  norm al f l u i d
a lo n g  th e  c h a n n e l. The f i b r e ,  whose le n g th  in  th e  e x p e rim e n ta l c o n d it io n s  
i s  a ls o  o f  o r d e r  D , re sp o n d s m a in ly  to  th e  l a r g e s t  e d d ie s ,  s in c e  th e  
av e rag e  e f f e c t  o f  a la r g e  number o f  s m a ll ,  random e d d ie s  i s  c lo s e  t o  
z e ro .  The mean f o r c e  on th e  f i b r e  th e r e f o r e  h a s  a F o u r ie r  spectrum  
w ith  a peak  a t  a f re q u e n c y  o f  o r d e r
L in  (1943) h as shown t h a t  th e  F o u r ie r  spoctrum  o f  th e  d isp la c e m e n t
( 6 2 )
o f  a s im p le  pendulum s u b je c t  to  a random fo r c e  i s  r e l a t e d  t o  th e  
spectrum  o f  th e  f o r c e  b y  a s im p le  re so n an ce  r e l a t i o n ,  w hich  has a p eak  
a t  th e  n a tu r a l  f re q u e n c y  o f  th e  pendulum , and a q u a l i t y  f a c t o r  
governed  by th e  v is c o u s  damping. A lthough  th e  f i b r e  u se d  In  th e  experi­
ment i s  n o t a sim p le  pendulum , i t  does o s c i l l a t e  n a t u r a l l y  v d th  a 
fre q u o n c y  and damping t h a t  a re  c a l c u l a t e d  :bi c h a p te r  4  (e q u a tio n s  ( 4 ,4 8 ) ,  
(4 , 53) and (4 . 5 6 ))*  The n a tu r a l  a n g u la r  fre q u e n c y  to = 29 rad/sec a t  
th e  t h r e e  g iv en  te m p e ra tu re s ,  and th e  decay c o n s ta n t  f o r  t h i s  mode o f  
o s c i l l a t i o n  i s  givon b y
X = 7 .0  se c " '’ a t  1 . 30"K
-  3*8 s e c  ’ a t  1.64°K  ^  (5 « l)
= 6 .2  s e c " ’’ a t  2.10°K
A lthough  th e  damping v a r i e s  s lo v /ly  v /ith  f re q u e n c y  ( s e e  e q u a tio n  (4 .4 3 )  ) » 
we can  c a l c u l a t e  an ap p ro x im ate  q u a l i t y  f a c t o r
^  ^  f->/^
2 at 1.3'"K and 2.1 ("K (5*2)
^  4  a t  1 • 64^K.
S in ce  i s  low th e  f i b r e  i s  n o t  s h a rp ly  tu n ed  and w i l l  re sp o n d  ade­
q u a te ly  to  a w ide ran g e  of f r e q u e n c ie s .
The maximum n o r m a l- f lu id  v e lo c i t y  i n  th e  la r g e  e d d ie s  i s  c l a s s i ­
c a l l y  o f  th e  o rd e r  o f  ,  th e  mean flow  v e lo c i ty .  A steady v e lo c i ty  
o f  t h i s  s i s e  would e x e r t  a f o r c e
r- vT
Z - U - R e "  ^
(63)
on u n i t  l e n g th  o f  th e  f i b r e  ( s e e  append ix  I.) , v;here %  l a  th e  
Re;^?]LioldB* m m ber f o r  th e  flov /, b a se d  on th e  f i b r e  d ia m e te r  and 
(p ro b a b ly )  th e  n o r m a l - f lu id  d e n s ity #  The s lo w ly -v a ry in g  denominator 
o f  (5 *3 ) i s  appro :c im ate ly  e q u a l to  5 In th e  experimental c o n d itio n s#
I f  th e  eddy v e lo c i ty  v a r ie d  a t  an a n g u la r  f re q u e n c y  o f  30 r a d /s e c j  
th e  instantaneous f o r c e  a c t in g  on th e  fib re  when i t  was eq u a l to  
would, b e ,  by e q u a tio n  (4 #42),
F  . (5 . 4 )
A gain th e  s lo w ly -v a ry in g  denominator i s  a p p ro x im a te ly  3 in  th e  e s p e id -  
m en ta l c o n d itio n s#
Hence we may ta k e
t  = ^  ^ V > ( 3*5 )
in d ep e n d en t o f  frequency#  A s te a d y  f o r c e  o f  t h i s  s i z e  would d e f l e c t  
th e  bob on th e  end o f  th e  f i b r e  b y  an amount
Y -  F I  (e q u a tio n  (4 # 2 ))
^ X T
A* i 0^ n V cm ( 3 *6))k k
w ith  t h e  e ^ g e rim e n ta l c o n s ta n ts#  Remembering th e  low  o f  th e  f i b r e
v/e ta k e  (3# 6) to  be  t r u e  in d e p e n d e n tly  o f  f re q u e n c y , i n  o r d e r  o f  magni­
tude, Hence \y© ex p ec t t h a t  i n  fu l ly -d e v e lo p e d  n o rm a l- f lu id  tu rb u le n c e  
th e  bob w i l l  b e  randomly agitated  w ith  a spectrum  h av in g  a maximum n e a r  
f r e q u e n c ie s  o f  o rd e r  / D  , and w ith  maximum d e f l e c t io n  o f  o r d e r
10 h V cm. The ro o t-m e a n -sq u a re  d e f le c t io n  o f  th e  b o b , whioh i slv\ K
found  e x p e r im e n ta lly  to  b e  ab o u t o n e - f i f t h  o f  th e  l a r g e s t  d e f l e c t i o n ,  
w i l l  bo
J  im s ^  (5 .7 )
T hat i s ,  t h e  rms d e f l e c t io n  i s  p r o p o r t io n a l  to  th e  mean flow  v e lo c i ty  
o f  th e  no rm al f l u i d ,  with a c o n s ta n t  o f  p r o p o r t i o n a l i t y  o f  th e  o rd e r  
o f  4*10 ^ cm/cm se c   ^ a t  1,3^H  end 2*1 fK , f a l l i n g  to  abou t 2 ,1 0  cm/ 
cm see   ^ be tw een  abou t 1 ,6°K  end 1 ,8 3 ‘^ K*
A c la s s ic a l  v isc o u s  f l u i d  does n o t  become tu r b u le n t  u n le s s  i t  i s  
f lo w in g  f a s t  enough f o r  th e  R eynolds * number to  exceed  a c r i t i c a l  v a lu e  
w hich i s  n o rm a lly  ab o u t 2300, The Reynolds* number i s  d e fin e d  a s
R t  = v D (  , (5 .8 )
T
and ^  b e in g  r e s p e c t iv e ly  th e  v i s c o s i ty  and d e n s i ty  o f  th e  f l u i d ,
V th e  mean flo w  v e lo c i t y ,  axid D  th e  d ia m e te r  o f th e  c h an n e l in  w hich
flo w  i s  o c c u r r in g . F o r  n o n - c i r c u la r  c h an n e ls  D i s  d e f in e d  a s  4 - ^ / P ,  
w here A i s  th e  a re a  and P  th e  pex d m ete r o f th e  c r o s s - s e c t io n .  I t  i s
p o s s ib l e  t h a t  a s i m i l a r  cr iter io n  may de te rm ine  th e  oco u rro n co  o f  
n o im a l- f lu ic l  tu rb u le n c e  i n  helium I I#  F u r th e r  d is c u s s io n  o f  th e  
phenomena a s s o c ia te d  w ith  c l a s s i c a l  tu rb u le n c e  i s  g iv e n  b y  B a tc h e lo r  
(1933)9 Landau and L i f s h i t a  (1 9 3 9 ) ,  and P r a n d t l  (l 9 3 2 ) *
I l l
Experiment
l ik e  tengg^Gstuoue ooeen b ir lin g  
In the b a tter  of a two-way v/lnd*B b u ffe t and f ig h t .
( la fe m o  ? ,  29-30)
1P21 )
l i g h t - t i g h t  box
3 5  cm
beam sp l i t t e r
>  v i s u a l  o bs er v a t io n
g l a s s  s l i d e
l en s  ( f = 3 c m  ) 
stop
cryos tat  w i n d o w
1-3
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l igh t
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p e r s p e x
b loc k
O'Scm
l> ^ - 6 c m ,[ 1 c n i j
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/
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I ' 11 rotat ing
m perspex - t un ne l heater1'07cm
m ir ror I protect ion tube  (partly rai s ed)
Figure 6 , 1 .  Wind tunne l  IL and o pt i c a l  sy s t em
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6* Appar a t u s  and experim ental d e t a i l s
(a )  D e sc r ip tio n  o f  th e  a p p a ra tu s
The h eart o f  th e  a p p a ra tu s^  w hich  i s  shown i n  f ig u r e  6 ,1 ,  i s  a 
h o r i z o n ta l ,  p e rsp o x  tu b e  o f r e c ta n g u la r  s e c t io n ,  c lo s e d  a t  one end by  
a  m ica o r  g la s s  p l a t e  on which i s  p a in te d  a carb on -film  (a quadag) 
h e a te r . H anging in s id e  tH ls  tu b e  i e  a q u a r ts  f i b r e  ab o u t one eenti»* 
m etre  lo n g  and l e s s  th a n  a micron i n  d ia m e te r , ca rry in g  a t  i t s  lo w er 
end a bob o f  w e ig h t j u s t  u n d e r a m icrogram . For sm a ll  d isp la c e m e n ts  
from  th o  v e r t i c a l  th e  f i b r e  beh av es l i k e  a l i g h t ,  f l e x i b l e  s t r i n g , and 
th e  s te a d y  d e f l e c t i o n  o f  th e  bob i s  sim ply  r e la te d  t o  th e  mean f o r c e  
a c t in g  no i'inally on m ii t  le n g th  o f  th e  f i b r e ,  V/hen th e  a p p a ra tu s  i s  
im m ersed in  helium  I I  and tho  h e a t e r  sw itched  on , th e  s u p o r f lu id  com*“ 
p o n e n t f lo w s  to w ard s th e  h e a te r  and  th e  normal component away from i t ,  
i n  such a way t h a t  th e r e  i s  no n e t  mass flow  a lo n g  th e  tu b e . The 
a p p a ra tu s  i s  t h e r e f o r e  c a l l e d  a c o u n te rf lo w  w ind tu n n e l.
F o r th e  m easurem ents o f  v i s c o s i t y  reported i n  appendix I  th e  
d e f l e c t i o n  o f  th e  bob i n  th e  d i r e c t i o n  o f norm al^flu id  flow  was observed  
th ro u g h  th e  w a ll o f  th e  tu n n e l ,  th e  s u r fa c e  o f  th e  h e liu m  and a window 
i n  th e  c r y o s t a t  cap, by  means o f  a m ir ro r  j u s t  o u ts id e  th e  tu n n el. 
I l lu m in a t io n  was p ro v id ed  by  a l i g h t  beam sh in in g  th ro u g h  a c l e a r  s t r i p  
i n  th e  dewor assem bly  and th ro u g h  th e  open end o f  th e  tu n n e l. I n  th e  
su p e r flu id  c i r c u l a t i o n  and tuzbu len co m easurem ents wh ich form th o  sub­
j e c t  o f  t h i s  t h e s i s  th e  f i b r e  I s  i llu m in a ted  th ro u g h  th e  tu n n e l  w a l l ,  
w h ile  d e f l e c t i o n s  no rm al to  th e  b e a t  f lo w  a re  o b se rv ed  by p la c in g  th e
 ^I —I
y / s A / \ ^
I
W v W
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CN ^
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m i n o r  j u s t  o u ts id e  th e  open end o f  th e  tu n n e l, a s  shown in  f ig u r e  6 ,1 ,
To a v o id  d is tu rb a n c e  by  r ip p le s  on th e  helium  su r fa c e , th e  image 
p a s s e s  th ro u g h  a th ic k  p e rs p e x  p l a t e  which ean b e  a d ju s te d  to  rem ain in  
th e  f a l l i n g  s u r f a c e  o f  th e  l iq u id  during ri run. By a le n s  above th o  
l iq u i d  th e  im age i s  fo c u se d  a t  a window in  th e  to p  o f  th e  c r y o s ta t ,  
where i t  can b e  i s o l a t e d  from  unw anted r e f l e c t i o n s  and s t r a y  illum ln™  
a t io n  b y  a sto p . F o r re c o rd in g  th e  m otion  o f  th e  bob on th e  end o f  th e  
f ib r e  a fu r th e r  assem b ly , a l s o  shown in  f i g u r e  6 .1 ,  i s  mounted on th e  
c r y o s ta t  cap . T his c o n s i s t s  o f  a n o th e r  l e n s ,  a p r i s m a t ic  b e a m -sp lit te r  
and two p h o to m u l t ip l i e r s  i n  a l i g h t - t ig h t  box . The p o s i t i o n  o f  th e  le n s  
i s  h o r iz o n ta lly  a d ju s ta b le  t o  a llo w  th e  defocu sed  image to  be  c e n tre d  
on th e  b e a m -s p l i t te r*  The l i g h t  beam i s  in te r c e p te d  between th e  le n s  
and th e  b e a m -sp lit te r  b y  an u n silv ero d  m icroscope  c o v e r  s l i d e  at 45^ to  
th e  o p t ic  a x i s ,  so t h a t  th e  im age can b e  observed  du ring  reco3:d ing .
The e l e c t r i c a l  p a r t  o f  th e  re c o rd in g  system  i s  shown i n  f i g u r e  
6 ,2 ,  Two KCA 1P21 p h o to m u l t ip l i e r s  a re  .run from  an 8 5 0 -v o lt  b a tte r y  
w ith  o h o ke-condonser sm oothing to  red u ce  c ra c k le  « T heir o u tp u ts  a r e  
f e d  v ia  c a th o d e  .fo llo w ers  in to  a I-C-coupled d if fe r e n c e  a m p l i f i e r ,  w hich 
g iv e s  an o v e r a l l  o n e -s id e d  v o l ta g e  g a in  of abou t 50:1 and & common-mode 
r e j e c t i o n  r a t i o  o f  b e t t o r  th a n  100:1 when r e s i s t o r  i s  a d ju s te d  to  
i t s  optimum v a lu e . Pinoo th o  p h o to m u l t ip l ie r e  v/ere m onufactured  i n  th e  
same b a tc h  and sh a re  a common v o lta g e -d iv id e r  c h a in , th ey  have s i m i l a r  
s e n s i t i v i t i e s .  I t  h a s  n o t b e en  found n ecessa ry  to  prov1.de s e p a r a te  
g a in  c o n tr o ls  on th e  two c h a n n e ls .
(68)
A co n d en se r c o n n ec te d  a c ro s s  th e  anode load o f  one o f  th e  am pli­
f i e r  s ta g e s  removes h ig h - f ro q u e n c j  n o i s e ,  th e  KC t im e -c o n s ta n t  b e in g  
- 24*10 s e e . Therm al d r i f t  i s  reduced to  an a c c e p ta b le  l e v e l  by 
s h ie ld in g  th e  a m p l i f i e r  and i t s  #T su p p ly  from  d rau g h ts*  The rem aining  
n o is e  h a s  b een  m easured and found to  c o rre sp o n d  to  th e  ex p ec ted  p h o to -  
m u l t i p l i e r  n o is e  (’A'hich i s  alm ost e n t i r e l y  sh o t n o is e  from  th e  f i r s t  
p h o to ca th o d e )*  D ark-current n o is e  i s  n o t  d e te c ta b le *  The o u tp u t s i g n a l ,  
w hich i s  token a c ro s s  th e  anode lo a d  o f  th e  f i n a l  s ta g e  o f  th e  a m p l i f i e r  
and i s  backed  o f f  to  a e ro  DC l e v e l  by  a b a t t e r y ,  con b e  d is p la y e d  on a 
CK) w ith  i t s  tim e -b a se  sw itch ed  o f f ,  v h e re  i t  i s  p h o to g rap h ed  on con­
t in u o u s ly  moving re c o rd in g  paper*  .A l te rn a t iv e ly  th e  s ig n a l  can b e  f e d  
i n to  a h ig h -sp e e d  pen  r e c o r d e r  (lX -7 0  c / s  f l a t  re sp o n se )  which h a s  h ig h  
in p u t impedance and c o n ta in s  i t s  own pow er a m p lif ie r . Although th e  
f i r s t  m ethod probably g iv e s  8 more a c c u ra te  re c o rd  o f  e v e n ts , th e  second  
m ethod a llo w s  b e t t e r  u se  to  b e  made o f  running t im e , s in c e  i t  i s  p o s s ib le  
to  se e  w hat i s  hapxjening i n  th e  c r y o s t a t  as i t  o c c u rs , and to  a c t  
a c co r d in g ly .
The bob on th e  ond o f  th e  f i b r e  i s  i llu m in a te d  by a 36-w att b u lb  
fo cu sed  on i t  th ro u g h  th e  s id e  o f  the dewar* By p a s s in g  th e  l:ig h t 
th ro u g h  a Chance g la s s  in fr a -r e d  f i l t e r  and an in c h  th ic k n e s s  o f  d i l u t e ,  
aqueous, copper su lp h ate  s o l u t io n ,  and by a llo w in g  th e  d ir e c t  l i g h t  
beam to  p a s s  s t r a i g h t  th ro u g h  and o u t o f  th e  helium  dev/ar through th e  
c l e a r  s t r i p , th e  m easured e q u iv a le n t  hoot in p u t  from  th e  i l lu m in a t io n  
i s  l im i te d  to  about 5 mVL S c re e n s  a re  p la c e d  o u ts id e  th e  tu n n el to
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p re v e n t l i g h t  from, fa llin g  on th e  aqtiadag h e a te r  s s  f a r  a s  p o s s ib le ,  
v/here i t  would be absorbed and cau se  a h e a t  c u r r e n t  to  flow in  th e  
tunnel.
The eleotro-qptical re c o rd in g  system  has a non-linear response to
m otion o f  th e  bob, due m ain ly  to  th e  f a c t  t h a t  th e  patch o f l i g h t  which 
f a l l s  on th e  beam-splitter i s  c i r c u l a r  and non-uniform i n  in tensity .
The extreme measurable d e f l e c t io n  i s  lo ach ed  when the patch f a l l s  
e n t i r e l y  on one o r  o th e r  o f  th e  p r ism s . With th e  g iv en  d im ensions and 
component values, movement o f  th e  bob betw een th e  two extrem e p o s i t i o n s ,  
w hich a re  ab o u t 0.2 ma on e i t h e r  s id e  o f th e  zero position, g iv e s  a 
peak -to -;p eak  s ig n a l  o f  20 to  30 volts. I n  most o f  th e  measurements th e  
e x c u rs io n s  o f  th e  bob d id  n o t exceed 0 , 0 5  mm from th.e ze ro  position,
BO t h a t  d e p a r tu r e s  from  l i n e a r i t y  were r e l a t i v e l y  im in p o rto n ts
Sxporimonts on tu rb u le n c e  in  s te a d y  heat c u r r e n t s  have been  c a r r i e d  
o u t i n  two wind tu n n e ls*  The f ir s t  o f  th e s e  ( tu n n e l  I  i n  f ig u r e  6,1 ) 
h a s  a c r o s s - s e c t io n  2 .3  x  1 .0  cm, i s  3«5 cm lo n g , ond h as  an aquadag 
h e a t e r  on a mica b a ck in g  h e ld  a g a in s t  one end by a spring c lip . The 
q u a r ts  f i b r e  i s  suspended from  a m e ta l p in  projecting from a plug i n  
the ro o f  o f  the tu n n e l*  I n  th e  f l o o r  o f  th e  tu n n e l  below th e  f i b r e  1 b  
a h o le  th ro u g h  w hich  a v e r t i c a l  m e ta l  p l a t e  can  b e  r a i s e d  and swung i n to  
c o n ta c t  with) th e  whole le n g th  o f  the fibre. The fibre i s  h e ld  a g a in s t  
th e  plate by electrostatic and Van-der-faals forces during th e  f i l l in g  
o f  th e  c r y o s ta t  w ith  liquid helium, Onco th e  he lium  i s  below  th e  X - 
p o in t  th e  wind tu n n e l  i s  X-rayed to  remove e l e c t r o s t a t i c  ch arg e  and th e
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m e ta l p l a t e  i s  th o n  low ered o u t o f  t i e  tu n n el by remote c o n t r o l  f;rom 
th e  c r y o s t a t  cap* I n  t h i s  tu n n e l  th e  o n ly  r e l i a b l e  o b s e rv a t io n s  o f 
th e  m otion  o f  t'no f i b r e  and bob a re  p u r e ly  v is u a l .
T unnel I I  ( se e  f ig u r e  6*1 ) h a s  a c r o s s - s e c t io n  (i *07 0 ,0 3 )  %
(0 , 57 ( 5 ) 0 « 0 l)  cm, and th e  h e a t e r  i s  h e ld  in  p o s i t io n  by a screw
claJiip, At f i r s t  an aquada.g h e a t e r  on a mica b a ck in g  ( h e a te r  l )  was 
used , b u t a f t e r  i t  had  been  damaged h e a te r  I I  on a  g la s s  b a ck in g  was 
s u b s t itu te d , and has p roved  v ery  s a t i s f a c t o r y .  The f i b r e  i s  suspended  
one c e n tim e tre  i n  fr o n t o f  th e  h e a t e r  from  a p lu g  in  th e  tu n n e l  ro o f  
w hich can be r o ta te d  from  o u ts id e  th e  c r y o s t a t .  By t h i s  means th e  
f i b r e  con b e  moved through Imown d is ta n c e s  a c r o s s  th e  tu n n e l  in  o rd e r  
to  c a l i b r a t e  th e  re c o rd in g  system , V/hon th e  apparatus was d esign ed  i t  
was e x p ec ted  t h a t  movements o f  up to  a  m illim e tr e  each  s id e  o f  th e  
c e n t r a l  p o s i t i o n  m ight be  n e c e ssa r y , b u t i n  f a c t  th e  d e f l e c t io n s  i n  th e  
most in t e r e s t in g  e x p e rim e n ta l c o n d i t io n s  a re  l e s s  th a n  t h i s  by an  o rd e r  
o f  m agn itude . The c a l i b r a t i o n  system  i s  th e r e fo r e  ra th er  to o  c o a r s e ,  
and i t s  r e s u l t s  n o t very a c c u r a te  because o f  b a c k la s h .
The method used f o r  c a lib r a t io n  i s  a s  fo l lo w s . A t th e  b eg in n in g  o f  
a I’Uii, a f t e r  go ing  through th e  X - p o in t ,  th e  i l lu m in a t io n  o f th e  f i b r e  
i s  o p tim ised , th e  o p t i c a l  system  l in e d  up and th e  e l e c t r i c a l  system  
zeroed*  The w hole re c o rd in g  system  i s  th e n  c a l i b r a t e d  as f u l l y  a s  
p o s s ib le  by moving th e  f i b r e  to  known p o s i t io n s  i n  tho tu n n e l ,  and a t  
th e  same tim e  th e  peak-to-poolc s ig n a l  a s  th e  l i^ h t  p a tc h  fiom  the bob 
i s  moved from one prism  o f  the beam s p l i t t e r  on to  th e  o th er  i s  m easured .
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The c a lib r a t io n  con then  be checked during th e  r e s t  o f  th e  run, and any 
v a r ia t io n  allow ed f o r ,  by m easuring th e  peak"#to-peak s ig n a l ,  a slznple 
and q u ic k  o p e ra tio n *
In  tu n n e l I I  i t  was found th a t  a m eta l p la te  was in s u f f i c i e n t  
p r o te c t io n  f o r  th e  f ib r e  during f i l l i n g .  I t  was th e r e fo r e  rep laced  by  
a m etal tu b e , s l id in g  through an annular h o le  in  the f lo o r  o f  th e  
tu n n el and co m p lete ly  en c lo s in g  th e  f ib r e  when r a ise d  (s e e  f ig u r e  6,1 ) .  
bsed in  con ju n ction  w ith  th e  X -raying proced u re, t h i s  has proved  
e n t ir e ly  s a t i s f a c t o r y .  I t  i s  hoped th a t th e  annular h o le ,  wh ich has a 
o r o s s - s e o t io n a l area l e s s  than 10% o f  th a t o f  th e  tu n n e l, i s  n ot la r g e  
enough to  p ro d u ce  s ig n if ic a n t  changes In  behaviou r.
Temperature i s  measured by a d i f f e r e n t ia l  o i l  manometer, th e  
c o r r e c t io n  f o r  b a c k ln g -p m p  p ressu re  on th e  low -p ressu re  s id e  b ein g  
read on a V&oustat (McLeod typ e) gauge# A tem p er a tu r e -sen s it iv e  
r e s i s t o r  which i s  immersed in  th e  helium  i s  in c lu d ed  in  a WhGat8tone*s 
b rid ge  netw ork, and th e  tem perature kept constan t by a l t e r in g  pumping 
gpeed or  h ea t input to  keep th e  b r id g e  balanced . With care  th e  tern- 
p era tu re  v a r ia t io n  can be k e p t to  w ith in  abou t 0.01 O r ig in a lly  th e  
te m p e r a tu r e -se n s it iv e  r e s i s t o r  was a carbon f ilm  on a mica back in g , b u t  
r e c e n t ly  an / l i e n  IBradley r e s i s t o r  (nom inally  49 ohm) has been u sed .
I t  has a r e s is ta n c e  o f  over 1000 ohm in  l i q u i d  helium , and gives f a i r l y  
rep rod u cib le  r e s u l t s  from run to  run, but has th e  d isadvantage o f  poor  
th e rm a l c o n ta c t  w ith  th e  helium  b a th ,  so t h a t ,  when th e  tw o -v o lt  
d r iv in g  accum ulator i s  sw itched  o n , a r e la t iv e ly  la r g e  cu rren t f lo w s
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th ït)u g h  th e  g a lv a n o m e te r u n t i l  th e rm a l e q u il ib r iu m  i e  e s ta b l i s h e d  in 
abou t 0.1 s e c . A dummy r e s i s t o r  o f  s im i la r  c h a r a c t e r ! s id e s  t o  th e  
tu n n e l  h e a t e r  i s  u s u a l ly  In c lu d e d  in  th e  c r y o s t a t  so t h a t  th e  h e a t  flo w  
i n  th e  tu n n e l  can  be tu rn e d  on and o f f  w ith o u t s u b s t a n t i a l l y  a l t e r i n g  
th e  t o t a l  h e a t  in p u t  to  th e  helium ^ and hence i t s  te m p e ra tu re .
Provision i s  made f o r  a p u ls e d  input t o  th e  tunnel h e a te r^  u s in g  
th e  f a i r l y  s ta n d a rd  c i r c u i t  shown i n  f ig u r e  6*3* The p u ls e  u n i t  i s  
t r ig g e r e d  by a counter and s c a l e r  u n i t ,  w hich i n  tu r n  i s  d r iv e n  by a 
v a r i a b le  f re q u e n c y  o sc illa tor . The p u ls e s  a re  displayed and m easured  on 
th e  second ch an n e l o f  th e  CKOa Thoy can  also b e  f e d  to  th e  second 
ch an n e l o f  th e  pen  recorder, and i t  i s  p o s s ib le  to  superim pose them 
upon a s te a d y  h e a t  input to  th e  tunnel.
H eat p u ls e s  a r e  p ro p a g a te d  th ro u g h  helium  I I  a s  p u l s e s  o f  second 
sound (e* g , Osborne 1 9 5 1 ), The s 0cond««sound s ig n a l  h a s  been  d e te c te d  
w ith  a sm a ll  carbon*‘^ re s iB ta n c e  thermometer p la c e d  a t  th e  open end o f 
th e  tu n n e l .  F o r s h o r t  p u l s e s  a t r a in  o f  g r a d u a l ly  d im in is l i in g  r e f l e c t e d  
p u l s e s  was o bserved  to  fo llo w  th e  main p u ls e ,  b u t  f o r  p u ls e s  lo n g e r  
th a n  th e  tim e  ta k e n  f o r  second  sound to  t r a v e l  th e  le n g th  o f  th e  tu n n o l 
th e  m ain p u ls e  o n ly  was d e te c ta b le .  T his tim e  i s  l e s s  th a n  abou t 2 msec 
f o r  a l l  tem peratures a t  which p u lse  m easurem ents have b een  mado, w h ile  
p u ls e s  o f  from 5 msec d u r a t io n  upw ards have been employed.
(b) S p e c ia l  te c h n iq u e s
H e a te rs  on a m ica b ack in g  have  been  made by e v a p o ra tin g  two s ilv er  
c o n ta c ts  on to  the m ica p l a t e  and  th e n  pointing a l a y e r  o f  aquadag
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between th e  contacte#  The whole h e a te r  l e  then baked a t a few hundred 
degrees cen tig ra d e  fo r  about h a l f  an hour# C ontact i s  made to  th e  
s i l v e r  by nuta end b o l t s  aorewed t i ^ t l y  th r o u ^  h o le s  in  th e  mica#
The h ea ter  on a g la s s  backing was made by f i r s t  p a in tin g  an 
aquadag la y e r  on a m icroscope s l i d e ,  A p ie c e  o f  th in  copper w ire  was 
then wound t i g h t l y  round the e l id e  b e s id e  th e  aquadag la y e r , and i t s  
ends tw is te d  t o g e th e r  to  hold i t  f ir m ly  in  p lace#  Another w ire  was 
f ix e d  on th e  o th er  s id e  o f  th e  aquadag# Contact between each o f  th e  
w ir e s  and th e  aquadag was made w ith  a p a in ted  la y e r  o f  Dag d isp e r s io n  
915 ( s i l v e r  in  &D3K), which a ls o  served  to  oem m t th e  w ires to  th e  g la ss#  
The h e a te r  was g e n t ly  baked b e fo re  u se .
4Quarts; f ib r e s  are  made by m eltin g  th e  t i p s  o f  two "g^inoh quartz 
rods to g e th e r  in  a f i e r c e  oxygas f la m e , and then im m ediately  sep ara tin g  
them by  about 30 cm on removal from th e  flame# The th ic k  f ib r e  so  
fo m ed  i s  broken in  th e  m iddle and shortened  so th a t each cjuartz rod  
has about 10 cm o f  s t i f f  f ib r e  p r o je c t in g  from i t s  t i p .  The oxygas 
flam e i s  ad ju sted  to  b e about 30 cm lo n g , s te a d y , w ith  a long c e n tr a l  
b lu e  co n e , and in c l in e d  a t  an a n g le  o f  20° to  30° above th e  h o r iz o n ta l.  
The s t i f f  f ib r e  i s  th en  fe d  in to  th e  flam e, u s in g  th e  quartz rod as a 
h an d le , where i t  i s  m elted  and blown out in to  a f in e  f ib r e  which hangs 
in  th e  a i r  above th e  flame# V/ith a b la ck  baclcground and s id e  l ig h t in g  
i t  can b e  seen  and captured  w ith  s t ic k y  paper tabs# T his technique  
produces f ib r e s  w ith  lon g  c e n tr a l s e c t io n s  o f  diam eter to  2 p , uni"  ^
form to  w i th in  a few  p e r c e n t .
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Iho f ib r e  d iam eter i e  measured by a tta cM n g  a b ar o f  known (ool'^ 
cu la ted ) moment o f  in e r t ia  to  a few  c en tim etres  o f  f ib r e  w ith  s h e l la c ,  
and m easuring th e  p e i io d  o f  to r s io n a l  o s c i l l a t i o n .  Because v isco u s  
danping b y  th e  a ir  i s  v ezy  liigh  t h i s  can be done o n ly  iu  a d iffusion-^  
puixp vacuum, wliere th e  mean f r e e  p ath  o f  th e  a i r  m olecu les i s  la rg e  
compared v /ith  the t liic k n e ss  o f  th e  in e r t ia  b ar . T orsion a l o s c i l l a t io n s  
are induced by an e l e o t i i c  d isch a rg e  between th e  in e r t ia  bar and th e  
co n ta in er  supporting th e  vacuum. Prom th e  r e la t io n
T  a S irj lL  g (6,1 )c
where T" i s  th e  p er io d  o f  o s c i l l a t i o n ,  I  i s  th e  moment o f  I n e r t ia  o f
th e  b&r, I i s  th e  le n g th  o f  th e  f ib r e  and c  = ^  ,  th e  f ib r e
diam eter d  can be  deduced provided  Z  , Young*3 modulus fo r  qua.rtz, i s  
known. In  th e  o ld e r  l i t e r a t u r e  ( e .g .  Strong 1938) i t  i s  s ta te d  th a t  
Young modulus in c r e a se s  w ith  d ecreasin g  f ib r e  a iz e ,  b u t i t  i s  now
thought probab le (s e e  Tlghe 1956) th a t t h i s  i s  a sp uriou s e f f e c t  a r is in g  
from in a ccu ra te  measui'ement o f  tiie  tru e  f ib r e  d iam eter. I t  has there»' 
foi'G been assumed th a t  Z. rem ains equal to  th e  bulk  va lu e  fo r  a l l  f ib r e  
s i z e s .  In  any case  th e  e f f e c t  on the measured d iam eter, ivhich i s  n ot a 
v e iy  c r i t i c a l  con stan t o f  th e  experim ent, i s  sm a ll,
F ib res are  prepared and mounted in  th e  tu n n e l as fo llo w s  (s e e  
f ig u r e  6 , 4 )* A le n g th  o f  f ib r e  i s  suspended v e r t i c a l l y  and a sm ell
s h e l la c  b lob i s  m elted  on to  i t  a few  centim etz'es below th e  upper paper
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tab* The pox'tlon below the blob lo  ition cut o ff and stored# / short
le n g th  (a b o u t cun) o f  n y lo n  th r e a d  i s  th e n  c u t  from  a lon^ le n g th  o f  
knovm w eig h t p e r  u n i t  le n g th  (1 ,8  pgm/mm) m id, a f t e r  be ing  moaoured 
undor a m ic ro sc o p e , I s  t r a n a f o r r o d  w ith  a s t i f f  quai^R b r l s t l o  to  a 
p o s i t io n  on th e  q u o it% f i b r e  ab o u t i om above th o  s h e l la c  b lo b ,  whore 
i t  s t i c k s  by  e l e c t i 'o s t c t l o  fo rc e s #  I t  la  th e n  moltecl In to  p o s i t io n  
w ith  an o l e c t r l o a l l y  h e a te d  tu n g s te n  w ire* and form s e w h ite  sp h e re
' I  ^abou t ^  mm i n  d ia m e te r  a t ta c h e d  to  th e  f i b r e  on one s i d e ,  b e in g  un** 
f o r tu n a t e ly  p re v e n te d  by s u r fa o o  to n s  io n  from  w e tt in g  th e  f i b r e  com** 
p lo te ly #  Ti\o p lu g  o r  p in  from  which th e  f i b r e  i s  to  b e  suspended  ie  
thon  p o in te d  w ith  n a i l  v a rn is h  end b^rxmght a g a in s t  th e  f i b r e  ab o u t 1 cm 
above th e  n y lo n  aphcrc# tio re  n a i l  v a rn is h  I s  a p p l ie d  t o  e n su re  t h a t  
th o  f i b r e  l a  c o m p le te ly  Im m ersod, an d , when i t  i s  d r y ,  th o  f i b r e  
rem ain in g  above th e  n o i l  v a m ls h  I s  c u t away# Tho vrW lo assem b ly  i s  
then, low ered  i n to  p la c e  in  th e  wind tvum el, th e  a h e l la c  b lo b  hang ing  
throi% 'h th o  h o le  i n  th e  f l o o r ,  and th e  f ib i 'o  i s  c u t  j u s t  be low  th e  
n y lo n  sp h e zo , a s  n e a r  to  i t  os io  p o s s ib le  w ith o u t damage, by s c i s s o r s  
in s e r te d  th ro u g h  th e  open end o f  th e  tunnel#  The o c ta l  p l a t e  o r  tube  
l a  then  ra ised  to  p r o te c t  the f ib r e  from co n v ectio n  currents#
\ d isa d v a n ta g e  o f  t h i s  te c h n iq u e  i s  t h a t  th e  w eigh t o f  th e  n y lo n  
bob i& n o t known ae  c e r t a i n l y  am we should  l ik e #  r h o l le o  was a t  f i r s t  
u sed  in s te a d  o f  n y lo n , b u t  un ifo rm  s h e l la c  f : lb rc s  c o u ld  n o t  be  dirawn, 
and w eiglit was c e r t a i n l y  l o s t  on m olting*  Com mercial ny lon  f i b r e  l a  
v o i^  u n ifo m i, and i t  i s  b e l ie v e d  t h a t  th o  w e ig h t p e r  u n i t  le n g th  o f  th e
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sam ple used  i s  known a c c u r a te ly  to  2^’- o r  3/It# However, th e  c u t  ends o f  
th o  f i b r e  arc in e v ita b ly  ra g g e d , so th a t th e  le n g th  o f  a -g' ram p ie c e  
cannot be m easured  t o  b e t t e r  than abou t iCfi accuracy. I t  i s  b e l ie v e d  
t h a t  th o  nylon  does n o t lo s e  much w eigh t on m e lt in g  ( i t  does n o t b o i l  
o r  change c o lo u r )   ^ b u t  a s a t i s f a c t o r y  t e s t  o f  t h i s  h a s  n o t  been  d ev ised ,
7 . Experim ental r e s u l t s
(a) General survey
In  wind tu n n e l I  v is u a l o b serv a tlo n e  o f  tu ih u len o e  have been made 
over th e  tem perature range from 1,2°K  to  th e  X""%)oint, u sin g  a f ib r e  o f  
s im ila r  o h a r a o te r is t ic s  to  f ib r e s  1 and I I  ( s e e  ch ap ter  4 (b ))#  S in ce  
th e  rms d e f le c t io n  o f  th e  bob cou ld  n ot be m easured, th e  ra th er  rough 
c r i t e r io n  o f  th e  la r g e s t  sudden change in  i t s  p o s i t io n ,  estim ated  by  
view ing th e  image a g a in s t  a g r a t ic u le ,  was used to  measure th e  in t e n s i t y  
o f  th e  turbulence# There e x is t  a ls o  some ra th er  slcetohy data on tur~  
bu].enca from th e  o r ig in a l  e^qpeziment designed  t o  measure th e  v i s c o s i t y  
o f  th e  n o m a l f lu id  ( s e e  appendix l ) .
With tu n n el I I ,  in  vhidh measurements o f  both  tu ib u le n c e  and sTJper*" 
f l u id  c ir c u la t io n  were made, h e a ter  I  (on a mica backing) was used f o r  
th e  ex p lo ra to ry  runs and fo r  th e  i i r s t  s u c c e s s fu l  measurement run (a t  
1,3°K )* In  t h i s  run th e  h ea ter  was found to  have in crea so d  in  rosis** 
tan ce  through, m echanical damage, so  th a t th e  tru e  h eat cu rren ts  are  
s l i g h t l y  uncertain# N e v e r th e le ss  tho behaviour o f  th e  h e a te r  b e fo re  i t  
was damaged i s  known, and ednoe no damage to  the carbon f i lm  i t s e l f  can 
bo d e te c te d  i t  i s  assumed in  c a lc u la t in g  th e  h eat f lo w  th a t  th e  extra  
r e s is tn n c o  i s  e n t ir e ly  in  th e  c o n ta c ts , and th a t  th e  carbon f ilm  behaves 
e x a c t ly  a s  i t  d id  b e fo re  th e  damage occurred# The o r ig in a l  r e s is ta n c e  
o f  th e  h e a te r  v/as about 400 ohm, and th e  ex tra  co n ta ct r e s is ta n c e  a f t e r  
damage i s  about 300 olm* The r e s is to n o e  o f  a l l  oarb on -film  r e s is to r s  
i s  not co n sta n t in  a helium  bath  o f  f ix e d  tcBperatuz^e, but f a l l s  w ith
increasing power dissipation, because the Kapitsa resistance to heat 
exchange between the heater and the bath pi'oduces a temperature dlf** 
ferenoG between them (/tk in s pp* 144; 201 )$ The temperature dif**
ferenoe tolœs a certain time to be established: i t  i s  assumed tliat tTiis 
time i s  long compared with 5  msec, so that the Qleotii.cal resistance 
oppropiiato to the short pulses used to measure ciz'culation is  that for  
sero power dissipation# In the calculation of heat inputs allowance 
i s  made for the lead resistance of 15 ohm, measured with helium in the 
cryostat#
The potential distribution over the surface of heater I when 2 
volts DC i s  appliod between i t s  terminals i s  sketched in figure 7#l(&)# 
I t  i s  very asymmetric, the moan resistance of the le f t  half of the 
heater being almost twice that of the right half (viewed from the open 
end o f  th e  wind tu n n e l)*
Heater I I ,  on a glass bacld.ng, was used for the remaining runs#
I t  has a resistance of about 200 olm, and i t s  asymmetry is  similar to 
that of heater I ,  although peihaps s ligh tly  le ss  pronounced (see figure 
7.1(b )).
Fibre I ,  f o r  whloh d e ta i l e d  c a l c u l a t i o n s  a re  g iv e n  i n  c h a p te r  4(b ) 5 
was used in the f ir s t  three successful measurement runs, at 1 #3 0 °K, 
2#10^K and 1 #&^K respectively* I t  was lo st whm on attempt to check 
that no apparent superfluid ciicu lation could be detected above the X** 
point caused the helium to boil# (This particulai' experiment was not 
repoated)* iribre I I ,  which i s  very sim ilar to I (see chapter 4 (b )), has
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been  e s p e c i a l ly  s u b je c t  to  e l e c t r o s t a t i c  ch a rg in g ?  and lia a a %)ennonent 
kjjilc? o b ta in e d  d u r in g  o e p o ra tio n  from th e  w a l l  o f  th e  tu n n e l  w ith  a 
f in e  n ire „  I t  th e r e f o r e  does n o t hang e x a c t ly  v e r t i c a l ly *  A lthough  in  
i t s e l f  n o t  s e r io u s ?  t h i s  p r e v e n ts  th e  f i b r e  from  I’e f l e c t i n g  much l i g h t  
in to  th e  d e te c t io n  system* Tho nylon bob r e f l e c t s  properly? b u t  th e  
s e n s i t i v i t y  and s ig n a l /n o i s e  r a t i o  a re  s m a lle r  w ith  f ib r e  I I  th a n  w ith  
f i b r e  1*
The te m p é ra tu re s  a t  w hich mea s u r  omen t s  have been  made w ith  the  
v a r io u s  m o d if ic a t io n s  o f  tu n n e l  11 a r e  summarised i n  th e  fo llo w in g  
ta b le *
h e a t e r  I h e a te r  I I
f i b r e  I 1 . 30°K 2.10°K
f i b r e  I I 1 . 30° ,  1 .6 4 ° ,  
1 .8 4 ° , 2 .10°K
(b) M easurem ents o f  s im erf] .u id  o i ro u la t io n  in  u n d is tu rb e d  he liu jn
( i )  F a c to rs  c o n t r o l l i n g  r a te ?  le n g th  and h e ig h t  o f  p u lse s*  
R e lia b le  c i r c u l a t i o n  m easurem ents have b e en  made in  tu n n e l  I I  
only* They are o b ta in e d  b y  o b se rv in g  th e  f i b r e ’ s t r a n s i e n t  re sp o n se  
to  h e a t  p u ls e s ?  p roduced  a t  a r a t e  o f  one e v e ry  th r e e  o r  f o u r  seconds* 
This r a t e  i s  chosen so that? w h ile  th e  mean h e a t  c u r r e n t  i n  th e  tu n n e l
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due to  th e  p u lso s  i s  s c a l l )  th e  v a r ia t io n  o f  s lo w ly  changing o ircn la tio n .6  
can be e a s i ly  follow ed# O ooae ionally  th e  p e r s is te n c e  o f  an ap p aren tly  
well'"06ta b lj.6hed c ir c u la t io n  has been chedked by a llo w in g  a much lo n g e r  
tim e to  e la p se  between pulaee#
Although in  some e a r ly  exp lora tory  runs p u ls e s  o f  up to  200 msec 
duration vmro u sed , i t  e v e n tu a lly  seemed b e s t  to  s im p lify  th e  in te z ^  
p r o ta t io n  o f  th e  r e s u l t s  by making tho p u ls e s  a s  s h o r t , i # e .  aa near  
to  u n c tio n s , a s  p o s s ib le *  On tho o th er  hand th e  p u ls e  has to  be  
lon ger  than th o  tim e taken  f o r  second sound to  tr a v e l  th e  len g th  o f  th e
tu n n e l in  order to  avo id  r e f le c t e d  p u lse s  ( s e e  chapter 6 (a ))*  F iv e  msec
was taken a s  a s u i ta b le  compromise# I t  i s  much sh o r te r  than th e  prln'» 
o ip u l p e r io d  o f  th e  f ib r e  (about 0#2 s e c ) ,  so  th a t  treatm ent o f  th e  
p u lse  as a S'^funotion I s  j u s t i f i e d .
Tho h ea t flo w  during th e  p u lse  i s  f a i r l y  c lo s e ly  c o n tr o lle d  by 
opposing fa c t o r s .  On th o  one hand i t  must be a s  la ig e  a s  p o s s ib le  so  
th a t th e  tr a n s ie n t  s ig n a l  i s  w e l l  above th e  n o is e  le v e l*  On the o th e r  
hand too  la rg o  a p u lso  may a l t e r  th e  c ir c u la t io n  i t  i s  d esign ed  to  
measure# Although t h i s  may sometimes have occurred , th e  s t a b i l i t y  and 
p e r s is ta n c e  o f  c e r ta in  c ir c u la t io n s  su g g est th a t i t  i s  n ot a se r io u s  
wooknoss o f  th e  method* There i s  however a more sev ere  upper l im it  to
the p u lse  height# I t  i s  found th a t up to  a c e r ta in  c i i t i c a l  h e igh t th e
bob rem ains stead y  between t r a n s ie n t s ,  and th a t  th e  s i z e  and d ir e c t io n  
o f  th e  tr a n s ie n ts  v a r ie s  in  a slovf and r eg u la r  way. Above th e  c r i t i c a l  
p u lse  h e ig h t  th e  bob i s  a g ita te d  between th e  t r a n s ie n ts ,  wïilch are
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th em selves very  v a r ia b le  in  form and In  m agnitude, a lthough  b ia sed  in  
d irec tio n #  Exanples o f  s u b o r i t lc a l  and sigaeroritloa]. beliavlour are  
shown in  f ig u r e s  7*2 (a ) and (b ) .  T his behaviou r seems n ot to  depend 
g r e a t ly  on th e  p u ls e  r a te ,  but to  be a p rop erty  o f  th e  in d iv id u a l  
p u ls e s ,  a lthou gh  i t  i s  c le a r  th a t  once one s u p e r c r i t ic a l  p u lso  has d is-' 
tuzbed th e  helium  a second one can  fu r th e r  a ir p lify  th e  d istu rb a n ce .
For r e s u l t s  v iiich  a re  in  any se n se  o h a r a c te r is t io  o f  undisturbed  helium  
r a th e r  than o f  th e  p u ls e s ,  th o  h ea t flow  during th e  p u ls e s  must b e  kept 
below  th e  c r i t i c a l  va lu e  W # vh ich  f o r  5 msec p u ls e s  i s  a s  fo l lo w s .
= 210 i  I fi  mVom^ a t  1 .3 0 "k ) c ^
= 380 Î. 50 rs'A/cm^ a t  1 .â |° K )  (7 ,1  )
% 540 ^  60 nf.v/cm'^ a t  2#10^1()
The v a r ia t io n  o f  T w ith  th e  p u lse  le n g th  T  has n o t been investi**  
ga ted  in  d o t a l l ,  but i t  seams th a t  IT d ecrea ses  ra th er  s lo w ly  as Ir 
In c r e a se s , so th a t th e  product i s  an in c r e a s in g  fu n c t io n  o f  T  ,
( i i )  R e su lts  a t 1*30°%#
T ran sien t d e f le c t io n s  o f  th e  bob corresponding t o  c i i 'c u la t io n s  o f  
th e  expected  order o f  magnitude have been o b se iv ed  a t  t l i i s  ta ip e r a tu r e ,  
but th e  fozm o f  th e  tr a n s ie n ts  ( s e e  f ig u r e  7*3) i s  n e ith e r  con stan t nor  
in  com plete agreement w ith  tho th eory  developed in  oh ep ter  4# T y p ic a lly  
th e  f i r s t  and th ir d  extrem e d e f le c t io n s  are  o f  s im ila r  m agnitude, w h ile  
th e  second i s  la r g e r  than (and o p p o s ite  in  d ir e c t io n  to )  them b oth . The
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principal period end Imping of the tronsienta arc aa expected, but i t  
seem that the f ir s t  maximum i s  partia lly  suppressed and that the phase 
of the o sc illa tio n  with r e j e c t  to the zero of time has not been 
correctly predicted. Caution i s  therefore neceesaz^'' in  the deduction 
of the oizo of circulation from an observed transient. The method 
adopted is  to measui'o the maximum peak-to-peolc deflection of each tron-" 
aient, ignoz'ing the d eta ils  of i t s  form, and to calculate the apparent 
oiroulation quanta from tho theory of olieptor 4 , aooording to wliich 
the peolc-'to-'peak deflection at 1.30^K would be, by equation (4*51 ) ,
0.7?T>V,T (1 -  J ^ )  . .
b
whergre D := y , ZiT K * ^ i s  th e  c o e f f i c i e n t  c h a r a c t e r i s in g  the 
&Iagnus force on a circulation of V quanta# Because of the partial 
suppression of the f ir s t  maximum of the transient, circulations ca l-  
culated in th is way are lik e ly  to be underestimated by a factor of at 
least 2. That i s ,  the transient due to a completely attached vortex 
line would be asczdbod  to an apparent circulation of h a l f  a quantum o r  
less; f o r  partly a t ta c h e d  vortex lin es the definition o f  the s i s e  of 
the apparent circulation i s  in any case a matter of convenienoo# More 
quantitative results can be obtained i f  the transient deflection due to 
the action of a heat pulse on a given oiroulation can bo compared with 
tho steady transverse deflection in a uniform heat current. The la tter  
does n o t  depend on the v isc o u s  drag, but only on th e  known fibre con-
I i
Figure 7.A(a).Compahson 
and steady deflections
of transient , 
at 1.30-K '
I t )  I
W - 4 1 1
I
(b) Comparison of transient and 
steady deflections at 1*64^ K
' V
V
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a t r n t s ,  th e  c lr c u ln t io n  nnd th e  su p e r flu id  dens'^ty -'nd v e lo c ity *
I d e i l l y  v/o %'equlre  ^ to  observe a s e r i e s  o f  I d e n t ic a l  hoat'^pulse trail'" 
s lo i itS ;  to  8'mtch on a h e r t  cu rren t and observe th e  e te ed y  d e fle c tio n ^  
:md then  to  3i^eid.mpo8o %t l e a s t  one more h eat p u lse  and v e r i fy  th a t  
th e  c ir c u la t io n  I s  unchanged* / t  t h i s  Id o a l I s  p a r t ic u la r ly
d i f f i c u l t  to  a t t a in  b ecause any hoot current la rg e  enough to  g iv e  a 
monsur'ible stead y  d e f le c t io n  i s  in e v it a b ly  h ig h ly  s u p e r c r i t ic a l  ( s e e  
beloYf) f the stea d y  d e f le c t io n  i s  q u ick ly  l o s t  in  g e n e ra l turbu"- 
lence* S u p e ip o s it lo n  o f  a h eat p u ls e  o n ly  p r e c ip i t a t e s  th e  develop»* 
ment o f  turbulence^ so th a t  th e  tr a n s ie n t  d e f le c t io n  due to  th e  clrou»* 
l a t lo n  cannot b e ohedked a f t e r  th e  h ea t cu rren t has been sw itched on# 
Only one s u c c e s s fu l comparison o f  tr a n s ie n t  and s te a d y  d e f le c t io n s  has  
been made a t  I t  i s  reproduced in  f ig u r e  7*4(a)g  where th e  top
tr a c e  i s  th e  s ig n a l from th e  bob^ th e  m iddle tr a c e  shows th e  p u ls e s  and 
th e  s tea d y  h ea ter  v o lta g e ,  and th e  saw tooth tr a c e  in d ic a t e s  secon ds. 
H eater I I  and f ib r e  H  were used f o r  t h i s  com parison, which i s  n o t very  
s o t i s f a c t o r y ,  fo r  the c ir c u la t io n  had apparently  s ta r te d  to  d ecrease  
ju s t  b efo re  th e  h ea t current was sw itch ed  on. The i n i t i a l  d e f le c t io n  
o f  th o  tr a n s ie n ts  ond th e  stead y  d e f le c t io n  are in  tho same d ir e c t io n ,  
as th e y  should b e , and th e  tr a n s ie n t  o s c i l l a t i o n  v h ic h  aoooxnpanies th e  
s t a r t  o f  th e  stead y  d e f le c t io n  i s  a ls o  v i s i b l e .  The stead y  d e f le c t io n  
i t s e l f  l a s t s  fo r  about a second u n t i l  th e  o n set o f  tu rb u len ce . The oir*» 
c u la t io n  deduced by equation (4 ,51 ) from th e  l a s t  tr a n s ie n t  b e fo re  th e  
stead y  h e i t  current i s
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V t r 0 « s i « . f =
The c ir c u la t io n  deduced from th e steady d e f le c t io n , assum ing th a t th e  
su p e r flu id  v e lo c i t y  p r o f i l e  i s  f l a t ,  i s
V stea d y  = °*5  " 0.1 cmanta
Hence
y  s te a d y /  ^ tra n s ien t  ^ ( /♦ 3 )
I f  th e  o p t ic a l  a x is  and th e  a x is  o f  th e  tu n n el are n ot e x a c tly  
p a r a l l e l ,  p a i t  o f  th e  apparent tra n sv erse  d e f le c t io n  o f  the bob w i l l  be  
due to  i t s  dov;nsticam d e f le c t io n  by th e  normal f l u i d ,  and so t h i s  oom»» 
p a r i son v / i l l  be in  error* I t  i s  b e l ie v e d  tlia t th e  an g le  betv/een th e  
tviro axes i s  n ot g r e a te r  than 2 ° , which would lea d  to  a maximum error  
in  th e  measured, stead y  tra n sv e r se  d e f le c t io n  eq u iv a len t to  about 0#1 
quanta o f  c ir c u la t io n  a t 1*3°K, end f a l l i n g  to  0*02 quanta au 
That th o  m isallgnm ont i s  c e r ta in ly  no w o ise  than t n i s  i s  confiim ed  by  
the f a c t  th a t  n o im ally  no stead y  d e f le c t io n  i s  d e te c ta b le  whun a la r g e  
h eat cu rren t i s  sw itch ed  on a t  1 and th a t th e re  i s  no response
d e tec ted  to  th e  m ajority  o f  h eat p u ls e s .
With f ib r e  I  and h e a te r  I  i t  has been found th^iL in  un distu rb ed
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Figure 7. 5. H i s t o g r a m s  of p e r s i s t e n t  c i r c u l a t i o n s  at  1*3*^ K
(a )  with  heater  I  and f ib r e  I ;
(b) with heater  H and f ib re  H .
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heliwjii ( a p a r t  from  ( i is tu rb a a c e  due to  th e  p u ls e s  th em se lv e s)  th e r e  may 
bo no dotoctablc o irou lation  about the f ib r e  fo r  long perioûa* /! email 
oli"culation w il l  eventually  appear and gradually groiv, aometlmee 
decaying again, but often  atta in in g  a la ig e  value which then p e r s is ts  
..ith  some variation  thiough perhaps twenty p u lses or, i f  the p u lses are 
intem%)te<i, fo r  a minute or more ^vitiiout p u lses , before gradually  
decaying. y,part from th e ir  p ersisten ce  the most str ik in g  aspeoL of the  
observed c ircu la tio n s i s  th e ir  d irectio n a l b ias: almost a l l  are in  the 
p o s it iv e  d irectio n , corresponding, that i s ,  to  clock\,'d.se o iroulation  
about the f ib r e  (vie'/zed from above)# The only exceptions occurred soon 
a fte r  a steady heat current in  the tunnel.
C irculations which remain above o f th e ir  maximum value for  
more than th ir ty  seconds are judged to be p a rticu la r ly  p e i's is ten t, 
histogram o f the f^parent o irou la tion  deduood from the la rg est tran»» 
sien t d e flec tio n  attained  by such o ircu la tion s i s  given in  figu re 7*5(&)« 
Some r e su lts  obtained during very low, steady heat ourrents are a lso  
included on th is  histogram (see  Section (o) below). The lon gest time 
for  -\,iiiich a o iroulation  has been observed to p e i's is t  at above half*" 
maxlmuia i s  four and three quarter minutes.
There i s  a p o ss ib le  system atic error in  the re su lts  of up to 
perhaps 25/ ,^ due to inaccurate ca lib ration  of the recording uyatom and 
error in  the weight of the nylon bob, wliile variation  in  the s e n s i t iv i ty  
of tho system during the zun lends to a random error of about 1C%r,.
Tliero i s  a furthez' p o ss ib le  ranuom erzor of thv, same magnitude due to
i n s t a b i l i t y  i n  th e  le n g th  and h e ig h t  o f  th e  p u l s e s .  The sp re a d  o f th e  
values o f y w ithin the maximum o f the histogram i s  therefore hardly 
s ig n if ic a n t , and we may suppose that th e r e  i s  a s in g le  p a r t i c u l a r l y  
p ers isten t c ircu la tio n , o f  apparent s i s e
V <= (0 . 2 3  “ 0.01 ) quanta, (7-4)
th e  mean o f  th e  maximum o f  the h is to g ra m . There i s  an  i n d ic a t io n  t h a t  
Y  K -0 ,2 3  quanta may a ls o  b e  p e r s i s t e n t ,  once i t  h a s  been  e s ta b l i s h e d  
against the general bias* The value y  » 0*12 quanta i s  perhaps a sport, 
A lthougli i t  does n o t  appear a s  such on the h is to g ra m , zero c ircu­
la t io n  i s  a ls o  a p a r t i c u l a r l y  s t a b le  value, No c ir cu la tio n , p ers is ten t  
or n on -p ersisten t, larger than the la ig e s t  shown on th e histogram has 
been  observed with f i b r e  I  end h e a t e r  I ,
With fib re  I I  and h e a t e r  IX sim ilar r e s u l t s  have been  o b ta in e d  a t  
1 ,3°K, The p ersisten ce o f  c ircu la tio n s i s  not qu ite so maiked, and 
th e ir  b i a s  i s  in  th e  opposite d i r e c t i o n .  C i r c u la t io n s  o f  o p p o s i te  se n se  
to  th e  g e n e r a l  b i a s  in  u n d is tu rb e d  helium  a g a in  occur a f t e r  s te a d y  h e a t  
ourrents* A histogram o f  th e  maximum v a lu e  a t t a i n e d  by c ircu la tio n s  
w hich rem ained  above 50^ o f th e ir  maximum f o r  t h i r t y  seco n d s or more i s  
. shown in  f i g u r e  7»3 (b )*  This cr iter io n  fo r  p ersisten ce  ( s l i g h t l y  l e s s  
stringent than that used with f ib re  1 and heater l )  i s  not id e a l,  
although sim p le  to apply, fo r  some o f  the c ircu la tio n s sa tis fy in g  i t  
vary in  a rather random way, while many o f  the largest c ircu la tio n s o f
(87)
b o th  sauBOs grow and decay  very  sm o o th ly , but do n o t  p e r s i s t  lo n g  enough 
to  s a t i s f y  th e  c r i te r io n ®  N e v e r th e le s s  no c i r c u l a t i o n  l a r g e r  th a n  th e  
l a r g e s t  on th e  h is to g ra m  h as  been  observed. With t h i s  f ib r e  and h e a t e r  
th e  lo n g e s t  tim e f o r  w hich a c i r c u l a t i o n  remained above h a l f -maximum 
was two m in u te s .
A p a rt from th e  change o f  s ig n ,  th e  d i f f e r e n c e  be tw een  th e  mean 
v a lu e  o f  th e  maximum o f  t h i s  h is to g ra m
y  = - ( O . i ?  -  0*01 ) q u a n ta , (7*5)
and t h a t  o f th e  p re v io u s  one (e q u a tio n  (7 * 4 )) i s  n ot s i g n i f i c a n t ,  a s i t  
co u ld  be  due to  e r r o r s  in  c a lib r a t io n  and in  th e  w e ig h ts  o f  th e  n y lo n  
bobs on f ib r e s  I  and I I ,
( i i i )  S t a b i l i t y  and p e r s i s t e n c e  o f c i r c u l a t i o n .
To f a c i l i t a t e  comparison betw een  r e s u l t s  in  d if fe r e n t  c o n d it io n s  a 
s in g le  number i s  r e q u i r e d  to  e x p re ss  th e  s t a b i l i t y  and p e r s i s t e n c e  o f  
c irc u la t io n ®  Such a s t a t i s t i c  sh o u ld  p r e fe ra b ly  be in d ep en d en t o f  th e  
a v e rag e  m agnitude and b i a s  o f  th e  c i r c u l a t i o n ,  re a s o n a b ly  s t a b le  i n  g iv e n  
c o n d i t io n s ,  and easy  to  c a lc u la te *  I t  should  n o t  b e  to o  much a f f e c t e d  
b y  th e  f a c t  t h a t  sm a ll c i r c u l a t i o n s  a re  l o s t  i n  th e  n o ise*  A s u i t a b l e  
s t a t i s t i c  h a s  been  found t o  be
where i s  th e  p ea lc -to -p ea k  d e f le c t io n  o f  th e  n th  tr a n s ie n t  (w ith  
app rop riate  s ig n ) .  Equation (7*6) i s  a s l i g h t l y  m odified  s e r i a l  
c o r r e la t io n  c o e f f i c i e n t  w ith  la g  one (H oel 1954, p . 255)# In  th e  u s u a l  
form o f  t h i s  c o e f f i c i e n t  th e  w ould be  m easured from  t h e ir  mean 
v a lu e , but in  th e  p r e sen t c a se  th e r e  i s  a known tr u e  g e r o , and we wish  
th e  r e s u l t s  to  be u n a ffec ted  by b ia s  about t h i s  z e r o . The m od ified  
form i s  th e r e fo r e  p r e fe r a b le .
r*  can  v a ry  from +1 ( a l l  equal and in  th e  same d i r e c t io n )  to  
-1 ( eq u a l and a l t e r n a t i n g  in  d ir e c t io n )#  I f  t h e r e  were no d i r e c t i o n a l  
b i a s  th e  ex p ecta tio n  v a lu e  o f  r  * w ould be zero f o r  com p lete ly  random 
* I f  th e r e  i s  b ia s  th e  e x p ecta tio n  va lu e  i s  f i n i t e  end p o s i t i v e  even  
when th e  \  are random, although i t  i s  arguable w hether th e  can  
m e a n in g fu lly  be sa id  t o  be b o th  b ia se d  in  d i r e c t io n  and c o m p le te ly  ran­
dom. Ig n o r in g  t h i s  problem , i t  i s  e a s i l y  shown th a t  i s  a measure 
o f  th e  p e r s is te n c e  o f  c ir c u la t io n . For co n sid er  th e  s e r i e s  [ 0 ,  1 , O]* 
Here r*  c  0# For th e  s e r ie s  lO , 1 ,  1 ,  0 ] r* s  f o r  [ 0 ,  1 ,  1 ,  1 ,  Oj
p Ar *  = y ;  and so on* H e n c e m e a s u r e s  th e  average number o f  jpulses
f o r  w hich c i r c u l a t i o n  p e r s i s t s .
As a m easure o f th e  d i r e c t i o n a l  b ia s  o f  c i r c u l a t i o n  th e  s t a t i s t i c
f K !
has been  computed a t  th e  same tim e a s r^*
At 1 .DCy^K, iwdLtli %i() aateatijr tiea t (zuwrrvarrk jPGLoimijagS jLn tdbe iajwicHSÜL, tlie
(89)
fo llo w in g  va lu es o f  ir'* and s have been obtained  ( in  c h r o n o lo g ic a l  
o r d e r ) . With f ib r e  I  and h e a te r  I ;
r'»" 0.81 0 . 83+ 0 .8 6  0 .9 4  0 .6 9 *  O.9 4  
S *i-1 —0*25 ^0*52 ’H *i’0*4i *H
XR e s u l ts  marked ’ w ere o b ta in e d  im m ed ia te ly  a f t e r  th e  p a ssa g e  o f  a s te a d y  
h e a t  c u rre n t*  The l a s t  p a i r  o f  r e s u l t s  b u t one was ob ta in ed  d u rin g  th e
p200 800 im m ediately fo llo w in g  a 2 .9  m%/om h eat cu r re n t, and th e  l& st
p a i r  in  th e  su c ce ed in g  300 s e c .  W ith f ib r e  I I  and h e a te r  I I I
r»  0 .9 2  0 .8 2  0 ,9 2  0 .9 0  O .84*
S - 0 .9 7  “ 1 -1 -1 " 0 .3 8
The h igh  v a lu es  o f  r# which can be  ob ta in ed , and th e  o p p o s ite  d ir e c ­
t io n a l  b ia s e s  in  th e  two a p p ara tu ses, are c le a r .  There seems to  b e  a 
d e f i n i t e  a s s o c ia t io n  betw een low v a lu e s  o f  departures o f  S from
i t s  u n d is tu rb e d  v a lu e  (+1 or  - 1 ) ,  and h eat cu rren ts  i n  th e  helium . To­
w ards th e  end o f b o th  ru n s ,  a f t e r  many tu r b u le n t  h eat f lo w s , th e  v a lu e s  
o f  and S c h a r a c t e r i s t i c  o f  undisturbed heliu m , w ere n o t  rega in ed , 
even a f t e r  w a it in g  some hundreds o f  seconds.
( iv )  R e s u lts  a t  1*64^K.*
T yp ica l tr a n s ie n t  forms appear in  f ig u r e  7 .2 ( a ) ,  Again th e  p er io d  
and th e  damping are  as exp eoted , bu t th e  beg in n in g  o f  th e  tr a n s ie n t  i s
(90)
not* Tho üpparant circulation i s  estimated as before from theponk- 
to^peak trüUMient deflection* and again we attempt to oowpam transient 
ond steady daflections duo to tlie oair.e circï,il(itlon. The one satisfactory  
co(%)orljGon, using fibre I and heater I I ,  Is shown in  flgui'S 7»4(b)* /
heat _piilso after the start of the stonxly boat m.irrent ehov/s t3:nt the cir^' 
oulation is  s t i l l  thoro end probably not much reduced i n  size# I'O may 
therefore have oonficlozice in the eofjipnrison* which gives, using equation
(4 . 55)3
Y = t ,» a y / / t r m ia l® » t  "  (7 'B )
_the uncertainty being mainly due to noise.
The o b se rv ed  ap%mrent e i i c u l a t i o n s  rcn g e  i n  s i a o  from  z e ro  up to  
about; 0«1 quan ta  & hven allow ing  f o r  th e  expeo ted  u n d e ro s t i  m ntion and 
p o s s ib l e  C a l ib r a t io n  c rz 'o rs  th e y  f a l l  W iort o f  one quantum . E xcept i n  
a fow instencO B  th e  c i r c u la t io n  ab o u t th o  f i b r e  in  a p p a r e n t ly  u a d is -  
tn ib e d  he lium  wan n o t  v e ry  p e r s i s t e n t *  so  th n t  a h is to g ra m  o f  th e  ty p e
p l o t t e d  a t  1,5^N i s  n o t  p o s s ib l e .  Nor w«e th e  d i r e c t i o n a l  b la a  v e ry
p ronounoed ; in d eed  In  th e  second ru n  a t  tM s  tea^> ero tu re  i t  soeifs to  
hnve ro v srn c d  d u rin g  th e  ru n . R e n u lts  fzom th e  f i r s t  ru n  a rc  r n t h e r  
s c a n ty  bcoRuse fo%' lo n g  p e x io d s  i t  %)roved d i f f i c u l t  to  o b se rv e  any 
meP8urAI)lc c i r c u la t io n *  Tho v a lu e s  o f  r *  and $ a re*  izi c h ro n o lo g ic a l
sequence* w ith  h e a t e r  I I  and f i b r e  I %
r *  0*85 o .e o  0*75 
6  - 0 .3 7  - 0*05 - 0 .51
(91)
w i th  h o o te r  I I  and f i b r e  I I  î
r»  0 „ s f  0 .72  0.80 0.79 
S -1 +0.03 +0.17 +0.97
ïh e  r e s u l t  marked ^ was ol)ta;iacd a t  th o  'begliru ing o f  th o  i im , b e fo re  
any s te a d y  h e a t  c u r r e n t  had flow ed*
(v ) R e s u lts  a t  2.1 O^K and 1
At 2 ,1 O^ K th e  t h e o r e t i c a l  p e a k - to -p e a k  t r a n s i e n t  d e f l e c t io n  i s ,  by  
e q u a tio n  (4 * 5 8 ) ,
j f i -  p j ]
:b
AOn t h i s  b a s i s  apparent c i r c u l a t i o n s  o f  up to  ab o u t ^  q uan ta  vforo o b se rv ed  
a t  th e  s t a r t  o f  th e  ru n  w ith  f i b r e  I ,  F o r most o f  th e  rem ain d e r o f  th e  
run v e ry  l i t t l e  c ir c u la t io n  c o u ld  be se e n , so t h a t  t h e r e  a r e  to o  few  
d a ta  f o r  r e l ia b le  oa I c u la t io n  o f  r*  and. S ® I n  favou rab le  circum ­
s ta n c e s  however h ig h  v a lu e s  o f  H" w ere p o s s ib l e ,  a lth o u g h  p ro b a b ly  n ot  
a s  h ig h  a s  a t  th e  lo w e r tem peratures. W ith f ib .re  I  and  h e a te r  I I  ;
f 0 , 8 8  0 ,7 6  0 ,8 6  
S ^0*63 —0,01 —1
The f i r s t  p a i r  o f  r e s u l t s  was o b ta in e d  n e a r  th e  beginn in g  o f  th e  run.
R g a r e  7.Zé-«
(c) Comparison of transient and 
steady deflections at 2*10®K
^ ! ! ! 'i 1 i m
(92)
In  th e  run w ith  f ib r e  I I  no o ir o u la t io n  was d e te c t  eel w ith  e i ib o i l t ic a l  
h eat puIeoB* a l t h o u ^  apparent c ir c u la t io n s  o f  0*1 quanta would have  
b een  j u s t  v i s ib l e  above th e  no ise*  S in ce  however th e  ob serv a tio n s a t  
t h i s  te m p e ra tu re  were n o t begun u n t i l  a f t e r  a s e r ie s  o f  re a d in g s  a t  
1,64°K* i t  i s  prob ab le  th a t th e  helium  was a lread y  in  th e  d is t u i t e d  
s ta te *  notioGcl a t  I.GL'^K and in  th e  p rev iou s run a t 2*10*^K* # i i c h  i s  
o h a ra o te r is e d  by low v a lu e s  o f  and ra th er  sm a ll  c i r c u l a t i o n  ab o u t 
th e  f ib r e .  Borne c i r c u l a t i o n  was p re s e n t*  f o r  t r a n s i e n t s  w ere some­
tim e s  seen  when a h e a t  current was sw itched  on* b u t  th e  t r a n s i e n t  
re sp o n se  to  s u b o r i t i c a l  h e a t  p u l s e s  was l o s t  i n  th e  n o ise»  T h is  la c k  
o f  s e n s i t i v i t y  a r is e s  because n ea r  th e  Appoint th e  passage between  
th e  S c y lla  o f  th e  n o is e  l e v e l  and th e  C harybdia o f  th e  c r i t i c a l  p u lse  
h e ig h t i s  very  narrow. In  an e f f o r t  to  d e te c t  and measure c ir c u la t io n  
th e  tem perature was reduced to  1.84^K* w ithout su o o e s s .
j \ t  2*10°K th ere  a re  th r e e  p o s s ib le  comparisons o f  th e  s te a d y  and 
t r a n s ie n t  d e f le c t io n s  due to  th e  same c ir c u la t io n #  Of th e s e  one* shown 
in  f ig u r e  7#4(o)* i s  v ery  s a t is fa c to r y ;  tho o th er  tv/o a re  c o n s is te n t  
w ith  i t *  b u t o n ly  t h e ir  s te a d y  d e f le c t io n s  are v is ib le *  th e  tr a n s ie n ts  
b ein g  below  n o is e  l e v e l .  In  th e  fig u re*  a f t e r  th ree  s im ila r  tr a n s ie n ts*  
corresponding to  an apparent c ir c u la t io n  o f  0 .1 3  quanta* a stead y  heat 
current i s  sw itch ed  on* A fte r  th e  i n i t i a l  tr a n s ie n t  th e r e  i s  a stead y  
d e fle c t io n *  corresponding to  a c ir c u la t io n  o f  (0*55 ^ 0 *18) quanta* 
^-iiioh l a s t s  fo r  about a second b e fo re  f a l l i n g  sm oothly t o  zero  in  a 
furbher second* The n ex t h ea t p u lse  confirm s th a t  th ere  i s  v e iy  l i t t l e
• 2-
heat input m W /c m  
(with heater I  & f ibre  I  )
1 X X X
• 2 -
heat  input m W / c m  
(with h ea ter  H  & f ibre  JL)
u
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Figure 7 .6 ( a ) .  C ir cu la t io n  b ia s  & c o r r e la t io n  in heat  currents  at 1*30°K
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olz%)Ulation, nnd the tr^tno thùn hoooiaegt rather more Ola* 
turhad# Tho ra tio  deduced from th lo  comparison 1&
y 's te a o y Z /ti -E n B io n t  “
%hloh l a  B lœ lla r  to  th e  v a lu e  a t  1 *30*K («qu& tton  (7*3 ))*
Tlie laryroB t obaez'vod c i r c u la t io n ^  which i n  t h e  L:axiRtum vo luo
a t t a i n e d  a c i r c u l a t i o n  t h a t  rem ained  above half*mo%imum f o r  s e v e n ty
soconoa^ one o f  th e  very  fer; p o r s i a t e a t  c i r c u la t io n s ^  oqcurrocl n e a r
th e  a ty r t  o f  th e  run with f ib r o  1* I t s  app&rant &iBo w&a 0*33 quanta*
qorz'oapondin^' to a true c ircu la tion *  by ec^untlon (7#9)* o f  ( l#4 ^ 0*5)
quanta*  T 'itliin  e x p e r im e n ta l  e r r o r  t l i io  may have boen a s in g le  quantum
o f c ir cu la tion* but i f  so i t  i s  tho only OKavple# /11  other cirou*-
lationB wore I cjbb thon o f th is  also#4
( i )  Faculté at 1 *30^K*
/it t h ia  te m p e ra tu re  v e ry  a a a l l  h e a t  c u r r e n t s  have  no d e te c ta b le  
e f f e c t  on th e  hgllimi* Tho bob i r  n o t o g i ta te d  and in  tu n n e l  T1 o ir^ ' 
c u la t io n n  o f  m agnitude and d i r e c t i o n a l  b i a s  s i iù i ln i ' t o  th o s e  in  undls"- 
turbùô. helituR have been  d e t e o t c l  by Bi%)erlii;p08ed h e a t  p u l s e s ;  r  ^ I s  a t  
l e a s t  a s  h ig h  a s  %hcn th e r e  i s  no h o s t  c u rre n t*  I n  h e a t  c u r r e n t s  above 
ab o u t 1^ " mW/om'"  ^ t h e  c i r c u l a t i o n  ab o u t th e  f i b r e  i s  l e s s  p e r n l a t e n t  and 
th© d i r e c t i o n a l  b i a s  i s  rev e rsed »  T h is o c c u rre d  in  b o th  rim o a t  1*3*K
although the bias  In undisturbed helium wee opposite in  the tv/o ooeas,
4 *1)in  tunnol I $ 3 in  tum id  I I ,
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Figure 7*10. (a) Persistent circulation et 1*30®K
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(b) Variable circulation during a heat current 
(M mW/cm^) at 1-30®K
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lYlth inoi'oaaing heat currents scattered  velues o f  are obtained^
\vlth a g a ie re l cloimward trend (see  figu re 7*6(a))p and the hob beglno 
to be ag ita ted  betveen pulses* T^ventually^ over a short range of heat 
ouri'entS) any tran sien t reeponse to heat %)ulse8 becomes In v is ib le  In 
the zondom ag ita tion  o f  the bob  ^ lo o se ly  referred to  as tuibulenoe*
This tuzbulenoe in creases in  in te n s ity  v/ith further Increase o f the  
heat current#
Tlie rme d efleotlon  o f the bob  ^ vhloh has been rather laboriou sly  
detezmlned by sampling the pen records a t 5 0  or 60 p o in ts  fo r  eaoh 
heat ourrent^ Is  p lo tted  against the heat ow rent in  fig u re  7*7(&)#
The mean sqiiare n o ise  has been subtraoted from the mean square signal"» 
plus"»nolse^ and the re su lts  from the f i r s t  run have been sca led  domi 
by the fa c to r  (0*17/0*25 = 0 .74) which I s  necessary to  make the two o ir^  
oulation hilstograms agree (see  equations (7*4) and (7#5))# and vliloh  
we have ascribed mainly to  ca lib ration  erjrors* The r e su lts  in  the two 
runs are in  good agreement at high heat currents; and in  both there i s
a shaip inoreasQ in  the rms d eflec tio n  of tho bob at a heat current o f
, P4 or 5 Du/cm~. The d ifferen ce between the two tra n sitio n s i s  probably 
due to d ifferen ces in  the asymmetzy o f heaters I  and I I ;  as w ell as to  
the uncertain resista n ce  o f heater I  (see above). Some o f the p o in ts  
wore obtained with superimposed p u lse s , some without# Ju st below the 
tra n sitio n  the p u lses certa in ly  contribute to the general a g ita tio n  o f  
the bob; as w e ll as causing tran sien t d e flec tio n s. Well above the 
tra n sitio n  they have no detectab le effeot* Very near the tra n sitio n
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t h o j  re d u c e  th o  d e la y  tim e  nocGBSory f o r  th e  developm ent o f  tu rb u le n c e  
( s e e  b e lo w ), and p o s s ib ly  a re  a b le  to  make h e a t  flo w s tu ib u l e n t  w hich 
would n o t o th e rw ise  b e  so .
The s c a t t e r  o f  th e  p o i n t s  be low  th e  t r a n s i t i o n  can be acco u n ted  
f o r  by f l u c t u a t i o n s  in  th e  n o is e  l e v e l ,  and any g en u in e  a g i t a t i o n  o f  
th e  bob i s  m if o r tu n a te ly  m asked. I n s p e c t io n  o f  tho  pon record s s u g g e s ts  
howQVor t h a t  t h e r e  i s  some a g i t a t i o n  below  th e  t r a n s i t i o n ,  TM s would 
n o t b e  s u z p r is rh ig , f o r  we know fiom  th e  c i r c u l a t i o n  r e s u l t s  t h a t  th e  
helium  i s  m o d ifie d  below  th e  t r a n s i t i o n ,  Even s o , th e r e  i s  a d e f i n i t e ,  
shaip  in c r e a s e  i n  th o  rins d e f l e c t i o n  a t  a mean h e a t  c u i r o n t  o f  (4*3 -
o
0*8) mVv/cn/'* he  s h a l l  r e f e r  to  t h i s  as th e  t r a n s i t i o n  to  tu r b u le n c e ,  
and to  th e  h e a t  c u r r e n t  a t  which i t  o c c u rs  a s  th e  c r i t i c a l  h e a t  current*
( i i )  R e s u l ts  a t  2 ,10% *
At t h i s  te m p e ra tu re  c ir c u la t io n  c o r r e l a t i o n  d a ta  d u r in g  h e a t  
c u r r e n t s  a r e  s c a n ty ,  and hence co n fu sed  and u n re lia b le*  They a rc  p l o t t e d  
i n  f ig u r e  7 .6 (b )*  Some o f  th e  p o i n t s  a r e  b a se d  on a s  few  a s  t lz lr teen  
s ig n i f ic a n t  re sp o n se s  to  h e a t  p u ls e s  (rep eated  zero es  a r e  ignored)*
T u rb u le n t a g i t a t i o n  o f  th e  bob i s  d e te c ta b le  in  h e a t  cu rren ts abovo 
80 nuV/cra^ ( s e e  f ig u r e  7 .7 ( b ) ) .  The r e s u l t s  o f  th e  two ru n s, in  which 
d i f f e r e n t  f i b r e s  b u t  th e  same h e a te r  ( l l )  were u se d , a g re e  w e l l  w ith  
each  o t h e r ,  b u t  i n  b o th  c a s e s  th e  n o is e  l e v e l  i s  such  t h a t  th e  t r a n s i t i o n  
to  tu r b u le n c e ,  i f  i t  e x i s t s ,  i s  n ot d e te c ta b le ,  A c o n s id e ra b le  amount 
o f  th e  r a t h e r  h ig h , v a r i a b le  n o is e  l e v e l  was due t o  low -frequunoy d r i f t  
o f  th e  DC a m p lif ie r*  I t  was t h i s ,  r a t h e r  th a n  th e  p h o to m u lt ip  11 e r  n o i s e .
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v/hich l im i t e d  th e  s e n s i t i v i t y  o f  th e  a p p a ra tu s  a t  low h e a t  c u rre n ts*
( i i i )  E e s u l ts  a t  1 , 6l|fK ,
C ir c u la t io n  c o r r e l a t i o n  r e s u l t s  d u rin g  h e a t  f lo w s ai*e h e ro  c o n - 
fu sed  because  c o n d i t io n s  w ith  no h e a t  c u r r e n t  IMowing wei'O n o t r e p r o ­
d u c ib le*  and S are  p lo t te d  a g a in s t  h e a t  c u r r e n t  in  f ig u r e  7* 6 (c )
f o r  th e  two r u n s ,  w i th  d i f f e r e n t  f ib r e s  b u t th e  same h e a te r  ( l l ) .  I n  
both  c a se s  c o n d it io n s  a t  th e  b e g in n in g  o f  th e  im i  a re  s im ila r  to  th o s e
in  th e  lu n  a t  1 * wi t h h e a te r  II*  The same h ig h  v a lu e s  o f  f*'" and
th e  same d i i o c t io n a l  b i a s  occur; t h e r e  i s  s l i g h t  e v id e n ce  f o r  a change 
i n  th e  b i a s  i n  h e a t  c u rre n tB  above abou t l |r  mb/cm^* Ih e  r e s u l t s  from  
th e  r e s t  o f  th e  two ru n s  co n fu se  t h i s  p i c t u r e ,  b u t  c o n firm  th a t  r'-'
ten d s to  d ecrease  w ith  in c r e a s in g  h e a t  c u r r e n t .
oI n  h e a t  c u r i 'e n ts  above iO miv/cm'’" random a g i t a t i o n  o f  th e  bob i s
d e te c t a b l e ,  b u t  in c r e a s e  o f  th e  h e a t  c u r r e n t  does n o t alw ays in c r e a s e
th e  rms d e f l e c t io n  o f  th e  bob* The flow  i s  uneven , w ith  b u r s t s  o f
v io le n t  a g i t a t i o n  so p a ra te d  by long  p er io d s o f  r e l a t i v e  q u ie sc e n c e .
A g ita t io n  alw ays o c c u rs  soon a f t e r  sw itch in g  on , u s u a l ly  a f t e r  sw itc h in g
o f f ,  and o c c a s io n a l ly  d u r in g  th e  f lo w , a p p a re n tly  a t  random . T h is
b e h a v io u r  i s  r e f l e c t e d  in  th e  s c a t te r  o f  tlie  p o in ts  in  f i g u r e  7* 7 (c)*
N e v er th e le ss  th e  two ru n s  gave c o n s i s te n t  r e s u l t s ,  a lth o u g h  th e  xms
d e f l e c t i o n s  deduced from  th e  second  xun a re  u n ifo rm ly  h ig h er  than th o s e
fi'om th e  f i r s t  by a f a c t o r  o f  abou t 1 . 1 ,  a s c r ib e d  to  c a l i b r a t i o n  e r r o r s .
oI n  h e a t  f lo w s  above ab o u t 70 m b /c m t l i e  bob i s  a g i t a t e d  c o n tin u o u s ly  
and u n ifo rm ly . J u s t  a s  a t  1 .3 %  and 2.1
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I t  hafi boen confirm od by ohaokirig  th e  c a l ib r a t io n  o f  th o  re c o rd in g  
system  d u r in g  the h e a t  c u r r e n t  t h a t  th e  p e r io d s  o f  q u io sc en c e  a re  n o t  
caused, b y  red u ced  s e n s i t i v i t y  due, f o r  example^ to  th e  b o b 's  moving o u t 
o f  th e  i l lu m in a tio n  u n d e r th e  in f lu e n c e  o f n o rm a l- f lu id  drag, /n  
exangplo o f  a t r a c e  w ith  q u ie s c e n t  p e r io d s  i s  shown in  f i g u r e  7*8, to ­
g e th er  w ith  a f u l l y  t u r b u le n t  one f o r  comparison.
There i s  no c o n c lu s iv e  i n d ic a t io n  oi" a s h a ip  t r a n s i t i o n  t o  tu rb u ­
le n c e  a t  t h i s  te m p e ra tu re , b u t , i f  i t  o x i s t s ,  i t  must o c cu r a t  a h e a t
oc u r r e n t  below  iO mV^cm'",
( iv )  R e s u lts  a t  1 .
At t h i s  te m p e ra tu re  th e r e  a r e  r e s u l t s  from one ru n  o n ly , using; 
f ib r e  XX and h e a te r  I I « No c i r c u l a t i o n  d a ta  have boon o b ta in e d  (s e e  
S e c tio n  (b ) (v ))*  Tho lo w e st  h e a t  c u r ie n t i n  w hich th e r e  i s  d e f i n i t e  
ev id en ce  o f  random a g i t a t i o n  o f  th e  bob i s  29 im/cm"', a s  shown in  
f i g u r e  7*7 ( d ) ,  w here th e  rms d e f l e c t i o n  i s  p l o t t e d  a g a in s t  th e  h e a t  
cu rren t. The g e n e ra l  behaviour i s  s im ila r  to  th a t a t  1 « I n  some
h e a t  c u r r e n t s  above 29 ; # / cm^ th o  q u ie s c e n t regime i s  so dom inant t h a t  
h a rd ly  any a g i t a t i o n  o f  th o  bob can  b e  d e tec ted , above th e  n o is e .  Even 
th e  i n i t i a l  and f i n a l  b u r s t s  o f  tu rb u le n c e  a r e  hard ly  v i s i b l e .  Again 
f u l ly - d e v e lo p e d  tu rb u le n c e  seems t o  b e  e s ta b lish e d  a t  v e ry  h ig h  h e a t  
inputs*
(v ) Com parison w ith  r e s u l t s  i n  oth er  wind tunnels*
I n  t i .e  o r ig in a l  v i s c o s i ty  ex p erim en t which su ggested  the p r e s e n t  
ex p erim en t th e  o b s e rv a t io n s  on tu ïb u lo n c e  a re  n o t  u e t a i le d ,  T u ib u len c e
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o o r ta ln ly  oocurr^ad a t  hoat iziputs o f  o 8 ln ;lln r  order o f  ;;.nd
i t  wao noted th a t the  lax’gost random d e f le c tio n s  wo:re of th e  ssao o rdor 
o f  %R#nltudo a s  th e  mown ütoady d e f le c t io n  duo to  viBcouo drag* / l l  
theeo d ofleo t ion w  w eie  of course in  the  d ire c tio n  p a r a l l e l  to  t)ïe hea t 
f lo w . /- tran & ition  to  tu rb u len ce  wan looked f o r ,  but I f  p resen t i t  vms 
a t  tho  oxtreiijo l ln . i t  o f  s o n o i t iv l t j ,  and th e  vievdng ajsten: wan poor; 
s in c e  %ippleo on th e  helium  su rfa ce  in tr o lu o e d  sp u riou s mo vendent o f  th e  
imago,
With tu n n o l 3 ,  d escr ib ed  In  ch ap ter  6 ,  In  which tr a n sv e r se  motion
o f the  f ib r e  wac viouall^ ' ob served , the  tu rb u len t tro jia i t lo n  ?;an again 
a t  o r below th e  l im it  o f  s e n s i t iv i t y *  I t  wob found th a t  a t 1 *iPK itxndon 
motion o f th e  f ib r e  could j u s t  bo d etected  down to  2 mb/cm*'. In  very 
much IrXphor hoot curt'cnts th e  bI bcb o.(’ tlio la rg e s t  sudden aovomentn of 
the  bob wez'é noted. I t  was found t h a t ,  w ith in  the ra th er  largo  a c a tto r  
o f r é s u l t a ,  th o se  junipn wera p ro p o r tio n a l to  th e  normal’»»l''luio v e lo c ity , 
w ith  a co n sta n t o f  p r o p o r t io n a lity  n ot varyin g  g r e a t ly  w ith  ton.pma" 
tu rs  between and 2*0*#* Tho c h a r a c te r is t ic  a l t e r a t i o n  a t  intox*^
m ediate to& peraturaa o f  b u r s ts  o f  a g i ta t io n  w ith  p er io d s o f  q u iescen ce  
was obsci'Vod in  th is  tu n n e l also*
From the r e c u ite  w ith  tu n n el I I  g iven  above we f in d  th a t th o  rms 
d e f le c tio n  o f the  bob in  f u l ly  tu.rbuIont h eat c u rre n ts  i s  roughly rnopo'xy^  
t io n a l  to  th e  h eat c u r re n t, w ith  a conat&nt o f  p r o p o r t io n a lity  th%t in  
approxim ately
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1 ,1 0  ^ n t  1 , 30°K)
0 .13 ,10  ^ a t  l.fiiPK), _2 / (7.10)0.06*10 ■ aiï/iïi'/cm at 'UBL^ k)
0 , 05*10 om/ci'/cm ^ a t  Z.lO^K)
Bxpreased in  -fcorias o f mean normal*-flm.d v e lo c ity  the  co n s tan t o f proper^ 
t io n a l i ty  i s
/ —i om/cmsGo a t
1.10-3 CD'/cmsec ^ a t
1,10”3 cin/cmsoc a t
2.10"3 crf/crnsec ^ a t
In  agreement w ith  th e  observa tions in  th e  o th e r tu n n e ls  5 (7 ? il)  i s  
0Imo s t  independent of t emp oia tu re  ^
(d) Delay and decay tim es f o r  tu rbu lence
Alien a s u p e rc r i t ic a l  h ea t c u rre n t i s  sw itched on the  bob is  n o t 
im m ediately a g ita te d  (u n less  th e re  i s  a transient follow ed by a steady  
d e flec tio n ^  a s so c ia te d  with s u p e rf lu id  c i rc u la t io n  about the f ib re )   ^ but 
there i s  a delay tim e of tho o rd e r o f a second b efo re  turbulence i s  
e s ta b lish e d  (see f ig u re  7 .8 ), Since th is  delay  i s  o f the  o rder of the 
period, of the main tu rb u le n t f lu c tu a tions^ the rms d e fle c tio n  does not 
r i s e  smoothly to  th e  value characteristic of th e  hea t cu rien t^  b u t
10+ (a )  1'30°K
6 -
s
2--
m e a n  cr i t ica l  
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Figure 7 .9»  Delay t i m e  for tu r b u len ce  v s .  heat  current
(100)
r a t h e r  th o  f i r s t  p o r o o p tib le  movement i s  i n  fa v o u ra b le  c irc u m s ta n c e s  
th e  sudden o n se t  o f  a l a r g e  f lu c tu a t io n , The d e la y  tim e  i s  th e n  
Y/oll defined*
At 1 , %  i s  n o t  v e ry  I'oproducib le, a lth o u g h  th orc  i s  a c l e a r
tren d  touardo h ig h er  v a lu e s  a s  th e  h e a t  current approaches th e  tu r b u le n t  
t r a n s i t io n  from above. T here i s  some evidence t h a t  T* i e  s m a lle r  when 
th e  h e lium  h a s  boon r o c e n t ly  d is tu rb ed  by a h e a t  c u r r e n t „ In  X iguro 
7. 9 (a ) o n ly  v a lu e s  o b ta in e d  a f t e r  th e  helium  had  rem ained  u n d is tu rb e d  
f o r  more th en  100 s e e  a r e  p lo t te d . I t  i s  p o s s ib le  t h a t ,  by a llo w in g  
th e  he lium  to  remain u n d is tu rb e d  f o r  much lo n g e r  t im e s , l o s s  s c a t t e r e d  
p o in ts  c o u ld  bo o b ta in e d ,  but more l i k e l y  t h a t  %  i s  by i t s  d e f i n i t i o n  
r a t h e r  i iT o p ro d u c ib le ,  s in c e  i t  depends on d e te c t io n  o f  th e  bob*s 
i n i t i a l  movement, which may som etim es be small*
.At 1 .6 iiÆ  Tu i s  u s u a l ly  w oll^-dofined, and q u i te  rep rod u cib le  
p ro v id e d  th e  helium  h a s  n o t been  d i s tu r b e d  f o r  a tim e o f  th e  o rd e r  o f  
tw en ty  se co n d s . The v a lu e s  o b ta in e d  a re  shown in  figu re- 7 .9 ( b ) .  At 
tho h ig h e r  toznperaturos, w here th e  r a t i o  o f  th o  su p o rf lu ic i  to  th e  normal* 
f lu id  v e lo c i t y  i s  h ig h ,  th e  I.iagnus fo r c e  a c t in g  on th e  c i r c u l a t i o n  
abou t th e  f i b r e  when th e  l ie a t  current i s  sw itc h ed  on may be la rg e *  I t  
i s  o f te n  d i f f i c u l t  to  s e p a r a te  th e  e f f e c t  o f  t h i s  f o r c e ,  which v id ll vary  
i f  th o  c i r c u l a t i o n  c h an g es , from th e  o n se t o f  t r u e  tu rb u len ce . The 
d elay  tim e  i s  th e r e f o r e  o f te n  i l l - d e f i n e d .  I t  i s  p o s s ib l e  to  sa y  o n ly  
t h a t  a t  1 . 8Z|ATC and 2.1 th e  de lay  tim es %  are probably  o f  th e  same 
o rd e r  o f  m agnitude a s  a t  t lie  low er te n p e ia tu r e s .
(101 )
#1011 a tu r b u le n t  h e a t  c u r r e n t  i s  sw itc h ed  o f f  th e  l a r g e  flu c tu a tio n ^ ^  
o f  th e  bob d ie  o u t i n  a tim e  o f  order one to  th ree  se co n d s , o f te n  le a v in g  
a slow  d r i f t  w hich l a s t s  f o r  ab o u t te n  se co n d s . .Although no f u r t h e r  
a g i t a t i o n  o f  th e  bob can be  s e e n ,  a tim e o f  100 sec  o r  more e la p s e s  a t  
1 b e fo re  th e  c i r c u l a t i o n  c o r r e l a t io n  r''"' and  b i a s  S r e tu r n  to  th e  
v a lu e s  c h a r a c t e r i s t i c  o f un distu rb ed  helium# A t h ig h e r  tem peratures  
th e  s i t u a t i o n  i s  more c o n fu se d , and s im i la r  o b s e rv a t io n s  a r e  n o t  p o s s ib le #  
D uiiiig  t h i s  p e r io d  a f t e r  a tu r b u le n t  b o a t c u r r e n t ,  th e  l i t t l e  c i r c u l a t i o n  
t h a t  i s  v i s i b l e  i s  f l e e t i n g  and o f  no c l e a r  d i r e c t i o n a l  b ia s*  At 1.3*^^ 
a f t e r  a medium h e a t  c u r r e n t  i s  sw itc h ed  o f f  (i* e*  a non -* tu rb u len t c u r r e n t  
i n  w hich p'"** i s  low and th e  s ig n  o f  S i s  r e v e r s e d ) , th e  c i r c u l a t i o n  c o r -  
r e l a t i o n  rem ains low and th o  b i a s  r e v e r s e d  o r  u n c e r ta in  f o r  a tim e  a ls o  
o f  th e  o r d e r  o f  100 s e c .
IV
D is c u s s io n  and  i n t e r p r e t a t i o n
These a r e  deep w a te rs ;  r e s t  n o t  th e r e  «• r e j e c t  
C onclusion  ,•♦
( iu r g a to r io  V I, 43-idi-)
(102)
8* D is c u ss io n  o f  r e s u l t s
(a )  Sup0rflu d .d  c i r c u l a t i o n
( i )  The form  o f  th e  t r a n s i e n t  re sp o n se  to  a  h e a t  p u ls e .
The v a r i a b i l i t y  o f  th e  form o f  th e  t r a n s i e n t  re s p o n s e s  i s  n o t  s u r ­
p r i s i n g ,  s in c e  we exp ect t h a t  a g iv e n  f r a c t i o n a l  a p p a re n t  c i r c u l a t i o n  
can a r i s e  i n  d i f f e r e n t  w ays, a c c o rd in g  to  th e  p o s i t i o n  o f  th e  p a r t l y  
a t ta c h e d  v o r te x  l i n e .  I t  i s  more d i s tu r b in g  t l i a t  even th e  t r a n s i e n t s  
a s s o c ia te d  w ith  c i r c u l a t i o n s  w hich  a re  b e l ie v e d  to  be  q u i te  c lo s e  to  
one quantum have a form  d i f f e r e n t  from  t h a t  p r e d ic te d  i n  c h a p te r  4*
The o b v io u s  e x p la n a t io n  i s  t h a t  o u r  s m a ll - c i r c u ] ,a t io n  approxim ation i s
n ot v a l i d  and t h a t  p r e c e s s io n  i s  c h an g in g  th e  foxm o f  th e  t r a n s i e n t ,  
b u t  s in c e  even th e  s m a l le s t  t r a n s i e n t s  d i f f e r  i n  a s i m i l a r  way from  th e  
p r e d i c te d  fo rm , t h i s  e x p la n a t io n  seems im p la u s ib le .
A no ther p o s s i b i l i t y  i s  t h a t  th e  v isc o u s  d ra g  on th e  b o b , w hich 
was n e g le c te d  in  th e  bou n d ary  c o n d it io n  f o r  th e  f r e e  end. o f  th e  f i b r e ,
e q u a tio n  (4 ,11  ) ,  i s  n o t  in  f a c t  n e g l i g i b le ,  Remembering from  c h a p te r
2|. t h a t  th e  p r i n c i p a l  p e r io d  o f  th e  f i b r e  i s  ab o u t a[2 t im e s  t h a t  o f  a 
s in p le  pendulum  o f  th e  same le n g th ,  th e  approxim ate e q u a tio n  o f  m otion 
o f  th e  bob i s
\f -{• Cy •!- S3 0  (8 * 1  )li
w ith  th e  n o ta t io n  o f  c h a p te r  4# where C i s  th e  v is c o u s  d ra g  c o e f f i c i e n t  
w hich v/as th e r e  n e g le c te d .  F o r low Reynolds* num bers C  -  6'TTkj CL ,
(■103)
w here c l  = 0 ,6 ,1 0  cm i s  th e  r a d iu s  o f  th e  s p h e r ic a l  bob . Hence L  ^
***6 . /j~(V\ 41olO t o  2t>l0 dyae“-sec/cm  between 1 ,3  K and 2,1 w h ile  — ^
"*9 r / n22 ,10  ! dyne-sec /cm j ' ,  T h e re fo re
C - *  « T .  ( 8 .2 )
2.L/
w hich im p lie s  1:hat th e  bob i s  very  l i g h t l y  damped. The v isc o u s  d rag  
on i t  can th e re fo re  s a f e l y  be n e g le c ted o
A sso c ia te d  w ith  p a r t ly  a t ta c h e d  quan ta  o f  c i r c u l a t i o n  a re  f r e e  
v o r te x  l in e s  w hich te rm in a te  on th e  fib re*  These H u e s  behave as i f  
they  a re  under a te n s i  on ( H a ll  1938) which m ust d e f l e c t  th e  f i b r e  and 
might a l t e r  th e  fonn  o f  th e  t r a n s ie n t*  The te n s io n  i s  e q u a l to
U, b /a .„  , (8 .3 )
where Art<= k/i«. i s  th e  c ir c u la t io n  about 'the vortex  l i n e ,  b i s  a
m acroscop ic  d im en sio n , and 0,  ^ i s  th e  e f f e c t i v e  v o r te x -c o re  ra d iu s , 
0?yp ically  th e  te n s io n  i s  ab o u t 2 .1 0  dyne , which c o u ld  d e f l e c t  th e  
bob a t  th e  m ost o n ly  two o r  t h r e e  m ic ro n s , an alm ost u n d e te c ta b le  move* 
m ent. T h is  te n s io n  c o u ld  n o t s i g n i f i e  a n t l y  a l t e r  th e  form o f  th e  t r a n ­
s i e n t .
A p o s s ib l e  c au se  o f  d e p a r tu re  from  th e  th e o r e t i c a l  b e h a v io u r  i s  
th e  s h o r t  s tu b  o f  f i b r e  (a b o u t -g- mm) u n a v o id a b ly  l e f t  p r o j e c t in g  below  
th e  n y lo n  bob . T h is  m ust in c r e a s e  th e  damping end a ls o  som etim es th e
(I0i.)
Magnus fo rce*  whwa th ere  In c ir c u la t io n  about i t *  I t  d i f f i c u l t  to  
nee bow i t  cou ld  g r e a t ly  n lto r  t i .e  form o f  th e  t iv n n lc n t#
The moot l ik e ly  c&u&a o f  th e  unexpected tr a n s ie n t  form in  th e  
follO Yflng. The v ia o o u s  dreg on a long* c ir c u la r  c y lin d e r  de%)onds on th o  
0ut'bli^thi,;ont o f  n rathoz'' s g a c in l f lo w  p s ttm n  roimd th e  cylûndor (lamb 
l945o P» 614)* In  o s c i l l a t o r y  m otion tho flow  g c tto r n  %n& th e  drag 
c o e f f i c io n t  are fu n otion u  o f  fz-equoncy (aoe equation (4*^*2))* and t h o i r  
ont&bli&hmont a t  th o  w tert o f  th e  o s c i l l a t i o n  mu&t tak e  a tim e o f  th e  
order o f  the pez^'iod o f  o s c i l l a t i o n  0^ * se c  in  the o:':jpez'imental con"* 
d lt io n # )*  U n til  then th& damping v a r ie #  w ith  tim e in  a cow plicR tod way 
(o$g# Fromm and Harlow 1% 3)# I t  AWma p la u s ib le  th a t auoh a com pile  
c a tio n  could p az'tly  #upprews th e  f i r s t  maximum, nnd Z'oduoe th e  a c e lo  
end a l t e r  the %)hao0 o f  th e  rcmeindor o f  tho tr a n s ie n t*  At 1 *30^K tho  
f a c t  th a t  the moan f r e e  p ath  o f  th o  phonono la  about equol to  th e  f ib r e  
diamcL&z ^ny in tro d u ce  a d d it io n a l com p lica tion a  (woo appendix %)*
( i i )  The d ii'u c tio n n l b ia s  o.f c lz c u ln t io iu
In  undisturbed  helium  a t 1*j*K tho c ir c u la t io n  b ia s  was rev ersed  
when th# h u ater  and f ib r o  wure changed, Fw&ulta a t  h igh er  tem perature#  
ouggcot th a t th e  bi&w ia  aoaoc ia tod  w ith  tho h e a to r  m th o r  than w ith  
th e  fib re*  I t  wnn a t f l r a t  thought th r t  th e  b ia s  might depend, on tho  
o v e r a l l  nsymKotry o f  th e  hoator* Tho r e s is ta n c e  o f  th e  l e f t  a id e  o f  
h e s te r  1 ,  end hence hcR ting there* i s  g r c o te r  th&n the rcai& tnnoe  
o f  thL r ig h t  nido (%oo f ig u r e  8 .1 ( a ) ) ,  thn h on tcr  th e  mean RUporfluld  
v e lo c i t y  must b e  g r e a te r  in  th e  l e f t  hgilf o f  th o  tu n n el thon in  th e
(a ) sense of induced vort ic i ty
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Figure 8.1. P o ss ib le  su per f lu id  f lo w  p attern s  in a tu n n e l  
w ith  an a s y m m e t r i c a l  h e a te r  :
(a)  f low w i th o u t  c h a n g e  of veloc i ty  profile, show ing  
induced  v o r t i c i t y  ;
(b) poten t ia l  f lo w ,  sh ow ing  curvature  of s tr ea m l in e s
(■105)
r ig h t ,  Tf t ld i' v e lo c i t y  in  propagfiteü ^long th e  tu n n e l in
tho hoot pulooGj v o r t i c i ty  ie, yonarotcd  in  tho onporflu lds ancl voî*tox 
llnofi n ight bn forinocl iilth  a prefori'od or!ontotjon by n MAcMnlnn of 
tho nort RUggooted in  cWiptor 9 (b ), Tlila idea pred icta  the cor'reot 
blew fo r  heater 1  ^ but with heater I I , vdiich has n ln llo r  aoym:etryg 
o lz 'ou ln tiona o f  o p p o site  blao obaarvecl, %c blAc must th e re fo re  
depend on lo s s  obvious îuypccts o f tho  hor.ter geoMotry^ although I t  in  
8y#&#otGd that there n,ust bo scw^ e generation o f  auporfluld v o r t ic ity  
by th e  h ea t p u lse s  to  05q>lalu the re su lts ,
/,n a l l i e d  in 'oblem  i s  th ()t o f  th o  ai%)orflui.d v e lo c i ty  p r o f i l e .  I f  
th e  h ea te r- wore un ifo rïd  th o  p r o f i l e  would be  f l a t *  T here  i s  no rea so n  
f o r  i t  to  d%:)art from  f l a tn o s a  unleag^ mututü. f r i c t i o n  q p o ra te a ,  o)id 
s in c o  i t  i s  th o  c o n te n t io n  o f  th ic ; th e o lo  t h a t  m u tua l f r i c t i o n  in  aaso"» 
e l a t e d  w ith  tu x b u le n co  o f  th e  v iio lo  f l u i d ,  which p ro b a b ly  does n o t 
o c c u r  i n  s u b o r i t i c a l  h e a t  p u ls e u ,  no  im tu a l  f r i c t i o n  i s  ex p ec ted  in  
such  p u l s e s ,  However th e  h e a te r  i a  n o t  u n ifo rm , and we do n o t know 
w h e th er th e  v e lo c i ty  pz*ofile  a t  th o  h e a t e r  p ro p a g a te d  a lo n g  th e  
tu n n e l  u n a l t e r e d ,  o r  w lie thor th e  si^>orf3.u5d io  a b le  t o  f lo w  w ith o u t 
v o r t i c i t y ,  Y;hich would im ply  th o  g ra d u a l  f l a t t e n i n g  o f  t h e  p j r c f i le  aa  
th e  p u l s e  piOTX^gatcd a lo n g  th e  tu n n e l*  Honco th e  n u p e r f lu id  v e lo c i ty  
a t  th o  f i b r e ,  and th e r e  Coro th e  c i r c u l a t i o n ,  a r e  u n c e r ta in ,
( i l l )  s iz e  of obeorvcd o iroulationa.
Xb'obleus o f d e d u c tio n  o f  th e  o ia c  o f  e i r c u la t io n E  from  th e  o b se iv e d  
tran& ientR con be overcome i f  a ccu ra te  cofrpariaon o f  s te a d y  and tr ô n a ie n t
d e f l e c t i o n s  can  b e  raade. A part from  th e  p r a c t i c a l  d i f f i c u l t i e s  th e r e  
ifi a g a in  th e  d i f f i c u l t y  t h a t  f o r  a  n o n ^ m iifo m  h e a t e r  th e  su p e r flu id  
v e lo c i t y  p r o f i l e  a t  th e  f i b r e  i s  n o t a c cu ra te ly  known* S in ce  s te a d y  
d e f l e c t i o n s  can  b e  m easured o n ly  i n  n o n - tu rb u le n t  o o nd l/b ions, m u tu a l 
f r i c t i o n  i s  a g a in  unable to  d i s t o r t  th e  v e lo c i ty  p r o f i l e *
The one com parison  (e q u a tio n  (7 « 3 )) o f  stea d y  and t r a n s i e n t  
d e f l e c t i o n s  a t  1 i s  n o t v e ry  tru s tw o rth y *  N e v e r th e le s s  i t  i s  p o s ­
s i b l e ,  w ith in  th e  e x p e rim e n ta l e r r o r ,  t h a t  th e  two p a r t ic u la r ly  p e r s i s ­
t e n t  c i r c u l a t i o n s  w hich a p p e a r  on th e  h is to g ra m s  ( f ig u r e  7«3 and 
e q u a tio n s  (7*4) and (7 * 3 )) c o rre sp o n d  to  tru e  c i r c u l a t i o n s  o f one quantum 
in  o p p o s ite  senses*  On th e  v o r t e x - l in e  h y p o th e s is  such  c ir c u la t io n s  a r e  
s t a b le  b e c a u se  a s h o r t ,  s t r a ig h t  l e n g th  o f  v o r te x  l i n e  can c a n y  th e  c i r -  
G u la tio n  ab o u t th e  f ib r e  from  th e  bob t o  th e  f lo o r  o f  th e  tu n n e l ,  w h ile  
f o r  s m a lle r  c i r c u l a t i o n s  th e  v o r te x  l in e  h a s  t o  ta k e  up a c o n f ig u r a t io n  
s im i l a r  to  t h a t  c o n s id e re d  i n  append ix  l l ( d ) ,v /h e r e  i t  i s  shown th a t  in  
th e  e x p e r im e n ta l a p p a ra tu s  su ch  c o n fig u r a tio n s  a re  p ro b a b ly  l e s s  s ta b le *  
A lthough t h i s  p ie c e  o f  e v id e n c e  f o r  q u a n t i s a t io n  o f  c i r c u l a t i o n  i s  
to o  q u a l i t a t i v e  to  be  c o n c lu s iv e ,  i t  must be em phasised  t h a t  th e  g e n e r a l  
b e h a v io u r  i s  e x a c t ly  a s  p r e d ic te d  on th e  v o r t e x - l in e  h y p o th e s is  b y  th e  
c a l c u l a t i o n s  o f  c h a p te r  3* C i r c u la t io n s  up t o ,  b u t  p ro b a b ly  no g r e a t e r  
th a n ,  one quantum have  b een  o b se rv e d  from  to  2*1 °K, and have p e r ­
s i s t e d  f o r  up to  f o u r  and th r e e - q u a r t e r  m in u te s . The s i s e s  o f  th e  c i r ­
c u la t io n s  a r e  such  t h a t  th e  s u p e r f lu id  v e lo c i t y  a t  th e  s u r f a c e  o f  t h e  
f i b r e  i s  s e v e r a l  cm /sec . I t  h a s  b een  confirm ed  b y  o b se rv in g  th e  s te a d y
(107)
d e f lo c tlo n  o f the  bob in  boat eu rro n tn  th o t tho t r a n s ie n ts  ri'o  indeed 
due to  c i rc u la t io n  about tho fibzo* The slow v a r ia t io n  in  the 8i%o o f  
a g iven  c i r c u l a t i o n  can p la u s ib ly  be In te rp re ted  as th e  p e e lin g  o f a 
v o r tex  l in o  on and o f f  th o  f lb r o ,  a id ad  by tho rep ea ted  dlnturbanoe duo 
to  tho (uO^eurcnunt p ro cess  I t s e l f ,
(b ) F 'u ):.c r itic a l h e a t  c u r r o n ta  and su n o r flu id  v o r t ic i t y
( l )  Tho e f f e c t  o f  boat c u r re n ts  on th e  observed  c ir c u la t io n *
At 1*3*% th e  b e h a v io u r  o f  c i r c u l a t i o n  i n  h e n t  c u n ^ o n ts  from  s e ro  
up to  1w i s  c o n s ta n t*  The sun e r f  l u i  d i s  e p p e r e u t ly  moved b o d i ly
a lo n g  th e  tu n n e l  w ith o u t e s a e n t i a l  w o d i f io c t ic n ,  t h a t  i e ,  w ith o u t g& ner- 
a tio n , o? e x t r a  v o r t i c i t y .  B ecause o f  th e  b ia s  o f  th e  o b se rv ed  c i r c u ­
l a t i o n s ,  th e  v o rte x  l in o s  in  th e  s u p o r f lu id  m ust hove n p r e f o r i ’od o rd c n -  
t a t io n «  T here  can t h e r e f o r e  be  few o f  them , s in c e  o th e rw is e  th ey  woi;tld 
q u ic k ly  become ta n g le d  end random ly ozd e n ta  t e d , an d , by c h a p te r  3 ( e ) ,  
th e  mean c ls -c u ln tio a  oboist th o  f i b r o  vA^uld be bo th  am a 11 and v o r ia b lo .
2 il u  b o a t c u r r e n t s  above 1 -g nù^cm*' th e  c i r c u l a t i o n  does become more 
v a id e b lo . T hin  would n o t i n  i  t a  e l f  be  re m a rk a b le , i f  i t  n o t  f o r
th e  a im u ltnnooua  r e v e r s a l  o f  b io s#  The c l e a r  i j rp l io o t lo r i  i s  t h a t  aupcz^ 
f l u i d  v o r t i c i t y  i a  b e in g  g e n e r a te d ,  and th e  f a c t  t h a t  I t  I s  n o t  randoraly 
o r i e n t a t e d ,  b u t  o f  th e  o p p o s i te  sa iise  to  th e  natu i^al b i a s  v d th  b o th  
h e a te r # ,  s u g g e s ts  thw t n o t  tu rb u le n c e  b u t  se co n d a ry  flo w  l a  o c c u r r in g  
i n  th e  s u p e r f IvH.cî» The o r i e n t a t i o n  o f  th o  s u p o r f lu id  v o r t i c i t y  g e n e ra te d  
i n  th e  seco n d a ry  f lo w  p ro b a b ly  depends on fb e  same a a p c c ta  o f  th e  h e a t  o r  
aaymmctry as does the natural b iaa In undiatuihed helium, and may be
i  9I n  tu n n e l  I ;  3 mV./om' in  tu n n e l  I I*
(108)
a s s o c ia te d  w ith  a p r o g r e s s iv e  change In  v e lo c i ty  p r o f i l e  a s  th e  
f l u i d  ap i-roaches th o  i r r e g u l a r i t i e s  o f th e  h e a te r*  Any such change o f  
p r o f i l e  in v o lv e s  flow  o f  th e  srQporfluicl a c ro s s  th e  tu n n e l ,  a s  shown in  
fig;ux"0 8*1 ( b ) j  and i t  i s  Icnown from  c l a s s i c a l  iiytlrodynarnics t h a t  such  a 
s i t u a t i o n  fa v o u rs  se co n d a ry  flow*
Tho mcen s u p e r f lu id  v e lo c i ty  corresponding to  a h e a t  in p u t o f  3 
i n W / a t  1*3*% i s  10 “ cm/sec# T here  i s  s l i g h t  e v id e n ce  f o r  s i m i l a r  
behaviour above a h e a t  in p u t  o f  m l/cm " in  tu n n e l  II a t  c o r r e s ­
p o n d in g  to  0 s u p e r f lu id  v e lo c i ty  o f  3*10 ^ cm/sec* I t  th e i 'e fo ra  a p p e a rs  
t h a t  se co n d a ry  super fluid f lo w  o c c u rs  i n  th e  experimental apparatus a t
<i*»9mean si^erflu id  v e lo c it ie s  above about 10*  ^ cm/sec, depending perhaps on
te m p e ra tu re  and p ro b a b ly  upon the g e o m e tr ic a l  d e t a i l s  and imperfections 
o f  th e  apparatus g since th e  higher v e lo c i ty  i s  a s s o c ia te d  w ith  the more 
symmetii.cel heater* I t  i s  lik e ly  that the subcritical tuzbulence 
d e te c te d  by Vinen ( l9 3 ? d )  was also superfluid v o r t i c i t y  g e n e ra te d  by 
se co n d a ry  flow* H is  p u b lis h e d  resu lts su g g e s t t h a t  betw een 1*4°K and 
1o 6®K seco n d ary  flo w  o c c u rre d  i n  h i s  a p p a ra tu s  no* 1 a t  mean sup erf lu i d 
v e l o c i t i e s  above 0*04 cm /sec « T h is  apparatus was a long  cx iun terf low 
tunnel of rectangular cross-section 0*24 % 0.645 cm, opening at one end 
i n to  s chamber in  w hich was n h e a t in g  c o il . I ts  geometry i s  therefore 
q u i te  different from  that o f  th o  p r e s e n t  apparatus.
( i i )  The decay o f  s u p e r f lu id  vortic ity .
At 1«3^K th o  r e v e r s e  bias and low c o r r e l a t i o n  o f  th e  circulation  
about the fibre remain for 100 sec or more after the end of o heat
(iO $)
ouzTont in  whicli üupozflu id voz'tlc lty  has been generated# This tijne 
in  n im lia r  t o  th a t  n o ted  by Vinoa (l957h ) foz- tho  coirplotn decay o f  
tu rb u len ce  in  th e  holiim # f f t o r  e f u l l y  tuybulont b oa t ou iyen t th e  
c ir c u la t io n  i% a m a ll, v a r ih b lo  end o f  uncort&in b ia s  f o r  & s im ila r  
timo* According t o  ch ap ter  3 ( e ) ,  th lw  in d ic o te s  th a t  & tan g led  array  
o f  v o r tex  linoG  i% pracent* tak in g  a t  lo a a t  100 ooc to  decay* In  
rune a t Mghor to^.poreturoG ij iilt io l oonditiono wore oimilGr, but, 
onoo gen era ted , &:uperfluid v o r t i c i t y  decayed v o iy  s lo v /ly , i f  a t  o i l#
T ills may bo due to  th e  in e v ita b le  stea d y  h eat lea k  In to  t iio  h o llw t ,
T,i) 0 8 0  d iatuibing of fo o t could w ell inci'crae with tOApoz^aturo md with  
dcaroa& ing volume o f  helium  ~ l# o ,  towardH th e  end o f  runG* %w 
observed,
(s) â#âm%:&Mo9lj&œiea.
( l )  Nüturo o f  th o  turbulence*
A f o u r le r  a n a ly s is  o f  the d e f le c t io n  o f  th e  bob in  f u l l y  tu rb u len t  
h o s t  cuTTozits hue not been mttei/jpted, but i t  l a  c le a r  th a t  a la r g e  con*  ^
tr ib u t io n  to  th o  %w d e f le c t io n  ocmeet fiom  flu otu m tion p  which have p. 
period cofpw)rable with J) 3 where X) i e  the width o f  the tunnel 
( fv 1 cm) and th e  moan 2iormal«*fluid v e lo c ity #  j )  i s  o f  tho order
o f  1 to  10 T)oc a t a l l  toTipcratuixm iju th e  c in ie r c z it lc r .l  h eat curz'cntzi 
observed ex:po%d.mental]y, v/hllo the ooniparablo az^ntlty  fo r  tha pupei'm 
f l u i d ,  j) / \ ^  g. vnrdoH fjxm ^  0*1 sco -*t 1 * to  ^ 1 0  eeo a t 2.1*N,
There i s  no o ign  o f  much a tcmpcz'Aturo dependence in  th e  expezim ontal
( 1 1 0 )
r e s u l ts *
Tho r e l a t i o n  (7 « 1 l)  o f  th e  rms d e f l e c t io n  o f  th o  bob to  th e  no im al 
f l u i d  v e lo c i ty  i s  a lm o st e x a c t ly  t h a t  g iv e n  i n  e q u a tio n  (5«7)* w hich was 
c a lc u la t e d  on th e  a ssum ption  t l i a t  th e  norm al f l u i d  was tu r b u len t. Even 
th e  te m p e ra tu re  v a r i a t i o n  duo to  th e  v i s c o s i t y  i s  reproduced , p ro b a b ly  
f o r t u i to u s ly .  I t  fo l lo w s  t h a t  a t  th o  t r a n s i t i o n  th e  no rm al f l u i d  
becomes tu r b u le n t . The o b serv a tio n  r e p o r te d  i n  S e c tio n  (b ) ( i i )  t h a t  
random v o r t i c i t y  i s  p r e se n t  in  tho super f lu id  a f to r  a sup o r c r i t io a l  
h e a t  c u r r e n t  su g g ests  t h a t  th e  supor*f3.uid. a ls o  becomes tu zb u lon t a t  th e  
t r a n s i t io n *  The im p l ic a t io n  i s  t h a t  in  s u p e r o r it ic a l  h e a t  c u r r e n ts  th e  
whole f l u i d  i s  tu z b u lc n t .
( i i )  Q u iescence  in  s u p e z c r i t l c a l  h o a t c u r re n ts .
The a l t e r n a t i o n  o f  b u r s t s  o f  fu l ly -d e v e lo p e d  tu rb u le n c e  w ith  
p e r io d s  o f  q u ie sc e n c e  was o b se rv ed  i n  su p e rc x * itic a l h e a t  c u r r e n ts  a t  
1 .64111 and 1 . The f i b r e  i s  more s h a rp ly  tuned a t  th e s e  tem pera­
t u r e s  t h a t  a t  1 .3°K  and 2.1 ( s e e  e q u a tio n  ( 5 .2 ) ) ,  b e c a u se  o f  th e  
v a r ia t io n  o f  v i s c o s i t y  v d th  te n p e ra tu re *  N e v e r th e le s s  i t  i s  d i f f i c u l t  
to  se e  hov; t h i s  c o u ld  p ro d u ce  such a marked e ffe c t*
Q u ie sce n t b e h a v io u r  would occur i f  th e  tu rb u le n c e  in  t h e  normal 
f l u i d  Y/ere f o r  some re a so n  n o t f t i l ly -d e v e lo p e d , so  t h a t  i t  c o n ta in e d  no 
la rg o  e d d ie s ,  b u t o n ly  a la r g e  number o f  s m a lle r  o n e s , whose av erag e  
e f f e c t  on th e  f i b r e  would b e  s m a ll . I t  i s  p o s s ib le  t h a t  q u iesce n ce  i s  
r e l a t e d  to  th e  o b s e rv a t io n s  by Vinen (l957&^d) and Chase (1962) t h a t  th e  
c r i t i c a l  h e a t  in p u t  was l e s s  w e ll  d e f in e d  i n  t h i s  te m p e ra tu re  r e g io n .
( m )
G sp eo ia lly  in  ch an n els . Chase found th a t  tho c r i t i c a l  h eat in p u t
again became shaip  n ear th e  X -^ o in t; s im i la r ly ,  no q u ie scen t behaviour  
was observed  a t  2*1HK.
( i i i )  D elay tim es f o r  turbulence*
The history-dei^endence o f  th e  d elay  tim e % fo r  th e  o n set o f  tu r ­
b u len ce  i s  behaviour well-known in  o la e s lo a l  hydrodynomioB* The d e la y  
tim es measured a t  1 . 3*K and p lo t t e d  in  f ig u r e  7 . 9(a ) are b e lie v e d  to  be  
c h a r a c te r ls t ic  o f  un distu rb ed  helium . The dependence o f  % on th e  h eat  
cu rren t i s  q u a l i t a t iv e ly  s im ila r  to  th a t found by Vinen (l957b ) but th e  
a b so lu te  magnitude i s  un ifozm ly lov/er by a fa c to r  o f about 20. At 1 #64°K 
i t  i s  b e l ie v e d  th a t  th e  ai%)Grfluid ^ms n e a r ly  always n l ig h t ly  d is tu rb ed . 
The behaviour o f  i s  liowever q u ite  rep ro d u cib le , and sim ilaz' to  th a t  
a t  1 *30% (ae@ f ig u r e  7 ,9 (b ))$
I t  h a s been rep orted  by Mendelssohn and S te e le  (1939) th a t turbu­
len ce  fr o n ts  are propagated from th e  h e a te r  a long a ra th er  narrow co u n ter-  
flo w  channel in  s u p e r c r i t ic a l  h ea t cu r re n ts . I f  a s im ila r  phenomenon 
occu rs in  th e  p resen t e](periment th e  d e la y  tim e i s  sim p ly  th e  tim e taken  
f o r  th e  tu ib u len o e  fr o n t to  reach th e  f ib r e .  In  order to  exp la in  th e  
r e s u l t s  th e  v e lo c i t y  o f  propagation  o f  th e  fr o n t must depend on th e  h eat  
current and th e  h i s t o i y  o f  th e  heliu m , tmd we ^ o u ld  exp ect th e  d e la y  
tim e to  depend on th e  d is ta n c e  between th e  f ib r e  and th e  h e a ter . T his  
c o u ld  b e  checked experim en ta lly*
The la r g e  d if fe r e n c e  betw een % in  th e  p r e se n t apparatus and in  
Vinen*s apparatus i s  p>robably due to  d if fe r e n c e s  in  geom etry, and a ls o
(112)
In  th e  d é f i n i t i o n  o f  s in c e  M s  d e la y  tim e  i s  o b ta in e d  b y  m easure­
ment o f  second ’™sound a t t e n u a t io n ,  w h ile  i n  th e  p r e s e n t  expexrlment 
i s  found  by d i r e c t  o b s e rv a t io n  o f  th o  o n set o f  n o r m a l- f lu id  tu rb u le n c e .
I f  th e  id e a  o f  a tu rb u len ce  f r o n t  i s  c o r r e c t  i t  w ould ta k e  a lo n g e r  
tim e to  f i l l  V in en ’s lo n g  charm o l w ith  tu rb u le n c e  th a n  to  re a c h  th o  
f ib r e  in  th e  p r e s e n t  a p p a ra tu s .
During th o  h o a t p u ls e s  w liich  a re  u se d  to  m easure c i r c u l a t i o n  ab o u t 
th e  f i b r e  a h ig h ly  s u p e rc x i- t ic a l  h e a t  c u r r e n t  flow s* A sso c ia te d  w ith  
t h i s  must b e  a s h o r t  d e la y  tim e  1T f o r  th e  o n se t  o f  tu ib u le n c e *  C le a r ly ,  
i f  th e  le n g th  T  o f  th e  p u ls e  i s  g r e a t e r  th a n  % ,  th e  p u ls e  w i l l  d i s tu r b  
th o  helium# I t  seems l i k e l y  t h a t  t h i s  i s  th e  exp lan ation  o f  th e  c r i t i c a l  
p u l s e  h e ig h t rep o rted  i n  c h a p te r  7 (b ) ( i ) ,  e q u a tio n  (7#1)$ I f  tu r ­
b u len ce  i s  propagated  from  th e  h e a t e r  beh ind  a f r o n t ,  a l l  re a so n a b ly  
la r g e  p u ls e s  w i l l  g e n e ra te  some tu rb u le n c e  n e a r  th e  h e a t e r ,  and th o  
apparent c r i t i c a l  p u ls e  h e ig h t  w i l l  be rea ch e d  when t h i s  tu ib u len co  
e x te n d s  a s  f a r  a s  th e  f ib r e .  On th e  o th e r  hand, i f  tu rb u le n c e  b u i ld s  up 
th ro u g h o u t th e  f l u i d ,  th e  c r i t i c a l  p u ls e  h e ig h t  w i l l  be g e n u in e ly  
c h a r a c t e r i s t i c  o f  th e  helium s i n  s u b c i i t i o a l  p u l s e s  no tu rb u le n c e  o ccu rs , 
i n  s u p e r c r i t i c a l  p u l s e s  i t  does occu r . I n  t h i s  c a s e  we would ex p ec t a 
sharp) in c r e a s e  in  the a t te n u a t io n  o f  p u ls e s  a t  th e  c r i t i c a l  h e ig h t .
Such an in c r e a s e  sh o u ld  have been  d e te c te d  by second-sound t e c h n iq u e s | 
t h a t  i t  h a s  n o t  been  d e te c te d ,  a s  f a r  i s  known, s u p p o r ts  th e  id e a  o f  a 
tu rb u le n c e  f ro n t*  I t  should be m entioned t h a t  th e  r is e - t im e  o f  th e  
p u ls e s  i s  d e l i b e r a t e l y  made to o  long  f o r  shook-wave phenomena o f  th e
(113)
tjïp e  d e r .o r l to d  b y  Csboxne ( l  951 ) t o  o ccu r.
In  c la s s i c a l  tu rb u len t f lo w  tu rb u le n c e  u s u a lly  b u i ld s  up in  th e  
fo llo w in g  way* At th e  i n l e t  to  th e  channe l th e  flow  i s  la m in a r , and  i t  
rem ain s so  u n t i l  a f t e r  a c e r t a i n  *i n l e t  le n g th * , tu rb u le n c e  suddenly  
s e t s  in  (P ra n d t l  1952 , p* 16?)® The i n l e t  le n g th  depends n o t o n ly  on 
th e  d ia m e te r  o f  tho  c h a n n e l and th e  Reynolds * number o f th e  flo w , b u t  
a lso  very  markedly on th o  pertu rlxation s which are im pressed on th e  flo w  
a t  th e  i n l e t  t o  th e  channel. I n  s h o r t  channels tu rb u le n c e  can n o t b e  
observed in  n om in a lly  s u p e r c r i t ic a l  flo w s u n le s s  th o  i n l e t  le n g th  L  i s  
lo s s  than the le n g th  o f  th e  c h a n n e l. Because f l u i d  e n te r in g  th e  c h an n e l 
does not become tu r b u le n t  u n t i l  i t  h a s  t r a v e l l e d  a d is ta n c e  L , th e  
d e la y  tim e %  fo r  th e  buü.ld-up o f  tu rb u le n c e  a t  th e  s t a r t  o f  th e  f lo w  
snust b e  o f  o itler  L / v  , where V i s  th o  moan v e lo c i t y  o f  th e  f l u i d  
(V inen I9 5 7 h ). i . e .
L  ^  . (8 .4 )
I n  Vinen * s experim en t th e  q u a n t i ty  was alw ays com parab le  w ith  o r
g r e a t e r  than th e  le n g th  o f  th e  c h a n n e l. T h e re fo re , he  a rg u e d , th e r e  
can be no i n l e t  le n g th  a s s o c ia te d  w ith  th e  norm al f l u i d .  The q u a n t i ty  
V lg  was l e s s  th a n  th e  le n g th  o f  h i s  c h a n n e l, and he s u g g e s te d  t h a t  
any i n l o t  le n g th  m ust be  a s s o c ia te d  w ith  th e  su p e r f lu id , and t h a t  t h e r e ­
f o r e  th e  tu rb u le n c e  a s s o c ia te d  w ith  s u p e r c r i t i c a l  h e a t  c u r r e n t s  was in  
th e  s ia p e r f lu id .  Yet we s h a l l  see  t h a t  th e  norm al f l u i d  was a lm o st
(-114)
c o r t r â n ly  tu r b u le n t  i n  t h i s  ex p erim en t to o . I t  i s  th e r e fo r e  su g g e s te d  
t h a t  th e  concep t o f  an i n l e t  l e n g th  i s  n o t  a p p l ic a b le  i n  o a u n to rf lo w  
tu n n e ls , and t h a t  th e  id e a  o f  a tu rb u le n c e  fr o n t i s  more f r u i t f u l *
In  t.h.e p r e se n t experim ent th e  q u a n t i ty  was o f  th e  o rd e r  o f
1 Oiïïp th e  d is ta n c e  from  th e  h e a te r  to  th e  f i b r e ,  a s  shown i n  f ig u r e s  
7 . 9(a) and (b ) ,  w here th e  q u a n t i ty  i /v ^  s e c  i a  p lo t t e d  a lo n g  w ith  th e  
o b se rv ed  v a lu e s  o f  * T h is  su g g e s ts  t h a t  in  s u p e r c r i t ic a l  cu rren ts  
th e  tu rb u len ce  fr o n t  i s  p ro p a g a te d  dovmstream v/ith a v e lo c i t y  s i m i l a r ,  
b u t no I: e x a c t ly  e q u a l , t o  tlie  moan n o i’iual f l u i d  v e lo c ity *
( iv )  The decay  o f tu rb u le n c e  i n  th e  norm al f lu id #
A fte r  a tu r b u le n t  h e a t  ou rz 'cn t i s  sw itch ed  o f f  th e  .major f l u c t u ­
a t i o n s  o f  th e  bob d ie  o u t in  a tim e  which i s  n o t  very  w e ll  d e f in e d  o r  
r e p r o d u c ib le ,  b u t  which l i e s  b e  two on one and th r e e  so c o n d s , in d ep en ­
d e n t ly  o f  th e  v a lu e  o f  th e  p reced in g  h eat current * T here  som etim es 
rem a in s  a slow  f l u c t u a t i o n  which d ecay s  i n  abou t te n  se c o n d s , and th e r e ­
a f t e r  o n ly  th e  su jp e r f lu id  v o r t i c i t y ,  which h a s  a lr e a d y  been  d is c u s s e d ,  
i s  p re s e n t#  I f  we inolce th e  r e a s o n a b le  assumption t h a t  th e se  t im e s  a re  
a l l  much lo n g e r  th a n  th e  tim e  ta k e n  to  disch arge t h e  therm al c a p a c i ty  
o f  th e  h e a t e r  when th e  cu rren t i s  sw itc h e d  o f f ,  t h i s  b e h a v io u r  must b e  
c h a r a c t e r is t ic  o f  th e  decay  o f  tu rb u len ce  in  helium *
A ccord ing  to  B a tc h e lo r  (1953> p* 9 2 ;and o t h e r s ) ,  i n  a t u r b u le n t  
c l a s s i c a l  f l u i d  i t  i s  th e  sm a lle s t  e d d ie s  w hich d ecay  f i r s t , e v e n tu a l ly  
le a v in g  o n ly  th e  v e ry  l a r g e s t  (and h ence  m ost slo w ly  v a ry in g )#  Prom 
our o b se r v a tio n s , tu z b u le n c e  i n  th e  norm al component o f  h e liu m  I I  b eh av es
(115)
i n  j u s t  t h i s  c l a s s i c a l  way: a f t e r  th e  decay  o f  th e  s m a ll ,  fo n t e d d ie s  
th e  remnants o f  th e  l a r g e s t  edd ies o r i g i n a l l y  p r e sen t i n  th e  flow  
c au se  th o  slow  f l u c t u a t i o n  o f  th e  bob.
(d ) The c r i t i c a l  h eat In p u t
The r e s u l t s  o f  S ta a s ,  T aco n is  end van Alphon ( l 9 6 l ) ,  r e f e r r e d  to  
a s  STA, have  boon o u t l in e d  i n  ch ap ter  2(b)* They measured th e  p r e s s u r e  
g r a d ie n t  i n  v a r io u s  ty p es  o f  f lo w  and found  th a t  t h e i r  r e s u lt s  f i t t e d  
th e  knovm. em p irica l r e l a t i o n  betw een  p r e s s u r e  g r a d ie n t  and mean v e lo c i ty  
f o r  a  tu r b u le n t  c l a s s i c  e l  l i q u id  o f  v i s c o s i ty  , d e n s ity  ^  and moan 
v e lo c i ty  . By e q u a tio n  ( 2 .5 )  th e  p ro ss u rn  g r a d ie n t  i s  n o t d ir e c t ly  
d ependen t on th e  m u tu a l fr ic t io n #  fT'^ a ls o  measured the tornporaturo 
g r a d ie n t  in  t u r b u le n t  f lo w  and showed t h a t  mutual f r i c t i o n  wa s n e o e s s a ry  
to  e x p la in  th e  r e s u l t s  ( s e e  eq u ation  ( 2 ,6 ) ) :  n o rm a l-flu id  tu rb u le n c e  
a lo n e  wan i n s u f f i c i e n t .  They found  t h a t  th e  flow  was alw r;/s p o t e n t ia l ly  
tu r b u le n t, independent o f s u p e r f lu id  v e lo c i ty ,  i f  th e  Reynolds * number 
KCy oxoeeded 1200* , w hich i s  d efin ed  i n  e q u a tio n  ( 2 .1 4 ) ,  depends
on  th e  no 1 mal f l u i d  v o lo o ily #  but tl o t o t a l  f l u i d  dc ix s ity .
Chase * s  ( l9 6 2 ) r e s u l t s  have a ls o  boon noted i n  ch ap ter  2 (b ) , Ho 
found  t h a t  th o  o r i t i c a  1 v e lo c i ty  f o r  tu rb u len t f lo w  was g iv en  by
RCy ? 2600-2300 (8*5)
from  1.2*K to  1 . 6*^ K. Above 1 *6°K th e  c r i t i c a l  v a lu e  o f  f o i l
rough3.y l in e a r ly  wit], to iirporn tu ro  t o  a e ro  at th e  X -p o in t .  In f a c t  most
(1 16 )
o f  th e  r e s u l t s  v/ere o b ta in e d  n o t  by d l r o o t  m easurem ent o f  th e  tempera­
tu re  g r a d i e n t ,  b u t  b y  a r a t h e r  s o p h i s t i c a te d  tech n iq u e in v o lv in g  th e  
m easurem ent o f  th e  d e la y  tim e f o r  th e  bu3.1d-up o f  m utua l f r i c t i o n  i n  a 
h ig h ly  s u p e r c r i t i c a l  h e a t  c u rre n t*  Th is te c h n iq u e , v iiich  i s  clue to  
Vinen ( l9 5 7 b ,d ) ,  i s  d e s c r ib e d  i n  c h a p te r  2 ( b ) « The r e s u l t s  w ere con­
f irm e d  by d i r e c t  measureinent o f  th e  te m p e ra tu re  g r a d ie n t  i n  the s m a lle s t  
ch an n e l (0*08 cm d ia m e te r ) ,  and i t  was found th a t no m utual f r i c t i o n  
was d e te c ta b le  below  th e  c r i t i c a l  h e a t  in p u t « Chase * s t e n t a t i v e  con­
c lu s io n  was t h a t  below  1 . 6°K m utua l f r i c t i o n  i s  a sso c ia te d  w ith  t u r ­
b u le n c e  i n  th e  n o iu a l  f l u i d  o r  :Ui both f l u i d s ,  w ith  p o s s ib ly  another  
mechanism o p e r a tiv e  near th e  X -po int# The o b se rv ed  b lu rz in g  o f  th e  
t r a n s i t i o n  in. th e  m iddle tem perature range would then bo a s s o c ia te d  w ith  
th e  c h a n g e -o v e r from one mechanism to  th e  o th e r .
Chase has p o in ted  out in  a p r iv a te  comm unication, and as f'^r a s  
p o s s ib le  i t  h a s  been confirmed by th e  p re s e n t  au th or, th^ t f o r  th e  
p u b lish od  measurements o f  mutual f r i c t io n  in  h ea t cu rren ts i s
g r e a te r  th a n  th e  c r i t i c a l  v a lu e . T h is  i s  c e r t a i n l y  tru e  o f  n e a r ly  a l l  
th e  r e s u l t s  q u o ted  b y  G o rte r  and Y e llin k  ( l9 4 9 ) in  wide ( > 1 0  ^  cm) 
c a p i l l a r i e s .  In  one o f  t h e i r  s e t s  o f  r e s u l t s ,  in  a c a p i l la r y  o f  0 ,3 4  mm 
diam eter a t  1 ,6 l  a abarp  d ecrea se  i n  th e  m u tu a l f r i c t i o n  bolow  
Rty 4  2500 i s  c l e a r l y  v i s i b l e .  In  some o th e r  measurements in  n a rro w  
c a p i l l a r ie s ,  where a c r i t i c a l  v e lo c i ty  f o r  th e  o n se t o f  m utual f r i c t i o n  
hoB boon d e te rm in e d , th e  c r i t i c a l  v a lue  o f  c a lc u la te d  frcom th e  pub­
l i s h e d  d a ta  800ms ra th er  low: o.g* l\ù  c r i t i c a l  ^ 1,72°K  i n  a
(117)
c a p i l l a r y  o f  d ia m e te r  2*4 .10  cm ( I 'in k e l  e t . a l ,  1955) I ^
21.0 a t  1«BV1C in  a c a p i l l a r y  o f  d ia m e te r  5*10 am (B row er, fdw ards and
F.fenrlelssohn 1956)® The c r i t i c a l  v a lu e s  o f  c a lc u la te d  from  Vinen*o
(l9 5 7 a /b )  d e ta i l e d  m easurem ents o f  m utual f r i c t i o n  i n  w id e , r e c ta n g u la r  
c h an n e ls  a r e  oe fo llo w s ;
I n  a p p a ra tu s  no, 1 (O* %.0 x  0 ,6 4 5  cm)
'R<^ è 1500 a t  1 .2 9 5 ’’K
i  2100 at, 1,400°K
i  2100 a t  1.500°%
I n  a p p a ra tu s  no. 2 (0*400 x 0,783 cm)
= 1700 a t  1.304°K
= 2300 a t  1 .400°j,C
Roz th e s e  c a l c u l a t i o n s  the e f f e c t i v e  d ia m e te r  o f  th e  ch an n e l i s  ta k e n , 
a s  i n  chap tez ' 5» as 4-A /  P  ^ where A i s  th e  a re a  and T th e  p e r im e te r  
o f  i t s  c ro s s - s e c t io n »  V alues o f  th e  v i s c o s i ty  have been  interpolated 
from  th o se  used i n  c h a p te r  4(b ) , They a re  r a t h e r  u n c o ir ta in , and th o  
apparently low values of the c r it ic a l  Reynolds* nimbor near 1*3°% Biay 
be due t o  o v e ro s t im a tio n  o f  th o  v i s c o s i ty  c o e f f i c i e n t  at that tem p era ­
tu re *
(i-18)
I n  t i i G  p r e s e n t  experim en t th e  c r i t i c a l  h e a t  in p u t  f o r  th e  o n se t 
o f  tu rb u le n c e  i n  tunnel I I  i s  (4# 3 ^ 0 .8 )  mV//om  ^ a t  1 . 30°K. T here­
f o r e  th e  mean c r i t i c a l  v e lo c i t y  o f  th o  normal f l u i d  i a  (0 .2 7  0 ,0 5 )  cm/
sec* The e f f e c t i v e  d ia m e te r  o f  th e  tu n n e l  i s  0*73 om. W ith th e  v a lu e  
o f  th e  v i s c o s i t y  u sed  i n  c h a p te r  4g n « 22.10 p o i s e ,  th e  c r i t i c a l  
Reynolds * num ber a t  1.3°% i s
- 1 3 5 0 - 2 5 0 , ( 8 .6 )
i n  good ag reem en t Yvith th e  STA value*  At th e  h igh er  te m p e ra tu re s  th e  
a c tu a l  tu r b u le n t  t r a n s i t i o n  i s  n o t v i s i b l e ,  b u t  from  the lo w est h e a t  
current in  w hich th e re  i s  d e f i n i t e  ev idence  o f  tu rb u le n c e  an upper 
l im i t  to  th e  c r i t i c a l  R eynolds* number can  b e  deduced!
<  1450 a t  1.6i(.“K.)
^  1750 a t 1.64.°K) ( 8 . 7 )
<  1500 a t 2.10»E)
In  tu n n e l  I  a t  1 ,3°% tu rb u le n c e  was o b se rv ed  v i s u a l l y  down to  th e  l i m i t  
o f  s e n s i t i v i t y ,  2 mW/cm"^, c o rre sp o n d in g  to  a Reynolds * number . = 
1100,
The agreement o f  th e s e  r e s u l t s  w ith  th o se  o f  STA i n s p i r e s  c o n f i­
dence i n  them , a lth o u g h  th e y  w ere o b ta in e d  in  a sh ort and g e o m e tr ic a l ly  
im p e rfe c t wind tu n n e l. W ithin th e  experim ental error  th e  f l u i d  becomes
(119)
tu r b u le n t  a t  th e  lo w e s t p o s s ib le  v a lu e  o f  Xt , 1200 ao co rd in g  to  STA.
I n  C hase's and V inen*s r e s u l t s  th e  t r a n s i t i o n  i s  d e la y e d  u n t i l  a h ig h e r  
Reynolds * number, a p p ro x im a te ly  e q u a l to  th e  c l a s s i c a l  va lu e  o f  2300, 
i s  reached. The d if fe r e n c e  p ro b a b ly  l i e s  i n  th e  nozm al f lu id  i n l e t  to  
th e  c h a n n e l,  which i n  t h e i r  experim ents was connected  to  a chamber in  
w hich th e  h e a te r  was p la c e d ,  w h ile  i n  th e  p r e s e n t  a p p a ra tu s  th e  h eater*  
w ith  i t s  i r r e g u l a r i t i e s ,  covered  one end o f  th e  tu n n e l*  In  8TA*s  
a p p a ra tu s  th e  t r a n s i t i o n  may have som etim es o c c u rre d  a t  th e  low er 
Reynolds * number b e c a u se  o f  th e  m idd le  s e c t io n  o f  th e  ch an n el, w hich , 
a lth o u g h  o f  w id e r  d ia m e te r  than th e  r e s t ,  was curved* Eowevor th e  tra n ­
s i t io n  c o u ld  sometimes b e  delayed  u n t i l  a Reynolds' number o f 3000*
The t r a n s i t i o n  to  tu rb u le n c e  ob serv ed  in  th e  p resen t experim ent i s  
th e r e f o r e  i d e n t i f i e d  w ith  th e  o n set o f  m utua l f r i c t i o n  p r e v io u s ly  
de te rm ined  by Vinen, Chase and others*  I t  appears t h a t  m u tu a l f r i c t i o n  
i n  h e a t  cu rren ts in  w ide c h a n n e ls  i s  in  f o o t  a s s o c ia te d  w ith  tu rb u le n c e  
in  b o th  th e  norm al f l u i d  and th e  su p e r f lu id , a s  su g g e s te d  by Chaso* I t  
i s  unfortu nate t h a t  th e  s e n s i t i v i t y  o f  th e  apparatus i s  n o t  h ig h  enough 
to  d e te m in e  w h e th er th e  c r i t i c a l  Reynolds * number f a l l s  to  z e ro  a t  th e  
\  -p o in t , or  whether i t  i s  roughly in d ep en d en t o f te m p e ra tu re , a s  seems 
to  be im p lie d  by STA*
(e) Suimuary o f main c o n c lu s io n s
I n  a shoz't c o u n te r  f lo w  vfLnd tu n n e l  a t  1*3°K tv/o " c r i t i c a l ' '  h o a t 
GUj;rents a re  observed* Below th e  lo w e r o f  th e s e  th e  no im al f l u i d  f lo w s 
i n  a la n d n a r  way anu th e  s u p e r f lu id  c o n ta in s  o n ly  a l i t t l e  v o z t i c i t y ,
which may bo produoed by th o  prooooo Thoro in
ooMc r a th e r  q u a l i ta t iv e  experim ental ovî donoo th a t  under thoBo oon- 
d ltlou B  th o  GiQporfluld c ir c u la t io n  about o f jb r o  Imn^orood in  tlio liolium  
i s  quantized^, In. th e  flow regime between th e  two c r i t i c a l  h ea t cu rren ts*  
which i s  probably ro la to d  to  Vinon* s  " a u b o r it io o l turbulcnoo"* th e  
BiAperfluid con tains e x tr a , n o t e n t i r e ly  zxmdom, v o r tic i ty *  and the 
nozmal f lu id *  although  %)osaibly s l i g h t l y  d ia tu zb ed , i a  n o t f u l l y  tu r -  
bulcnt® The lower c r i t i c a l  hoot current can be d escrib od  ns n. c r i t i c a l  
s i^ o r f lu id  v e lo c i t y  zYhoeo v a lu e , about 10 cm/aoc in  tho  preecm t 
0:{porlment, pz'obabîy depends s tro n g ly  on th e  geometry o f bhc epporetuo® 
Abovo th e  uppor c u r lt ic a l h ea t oz irrcnt, which io  th a t f o r  th e  o n se t o f  
mutual f z ic t io n  determ ined by pi'ovioue au th ors , th e  normal f lu id  i s  
f u l l y  tm -bulent* T his bohaviou i' can be d eecr ib ed  by a R eynolds' 
nimiber deponding on th e  v o lo c i t y  and v i s c o s i t y  o f  th e  n o m a l f lu id  but 
the t o t s l  f lu id  deneity*  The o r l t i o n l  va lu e  (1350 ^ 250) o f  th in  
Reynolds' number i s  approx im atcly  equal to  th a t  o f  th e  R eynolds'
Büijû)er l’o r  th e  onset o f tu rb u len ce  i a  a c l& B sic e l f lu id #  At tenîpei-'a- 
tm~es h ig h er  then  l*j*K  th e  r e s u l t o ,  although fo%' experim en ta l reeeon s  
lo s s  cloaz.v’o u t, a rc  c o n s is ta n t w ith t h i s  in te rp re ta tio n ^
I t  seeme th a t  th e  t r a n s i t io n  to  tm b u lm o o  in  helium  m y  be  
CSCe n t la l ly  o la a & lc a l, no t h a t  o a lc u la t lo n o  o f  th o  c r i t i c a l  % 'elooity 
f o r  th e  o n set o f  mutual f r lo t 'o n  in  torma o f  th e  c r e a tio n  oi' v o r te x  
rlngG are in co rrec t#  However, Vin&n*G (1957&) c a lc u la t io n  o f  th e  
o r it io a i .  behaviou r in  terme o f  th o  a m p lif ic a tio n  o f  e x i s t in g  a u p o rflu ld
(119B)
v o r t i c i t y  g iv e s  good q u a l i t e t i v o  egreoiuont w ith  o x p e rlm o n t, nnd may 
hnvo more in  common w ith  th o  preaont a%?proAch th en  l a  a t  once apparent#
(120)
9* F u r th e r  su g g e s t io n s  and s p é c u la t io n s  
(a )  M utual f r i c t i o n  and tu rb u le n c e
R e fe r r in g  b ack  t o  eq u ation s (2*5) and ( 2 .6 ) ,  we se e  t h a t ,  i f  th e r e  
i s  no m utua l f r i c t i o n ,
g ra d  p  = g r a d ”T  (9*1 )
i n  a h e a t  c u r r e n t ,  w h e th e r  th e  n o rm al f l u i d  i s  tu r b u le n t  oz' n o t .  V/e 
Imow th a t  m utual f r i c t i o n  i s  n o t  d e te c ta b le  u n le s s  th e  norm al f l u i d  i a  
t u r b u le n t ,  b u t  i t  c an n o t b e  i d e n t i c a l  vvith norm al f l u i d  tu rb u le n c e  
because th e  r e l a t i o n  (9*1 ) i s  n o t s a t i s f i e d *  When tu rb u len ce  s e t s  i n  
g ra d  "p .r is e s  above th e  v a lu e  e x p e c te d  i n  la m in a r  f lo w , b u t  çS  g r a d X  
r i s e s  even more, and th e  d i f f e r e n c e  betw een  them in c r e a s e s  w ith  in c r e a s in g  
h e a t  c u r r e n t  (e*g* STA 1 96 l)*  T h e re fo re  n o t  o n ly  m ust th e  normal f l u i d  
b e  t u r b u le n t ,  b u t  some o th e r  fo r c e  m ust a c t  s p e c i f i c a l l y  on th e  temp era -  
t u r e  g ra d ie n t*  I t  i s  tem p tin g  to  i d e n t i f y  t h i s  fo r c e  w ith  th e  G orter-  
M e llin k  m utual f r i c t i o n ,  which i s  known to  b e  a good ap p ro x im atio n  in  
w ide c h a n n e ls  and a t  h ig h  v e l o c i t i e s .  L ike V inen ( l9 5 7 c )  we assume t h a t  
th e  m utual f r i c t i o n  i s  cau sed  by  s u p e r f lu id  tu ib u le n c e , w hich we now 
b e l ie v e  to  b e  accom panied by tu rb u le n c e  i n  th e  norm al flu id .*
The su g g e s te d  f lo w  e q u a tio n s  a r e  th ez 'e fo re s
‘ 'K \
g ra d  r  s= h \7 )
(121)
in  s u i ) c r it ic a l  heat c u r r e n ts , -vvhei-e V  V. i s  to  be c a lc u la te d  f o r
P o i s e u i l l e  f lo w , and any s m a l l ,  s u b c r i t i c a l  m u tua l f r i c t i o n  i s  neg­
l e c t  edj end
g ra d  p V ’ t )
^ ^ g r a d T  = f  ( J ,  ,  [  ) + /V
(9 .3 )
0
i n  s u p e r c r i t i c a l  h e a t  c u r r e n t s ,  w here ^  ) i s  th e  Imown mean
p ressu re  g r a d ie n t  i n  c l a s s i c a l  t u r b u le n t  f lo w , and A i s  th e  G o r te r -  
M e llin k  c o n s ta n t ,  whose v a lu e  a c c o rd in g  to  Vinen ( i9 5 7 a )  ran g e s  from  
30 cm -sec/gin a t  1 *3°K to  100 cm*-sec/gm a t  1 * The a v e ra g e s  a re  to
b e  ta k e n  o v e r  th e  c h a n n e l o r o s s - s e c t io n  and in  tim e.
f lo w
We can  app ly  c l a s s i c a l  th e o ry  to  th e s e  r e s u l ts *  F o r P o l s o u i l l e
1\ Vi
-  eI T ' / .
T herefo .re by (9*2)
g ra d  p % gb rad I 1= ir ( 9. 4 )
i n  s u b c r i t i c a l  h e a t  cu r re n ts . T h is  r e l a t i o n  h as  b een  confirm ed by
numerous a u th o r s ,  who have u sed  i t  to  deduce H ( e .g .  STA)-» I n  tu rb u -•k
l e n t  f lo w  th e  mean p re ssu re  g ra d ien t i s  (P ra h d t l  1952 , p . I 62)
1 '  c ) (?l ( 9. 5 )
(122)
where X, 1 b  a slow ly varying fu n c tio n  o f tho HeynolclB® mmhor» For 
Reynolds * numbers *Re up to  80,000 B la s iu s 's  form ula
\  4  0 .3 2 /  (9 ,6 )
i s  correct in  smooth pipes»
STA fin d  that the ^pressure gzadient in  helium i s  g iven  by B la s iu s 's
r e s u l t s  i f  th e  Reynolds ' nuoiber (equation  (2 .14 )) i s  used. Hence
we have th a t , in  a u p ero r itica l heat currenta,
g ra d  X  :c g ra d  p 4 ^ ^ 1 A/ A-
1
( 9 .7 )
I
I
where ™ 0 » 3 2 / » T herefore grad a cC \   ^ , w h ile
th e  mutu a l - f r i c t io n  c o n tr ib u tio n  t o  g r a d X  :Is p ip p o r t io n a l to  
V,. -  V , and independent o f  d  # I t  fo llo w s  t h a t  i n  s u f f i c i e n t l y  vrldoI /V/
chann els or  a t  h ig h  eizough v e l o c i t i e s  the m u tu a l-fr io t io n  c o n tr ib u tio n  to  
g rad X "  w i l l  b e  dom inan t, and th e  G orter-H ellin k  e q u a tio n  w i l l  a p p e a r 
to  bo s u f f i o i e n t  t o  d o s c i lb e  th e  r e s u l ts #  I n  narrow  c h a n n e ls  and a t  ].ow 
v e l o c i t i e s  g ra d  p w i l l  become im p o r ta n t ,  and d e p a r tu r e s  f.rom th e  G ortez^  
Mellin].c e q u a tio n  w i l l  b e  observed  i f  no acco u n t i s  tak e n  o f  tu rb u le n c e  in  
th e  norm al f l u i d .  The depurbures w i l l  ta k e  th e  form o f  d e v ia t io n s  fz'oni 
th e  cube law  o f  v e lo o i t y ,  and a p p a re n t dependence o f  th e  c o n s ta n t  A on
(123)
chQ iinol diam eter. T his i s  e x a c t ly  th e  p o s i t i o n  i n  p r a c t ic e .
F o r a j u s t  s u p e r c r i t i c a l  h e a t  c u r r e n t  ( 2000) in  a 1 cm c h a n n e l
a t
w h ile
A [  (  I -  \ |  ?  9 .10 ~^ '- djme/cm-^. (9,9)^ I /X/ A ' I
The norma]/~i'luld c o n t r ib u t io n  to  grad"T* i s  th e r e fo r e  s i g n i f i c a n t  
j u s t  above th e  t r a n s i t i o n ,  b u t  i n s i g n i f i c a n t  f o r  h e a t  c u rren ts  gi'Oator 
th a n  a few  tim e s  th e  c r i t i c a l  v a lu e . In  a 1 mn channel th e  normal^-fluld  
c o n t r ib u t io n  i s  dom inant i n  h e a t  cu ri'en ts from  th e  c r i t i c a l  value up to  
se v e r a l tim es c r i t i c a l ,  and  b o ,  i f  i t  i s  n o t  ta k e n  i n t o  accou n t, con-' 
s id e rab X e  d ivergen ces fix>m th e  Gor'ter---ke3-link e q u a tio n  sh o u ld  occur*
I n  view  o f  t h i s ,  p r e v io u s  d e te lim in a tio n s  o f  th e  form  o f  th e  G o rte r^  
H e ll in k  f r i c t i o n ,  e s p e c ia l ly  a t  low v e lo c i t i e s  and in  narxow  ch a n n els , 
a r e  untrustwoz'tliy. I t  w ould b e  w orthw hile to  r e c a l c u l a t e  th e  m utual 
f r i c t io n  from  a l l  p re v io u s  r e s u l t s ,  a llow in g  f o r  no im al“- f l u ld  'tu rb u le n c e , 
and eee  i f  th e y  thereb y  became more c o n s is t e n t , and w h e th e r th e  slinple  
Gorter»"Me 1 l i n k  form  su g g e s te d  fo r  th e  m u tua l f r i c t i o n  In  e q u a tio n  (9*3) 
i s  c o r r e c t .  I n  th e  m easurem ents o f  m utual f r i e t i o n  which have been
deduced from th e  a tte n 'b u a tio n  o f  second  sound, tu rb u le n c e  in  t h e  no rm al
(•I 24)
f l u i d  must le a d  to  some e x t r a  a t t e n u a t io n ,  w hich may p o s s ib ly  be la rg o  
enough to  confuse th e  r e s u l t s *  'No e s t im a te  o f  th e  a ls o  o f  t h i s  e f f e c t  
h a s  b een  made*
The problem o f  e x p la in in g  m utual f r i c t i o n  h a s  now a l t e r e d  s l ig h t ly #  
I t  i s  knovvii (? in e n  1937c) t h a t  th e  p re se n c e  o f  vortex  l i n e s  in  th e  
s u p e r f lu id  o f f e r s  a  p l a u s ib l e  approach; p r e v io u s ly  th e  prob lem  was to  
e x p la in  why v o r t i c i t y  a p p e a re d  i n  th e  super-f3xiid above a c e r t a i n  c r i t i c a l  
v e lo c i ty  and how i t  c o u ld  b e  m a in ta in e d  a t  a c o n s ta n t  l e v e l .  Now i t  
must b e  e x p la in e d  why th e  s u p e r f lu id  becom es tu r b u le n t  when th e  norm al 
f l u i d  does: why th e  c r i t i c a l  R eynolds ' number c o n ta in s  th e  t o t a l  f lu id  
d e n s i ty  and  n o t t h a t  o f  th e  norm al f lu id  a lo n e ,  STA have p u t  fo rw ard  
some id e a s  on t h i s  su bject#  I t  i s  t e n t a t i v e l y  su ggested  by th e  p r e s e n t  
a u th o r  t h a t  n o r m a l- f lu id  tu rb u le n c e  may a u to m a tic a l ly  in d u ce  v ortex  
l i n e s  o r  v o r t i c i t y  in  th e  s u p e r f lu id .  I n  t h i s  way d i f f i c u l t i e s  1_n th e  
m ain tenance  o f  a u p e r f lu id  v o r t i c i t y  (Townsend 196,3) can b e  a v o id e d , and  
i t  i s  n ot n e c e s s a ry  to  r e l y  on th e  a m p lif ic a t io n  o f  e x i s t i n g  v o r t i c i t y ,  
o r  on th e  c r e a t io n  o f  v o r te x  l i n e s  a t  th e  w a l l  o f  th e  chann el, w hich we 
Imow from c h a p te r  3 (c )  t o  b e  extrem ely d i f f i c u l t *  On th e  o th e r  hand th e  
r e a l  d i f f i c u l t y  i s  brought r ig h t  i n to  th e  fo re g ro u n d . T h is  i s  t h a t  th e  
c r e a t io n  o f  a c o m p le te , q uantized  v o r te x  l i n e ,  o f  m acroscopic l e n g th ,  
and liaving a v e lo c i t y  f i e l d  w hich extends in  th e o ry  th ro u g h o u t th e  w hole 
he lium  b a th ,  i s  v i r t u a l l y  im p o ss ib le . We s h a l l  d is c u ss  t h i s  problem i n  
S e c tio n  ( b ) .
(1J
(’d) Supori’l u i d  v o r t i c i t y  and th e  Q uantlao-tion  o f  c i r c t i l a t i o n
Y inen’s  ( l 96lb )  experim en t on th e  d e te c t io n  o f  s in g le  quanta o f  
c i r c u l a t i o n  p ro v id e s  f a i r l y  f i m  ev idence  f o r  th e  q u a n tiz a t io n  o f  c iz '-  
c u l a t i o n ,  p a r t ic u la r ly  w ith  th e  i n t e r p r e t a t i o n  i n  te rm s o f  c l a s s i c a l  
v o r to x - l in c  th e o ry  p u t forward in  append ix  I I .  Some fu r th e r  support i s  
g iv e n  by th e  c i r c u l a t i o n  m easurem ents made in  th e  p resen t experiment*
I t  i s  th ere fo re  p ro b a b le  t h a t  th e  s u p e r f lu id  c i r c u l a t i o n  ab o u t a s o l i d  
body i s  q u an tized . However, s u p e r f lu id  c iro u lo .t io n  may n o t  a lw ays b e  a 
good quantum number. We know (Landau 1941 ) th a t  th e  th ree components o f  
c u r l  V<5 a t  a p o in t  do n o t  commute w ith  each o th er; t h a t  i s ,  th e y  c a n n o t 
bo sim u ltan eou sly  d efin ed *  I t  fo l lo w s  by a s im p le  argum ent t h a t  th e  
s u p o r f lu id  c i r c u l a t i o n s  about two l i ifc e d  c i r c u i t s  do n o t commute * S in ce  
can  o n ly  be d e f in e d  b y  an a v e ra g e  o v e r  a t  l e a s t  one a tom ic  volum e, 
we m ust co u n t hvo c i r c u i t s  a s  l in k e d  i f  th e y  anywhoro approach c lo s e r  
than th e  in te r a to m ic  d is ta n c e »  H ence, i f  th e  c i r c u l a t i o n  i s  d e f in e d  o r  
measured about a g iv en  c i r c u i t ,  th e r e  I s  a w hole c la s s  o f  c i r c u i t s  whose 
c i r c u l a t i o n  i s  u n cer ta in ; th e  c i r c u l a t i o n  about th e s e  c i r c u i t s  i s  n o t  a 
good qucntimi number.
At a b so lu te  zero th e  whole sup e r f  lu i,d  i s  in  a s in g le  quantum s t a t e ,  
w hicii in  tb o  q u a s i - c la s B ic a l  approx im ation i s  s p e c i f i e d  by the con*" 
f ig u r a t io n  o f  a l l  t l ie  v o r te x  l i n e s  In  i t .  I n  g e n e r a l  t h is  c o n fig u i"a tio n  
i s  n o t  s te a d y , b u t  ch an g es w ith  tim e  in  a way which can  b e  c a lc u la te d  
c la s s ic a l ly *  The c i r c u l a t i o n  abou t any g iv en  c i r c u i t  t h e r e f o r e  changes 
i n  g e n e r a l  w ith  tim e* I n  quantum-mechanical langu age, i t  doos n o t
(126)
commute w i th  th e  H a m ilto n ia n ; t h a t  i s ,  i f  tho t o t a l  energy o f  th e  h e liu m
Xi s  s p e o i f io d  , t h e  s u p e r f lu d d  c i r c u l a t i o n  about any  c i r c u i t  c an n o t i n  
g e n e r a l  ho e x a c t ly  d e fin ed *  The t o t a l  energy  and th e  c ir c u la t io n  can  b e  
sim u lta n eo u sly  d e f in e d  o n ly  i f  th e  voarkex-lino c o n f ig u r a t io n  i s  steady*  
P o s s ib le  s te a d y  c o n f ig u r a t io n s  can  be  found c l a s s i c a l l y ,  a s  i n  appendix I] 
Then th e  c i r c u l a t i o n  can n o t b e  d e f in e d ,  n e i t h e r  c a n  th e  vorbex-**liae 
c o n f ig u r a t io n  be  e x a c t ly  ( sp e c if ie d . T h is  quantuiiwnechanieo.1 u n c e r t a in ty  
can  b e  in trod u ced  in to  th e  q u a s i - c la s s io a l  approxim ation by  al3.ovdng 
th e  B U p erflu id  t o  occupy m ixed quantum s t a t e s ,  b u i l t  up by th e  super­
p o s i t io n ,  w ith  varyin g  p r o b a b i l i t i e s ,  o f  a la rg o  number o f  p u re  s t a t e s  
i n  w hich th e  vor^kex-lino c o n f ig u r a t io n  i s  e x a c t ly  s p e c i f i e d .  The quasi"" 
c l a s s i c a l  d e s c r ip t io n  o f  such  m ixed s t a t e s  m ust b e  in  te rm s  o f  d i s t r i ­
b u te d  v o r t i c i t y ;  t h a t  i s ,  lom inar f lo w  o f  th e  su p erflu id #
We have th e r e f o r e  re a c h e d  th e  c o n c lu s io n  t h a t ,  a lth o u g h  th o  super-- 
flu id  c i r c u l a t i o n  abou t any c i r c u i t  i s  q u a n tiz e d , so t h a t  i t s  value when 
m easured m ust b e  an i n t e g r a l  m u lt ip le  o f  k , i t  n eed  n o t b e  a good 
quantum num ber, and so th e  superfluid can f lo w , in th e  q u a a i - c lo a s ic a l  
a p p ro x im a tio n , w ith  distributed v o r t ic i ty #  We s h a l l  assume t h a t  t h i s  
result a p p l ie s  a t  a l l  temperatures below  th e  X -p o in t#
I t  i s  p l a u s ib l e  th a t  th e  c r e a t io n  o f  d i s t r i b u t e d ,  unquantized  
v o r t i c i t y  i s  much e a s ie r  th a n  th e  c r e a t io n  o f  a com plete v o r te x  l in o *
In  t u r b u le n t  f lo w  f o r  example i t  c o u ld  b e  p ro d u ced  b y  a weak i n t e r ­
a c t io n  betw een th e  norm al f lu id  and  th e  s u p e r f . lu id , p ro b a b ly  e s s e n t i a l l y  
1* C l a s s i c a l l y  any v o r te x  co n fig u ra t io n  has c o n s ta n t  e n erg y  a t  0°K,
(1?7)
quantum'-mechan.icaJ. i n  o r i g in ,  and p o s s ib ly  co n n ec ted  w ith  th e  f a c t  t h a t ,  
when th e  norm al f l u i d  i s  tu r b u le n t , t h e r e  a re  no s te a d y  v o r t e x - l in e  
c o n f ig u r a t io n s  b y  su p e ip o s lt io n  o f  which th e  s u p e r f lu id  v o r t i c i t y  can  
b e  b u i l t  up. M utual f r i c t i o n  can  then o c c u r  b e c a u se  a t  ev ery  p o in t  th e re  
i s  a f i n i t e  p r o b a b i l i t y  o f f in d in g  a v o r t e x - l in e  c o re ,  w hich may s c a t t e r  
n o rm a l-flu id  e x c i ta t io n s *
Once th e  tu rb u le n c e  h as  decayed  and th e  norm al f l u i d  i s  a t  r e s t  i t  
i s  a g a in  p o s s ib le  to  f i n d  s t a t e s  i n  which th e  t o t a l  e n erg y  and th e  su p er- 
f lu id  c ir c u la t io n  can  b e  s im u lta n e o u s ly  defined*  Many o f  th e s e  s t a t e s  
w i l l  b e  to o  d i f f e r e n t  from  th e  i n i t i a l  d i s t r ib u t io n ,  o f  v o r t i c i t y  t o  be  
a c c e s s ib le ,  \ic e x p ec t t h a t  th e  o c c u p a tio n  p r o b a b i l i t y  o f  th e  a c c e s s ib le  
s t a t e  o f  lo w e st e n e rg y  w i l l  grow a t  th e  expense o f  th e  rernalndeiu That 
i s *  th e  su p e r flu id  v o r t i c i t y  w i l l  a p p e a r , c l a s s i c a l l y ,  to  c r y s t a l l i z e  
o u t in  a c e r t a i n  stea d y  v o r te x - l in e  c o n f ig u ra tio n s  d is tr ib u te d , unquan- 
tizG d v o r t i c i t y  ( s u p e r f lu id  tu rb u len ce) w i l l  b e  d e s t ro y e d ,  a s  su g g e s te d  
by Townsend (1963)*
The m odel m oots some o f  Towmsend * s o th er  c r i t i c i s m s  o f  th o  v o r te x -  
l in o  th eo ry  o f  mutual f r ic t io n *  Because in  tu rb u len t f lo w  th e  v o r tex  
l i n e s  o ro  n ot lo c a l i s e d ,  th e  m u tua l f r i c t i o n  i s  now a volume f o r c e  i n -  
stead o f  th e  awkwardly lo c a l i s e d  fo r c e  o f  th e  u su a l th eory ; a l s o ,  s in c e  
we a rc  p o s tu la t in g  c r e a t io n  o f  s u p e r f lu id  v o r t i c i t y  b y  n o r m a l-flu id  tu r ­
b u len ce , t h e r e  i s  no d i f f i c u l t y  in  th e  m ain tenance  o f  th e  v o r t i c i t y  a t  
on eq u ilib r iu m  le v e l*
Tho e f f e c t  o f  t h i s  m o d if ic a t io n  o f  v o r t e x - l in e  th e o ry  on th e  c a p tu re
(128)
and lo s s  o f  o i^po iÜ u id  c ir c u la t io n  by a f lb x ’e o r  w ire  h a s  n o t  y e t  been  
considered* I t  seems p o s s ib l e  t h a t  th e  m a tr ix  e lem en ts  f o r  th e  v a r io u s  
p ro c e s s e s  may be sm a ll  u n le s s  v o r t i c i t y  i s  s u f f i c i e n t l y  c o n c e n tra te d  
n e a r  th o  f i b r e  to  resem b le  a c l a s s i c a l  v o r te x  lin o *  I n  t h i s  c a se  th e  
u s u a l  th e o ry  w i l l  rem ain  a good approxim a t io n  *
D is t r ib u te d  s u p e r f lu id  v o r t i c i t y  may p ro v e  a u s e f u l  id e a  in  o th e r  
s i tu a t io n s  where th e  o r o a t io n  o f  c l a s s i c a l ,  quantized  v o r te x  l i n e s  i s  
an einbarraosment, I b r  exanplo i t  i s  p o s tu l a t e d  t h a t  th o r a  i s  an array  
o f  vortex  l i n e s  i n  a r o t a t i n g  b u c k e t o f  h e liu m , b u t  th e  c r e a t io n  o f  th e se  
l i n e s  a t  th o  w a ll o f  th e  b u c k e t when r o t a t io n  i s  s t a r t e d  i s  im p o ss ib le , 
by th e  r e s u l t s  o f  c h a p te r  3 (0 ) & i f  however th e  tu rb u le n c e  in d u ced  in  
th e  normal f l u i d  a t  th o  s t a r t  o f  th e  r o t a t i o n  c r e a te s  s u p o r f lu id  v o r-  
t i c i t y  th e  v o r te x  l in e s  can  b e  form ed by  i t s  su b seq u en t c o n c e n tra tio n *
I t  i s  a ls o  e a s i e r  to  u n d e rs ta n d  th e  p ro d u c tio n  o f  vortex  l i n e s  o f  a 
p re ferred  o r ie n ta t io n  in  sh o r t h e a t  p u ls e s  and th e  o c c u rre n c e  o f vor-  
t i c i t y  a s s o c ia te d  w ith  socon d a iy  flov/ o f  th e  su p o r flu id , b oth  o f  wh ich  
a re  b e l ie v e d  to  have been  o b se rv e d  in  th e  p r e s e n t  e^qiezim ent, i f  
Z 'o la tiv e ly  ea sy  cz'eation o f  d is tr ib u te d  su p e r f lu id  v o r t i c i t y  i s  p o s s ib le ,  
(c ) S iipgestionri f o r  f u r t h e r  work
Apart from t h e o r e t ic a l  in v e s t ig a t io n  in  th e  d ir e c t io n  in d ic a te d  b y  
S e c tio n  (b )  and a r e c a lc u la t io n  o f  th e  p u b lish ed  r e s u l t s  on m utual 
f r i c t io n  ( s e e  S e c tio n  ( a ) ) ,  i t  i s  su g g e s te d  t h a t  th e  fo llo w in g  experl-» 
m ental work might be o f  v a lu e .
Fizm or ev id en ce f o r  o r  a g a in s t  th e  q u a n t iz a t io n  o f  c i r c u l a t i o n
(1 29)
could, be  o b ta in e d  with more r e l i a b l e  c a l i b r a t i o n  o f  th e  apparetuG  and. 
more and better comparisons of transient and steady deflections. I f  
the s ig n a l /n o i s e  ratio of th e  re c o rd in g  system  xære- im proved th o  tem­
p e ra tu re  dependence o f  th e  c r i t i c a l  Reynolds * number f o r  tu rb u l.e n ce  
c o u ld  be measured, and an attempt cou ld  b e  made to  d e te c t  th e  e f f e c t  o f  
sub c r i t i c a l  tu rb u le n c e  on th e  I’ibro#
I t  would b e  u s e f u l  to  t r y  to  find out what c o n t r o l s  th e  o b se rv ed  
b i a s  of su p G if lu id  c i r c u l a t i o n ,  b o th  in  u n d is tu z b e d  heliim i and i n  what 
we have c a l l e d  secondary flow  o f  th e  su p e x flm c i; a ls o  t o  se e  w he ther 
the c r it ic a l veloc ity  for tliis secondary flow i s  repzocuoed in other 
a p p a ra tu s e s  end, i f  so, what g o v e rn s  i t .
I t  would b e  r e l a t i v e l y  s in p le  and v e ry  i n t e r e s t i n g  t o  r e p e a t  th o  
p resen t; oxpexlm ent w ith  a w ind tu n n e l  i n  w hich th o  normal f l u i d  was 
h e ld  a t  r e s t  by f i l t e r s  perm eab le  to  th e  s u p e rf la ld *  V/e sh o u ld  th e n  
have = 0, so t h a t  -  0# A ccord ing  to  ST/' th e  normal f l u i d
sho u ld  n o t  become turbulent w h a tev e r th e  superfluid veloc ity . Pi'obably 
in p r a c t i c e  some s o r t  o f  socondary  flow w ould d e v e lo p , and m ight even­
tually become turbulent (cf* K id d e r and Fairbank 1962 ).
Somo p o s s ib le  e x p e rim e n ta l t e s t s  o f  th e  th e o ry  o f  q u a n tiz e d  vortex 
linos are outlined at th e  end of appendix I I .
('130)
.'pp vil d ix  'It Hoe BUI ornent o f  th e  nori;'o l v i s c o s i ty  o f  h o liu n  I I
Iho object of th is  experiment was to estimeto the mean free path
o f  the normal-fluid phorions by  meaouremont o f th e  v is c o u s  drag on e 
f i n e  f ib r e *  The no rm al v i s c o s i ty  i n  th e  sum o f  two p a r t s ,  due res-» 
p o c y .v o ly  to  ro to n s  and phonons (e»g, Atkins 1939? P« 106), The phonon 
v i s c o s i ty  cud mean f r e e  p a th  (which i s  n o rm a lly  te rm in a te d  by a ro to n )  
increases s te e p ly  w ith  d e c re a s in g  température. I t  was b e lie v e d  t h a t  
tho apparent v1.scoaity would f a l l  belov; the c:q)ectod value when the 
phonon mean free path was larger t]]on the fibre diametor. Tho roton 
moan free path i s  s m a l le r  by two orders of m agnitude and the roton. v is­
cosity  i s  in d ep e n d en t o f temperature.
The e^qperdmont was c a r r ie d  o u t in  an a p p a ra tu s  v e ry  s im i l a r  to
t h a t  d e s c r ib e d  in  c h a p te r  6 ( p ) ,  The wind tu n n e l  had a r e c ta n g u la r
c r o s s - s e c t io n  O.3  %1*0 cm and two f i b r e s  wore u se d , b o th  o f  d ia m e te r  
0*9 p. and. 3.engt!i. j u s t  l e s s  th a n  1 cm* The f i r s t  hod o s h e l la c  bob o f  
r a th c i ' u n c e r ta in  w eig h t and th e  seco n d , a ny lon  bob o f  w eigh t 0 .8  ;igm* 
FxOin th e  downstream  d e f l e c t i o n  o f  th e  bob , measui-ed i n  s te a d y  h e a t  
c u rc e i i t s ,  th e  a p p a re n t v i s c o s i t y  vros deduced u s in g  e q u a tio n  (A ,2) and 
th e  c l r s a i c a l  r e s u l t s  f o r  th e  v isc o u s  d rag  on a c i r c u l a r  c y l in d e r ,  Tlie 
sm a ll v is c o u s  d rag  on th e  bob was n e g le c to d ,  end i t  was nssuined t l io t  t h e  
v e lo c i ty  p r o f i l e  o f th e  norm al f l u i d  was f l a t *
F o r To, no lds*  numbers "Rt ~ <C 0*1., whore cL i s  tho
1 adiameter of tho fibre, Iamb*s (l943? P* 616) formula (3*3) used to
c a l c u l a t e  the viscosity . Tor ^  0,A, th e  classical r e s u l t  was
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Figure 1 . 1 .  Measured v i s c o s i t y  as  a funct ion of tem perature
found by  in b a x p o ln t io n  from th e  rosuits g iv en  b y  'P rn n d tl (l932, p# 190). 
The crloulnten e f f e c t iv e  v i a c o e i ty  o f  helium is  shown i n  figure 1 .1 .
Tlie ucv ttcr  of tho %)ointB i s  ;?1.tMn tho oxporimentel error, but the 
approx im ate  agreem ent betw een the r e s u l t s  w ith  th e  two f i b r e s  i s  laZ 'go ly  
fo itu itous bocauBO of tho uncortnln weight of the shellac bob, Tho tom*, 
jpercr.ture v a r i a t i o n  o f  th e  effective  v i s c o s i ty  i s  very similar to  that o f  
the known, t i u o  v isco sity , but i t s  abso3.ute value is  higher by a factor  
of 3? vm ll o u ts id o  th e  experimental e rro r*
Tlie phonon mean free path i s  oxpooted to become equal to tho fibre  
c iiu a . 'tc r  between 1 * and 1.4^K, The e-%periment was d is c o n tin u e d  
because no anomaly in  the effective v1.scosity could be seen near th is  
temper a ture. Because of the curious fonn (5,3) of the drag on a cylinder, 
i t  i s  n o t  oven c o x ta in  that th e  effective v isco sity  ough t to  f a l l  when 
the moan free path becomes larger than the fibre diameter, libr low stream 
v e l o c i t i e s  the v is c o u s  drag i s  lo w er th a n  th e  d rag  t h a t  would o c cu r in 
open-gas flow. The effective  v isco sity  might therefore tend to r ise . In 
the o r i g i n a l  formulation o f  th e  theory o f  the .normal v isco sity  th e  phonon 
mean free %rth seemed well defined (Landau and lOxalatnikov 1949a,b) but 
K h o la tn ih o v 's  l a t e r  work ( l9 5 6 n ,b )  i t  becomes a v a g u e r c o n c e p t, so  that 
i t  is  not clear what relation even a clear-cut oxporimental measurement 
o f  tho mean free poth would have to  th e  theory,
No c o n v in c in g  e x p la n a t io n  o f  the anom alously  high e f f e c t iv e  vis** 
o o s i ty  has ’boon found . The heat c u r r e n t  was supercritical f o r  a l l  the 
measurements, so that th e  norm al fluid was turbulent and th e  assumption
(132)
o f  a f l a t  v o l o c i t j '- p r o f i l e  n o t  to o  p o o r  (random d e f l e c t i o n s  duo to  th e  
tu rh u le race  contributed to  th e  s c a t t e r  o f  th e  I'osults) * I n  any case 
t h i s  a ssu m p tio n  c o u ld  hardly c a u se  an error o f  more th a n  a f a c t o r  2«
I t  i s  p o s s ib l e ,  b u t  r a t h e r  Im p la u s ib le , t h a t  b o th  th e  bobs w ere much 
l i g h t 03:' th a n  e x p ec te d . I t  seems more l i k e l y  t h a t  th e  c l a s s i c a l  r e s u l t s  
f o r  tb o  v is c o u s  d rag  on a c y l in d e r  in  s te a d y  flow  b ro k e  down i n  th e  
e x p e rim e n ta l c ircu m stan ces^  p e rh a p s  b ecau se  o f  m e e n -fre e -p o th  e f f e c t s  
o r  the tu rb u le n c e  i n  th e  no rm al f lu id #  I t  i s  known t h a t  th e  drag i s  
v e ry  o a a i ly  altered i f  th e  a s p e c t  r a t i o  o f  th e  cylinder* i s  to o  low 
(Prondtl 1952; p# 190), i f  th e  w a lls  o f  th e  c o n ta in in g  vessel a re  n o t 
v e ry  d i s t a n t  in d e e d  ( h h i te  1945)? or i f  th e  flow v e lo c i ty  i s  n o t s te a d y  
b u t o s c i l l a t o r y  ( s e e  e q u a tio n  (4«42) and chapter 8 (a )  ( i ) ) ;  to o  much 
f a i t h  sho u ld  therefore n o t  b e  p la c e d  i n  th e  a p p l i c a b i l i t y  o f  the c l a s s i ­
c a l  r e s u l t s  without more e x p e r im e n ta l in v e s t ig a t io n *
a-
.Appendix I I ;  Vin en* & experim ent t o  d e te c t  s in g le  ouan te  o f  c i r c u l a t i o n  
I n  t h i s  append ix  V ia on * s  ( l9 6 lh )  o x p e ria ien t, o u t l i n e d  i n  c h a p te r  
2 ( h ) ,  i s  in te rp re ted  i n  terms o f th e  qua s i - c l a s s i c a l  th e o ry  o f  q u a n tiz e d  
vortex  l i n e s ,  Most o f  h i s  o b serv a tio n s can  be acco u n ted  f o r  i n  t h i s  
w ay, and somo d i . f f l c u l t i c s  in  th e  o r ig in a l  in t e ip r c t a t io n  overcome# I n  
p a r t i c u l a r  i t  i s  found u n n o c o ssa iy  t o  p o s t u la t e , as V inen d i e ,  an 
anom alously largo  v o r te x -c o r e  r a d iu s ,
(fj) Tho a c t io n  o f  a a t r a ig i i t  v/ii'c on p a r a l l e l  v o r te x  l i n e s  
( i )  The hydrodynam ica l a p p ro a ch .
I t  was p o in te d  o u t in  c h a p te r  3(&) t h a t  tho r e s u l t s  o f  th a t  c h a p te r  
co u ld  h e  a p p lie d  to  n * n te rec tio n s  in  fche a r r a y  o f  p a r a l l e l  vortex  l i n e s  
p r e se n t in  rotating  heliu m . I f ,  as in  Vinen*s e:;q)erimentg a f in e  w ire  
i s  s tr e tc h e d  along ti.ie a x is  o f a r o ta t in g  v e s s e l  o f  h e liu m , th e  r e s u l t s  
o f  c h a p te r  p (h ) a i'c  a t  once a p p lic a b le ,
Then there i s  no c i r c u l a t i tm  abou t th e  vJ.re neiglrbouiing v o r te x  
linos are subject to klio induced velocity (3 * 7 ) , wliich mu:.,t lead to  th e  
capture by  th o  wire o f  one quantum  o f  c i r c u l a t i o n , a s  in  o h 'p t o r  3(b)* 
t h e r e a f t e r  the n e ig h b o u rin g  v o r te x  l i n e s  a re  subjeot to  the  v e lo c i ty  
f ie ld  (3 , 9 ) , which f a r  from th o  w ire  i s  i d e n t i c a l  to  the v e lo c i ty  
induced by a free vortex line* Hence, pz'ovided that tbo equilibrium 
l i n e  spacing X i s  much g r o a t  o r  th a n  th e  r a d iu s  R  o f  t).o  oil 0 , bho 
p re s e n c e  o f  the w ire  w i l l  disturb th e  r e g u la r  a n  ay o f  v o r te x  l i n e s  
very l i t t l e .  F o r when one quantunt has been c a p tu re d  i t s  induced 
velocity f i d e  (3*9) rcmaijns sijnilcr to th it of a free vortex lizie.
(i54)
Honoe tho  romalnijng vosrtox l in e n  v d .ll ta k e  t h o lr  no im ol e q u lllb ilu m  
%)osltl03%G w ith  t o  I t  ^nd to  oeoh othor^» and no fi^rther olron^
la t io n  w i l l  1)0 ooptm'od# Hov/ovor, I f  A i»ore comparmblo w ith  K I t  
would bo poG o ib lo to  cap tu re  a neoond quontim# Tho mgoclmum %)0% ltlvo  
(rq p u lo lv e ) va luo  o f  (3 # 9 )?  which ooourn e t  r  ond i s  o f  mag*iltude
about K / S R  (n ee  f ig u r e  3 .4 ) ,  could j u s t  be overoomo by th e  v o lo c lty  
f i e l d  o f  0 vorteoc H a o  a fu i th o r  d ls tn n o e  3  & from the lidLre# Honoe, 
nog].ecting( th e  secondf^^ordor o f fc o t  o f  othea? vorUex lin eu *  e gGcond
quantum could be  captured when 3 K ,  But X (7T K /w )*  (IT .1 )
(ooo oha^ator 2 ( b ) ) ,  where oj l o  th e  m g u le i' v e lo c i t y  o f  z o ta t io n , and 
no th e  c r i to r lo n  foz^ th e  oepturo o f  two quanta i s  in  ord er  o f  magnitude
( n K /io )^  ^  3
o r  cJ - /  K/31^'^' (11*2)
^ 30 ro d /o o o  i f  X K: 1.3*10*^ cm#
Tho criteria  for the cmi t^uro of fm ther quanta could be eim ilerly derived#
( i l )  Tho connection between tho energetic end hydrodynamlcel 
approaches*
Vinen doduced tho expected equilibrium circulation about the %vli*e 
bjr direct cdou latlon  of the free energy of various oonflgur&tionu# In 
single cases i t  le  possible to calouloto freo^^enorgy changes hydrody- 
n&mlcell)'', to show that they agree with tho directly  calculated values#
(135)
rnc t o  dcmonstrnlo the po&cibillty or ImpoBüibillty of attaining eq u ili-  
b r iu u :, The v o r te x  l in o s  o re  t r e o t e c  a s  bound ; t h a t  i s ,  f ix e d  a t  r e s t  
in the courdinato system, The Mognus fo iccs acting upon them may thon 
bo inter 13ted to f in d  th e  change i n  energy  ob t h e i r  p o s i t io n s  a re  
varied*
C o n sid e r th e  c a se  o f  a w ire  w ith  no c i r c u l a t i o n  a b o u t i t  and o. 
parallel v o r te x  lljie in  othenifisa undisturbed helium. The free enoigy 
o f  the line vi)en i t  i s  f a r  from  th e  wire i s  (e ,g , Vinen I9 6 ia )
=: 1T  ^}<^  Uv !) / per unit l e n g th ,  ( l l* 3 )
1  ^ Iwhere ft D , th e  radius o f  th e  c o n ta in in g  vessel* and is  a cut­
off parameter depend ing  on th e  s t r u c tu r e  o f  th e  co re  o f  th o  v o i t ex l i n e .  
In th o  simplost ceso* where the coze i s  just a hole in  the liquid v/hich
contributes n o th in g  to  th e  energy  i f  s u r f a c e  tension i s  n e g le c te d ., C\^
i s  equal to tho radius of the hole.
The .free enexgy p e r  unit le n g th  a f t e r  LI c v o r te x  l i n e  h a s  been 
captured by tho Aire i s
A 1 (3  U. b' /  R  » (1 1 . 4 )
ï.'heï’O ifj tho  r a d iu s  o f  th e  . I r e ,  and b /'.■ b . The chnngo i n  f r e e  
energy  p e r  u n i t  le n g th  i s  th e r e f o r e
= u p  K^U. R / a „  f o r  R > = > a , (11«5)
ITyuiooyiiamica l l y  th e  f r e e  en erg y  change i s  c a lc u la te d  a s  fo l lo w s , 
Ttie ^il'.gnus f o r c e  p e r  u n i t  l e n g th  i s
(equation ( 3 » 0 )
h  r ( r ^ - R h
■f ^
r ( r ^ - K ^ )
i d irec ted  Inwards. (Sa n e g a t iv e  f o r  th e  o a p tu ro  p io c e s ^ ,
nd
:il d i s ta n c e  "between wire and v o r te x ,  ossun.sd la i 'g e
low er liiiclt, unknown because the  form o f f o r  r e d
n estim ate  of i s  found 'l\ in te g ra t in g  u n t i l  th e  core
ouches th e  su r fo o e  o f  th e  A ire
(137)
i .c*
D
\  ( U -!- ^^ )^  -  R 7
Tnlcinf;- th e  l i r a i t  f>B D —9 oc , end nssiimirvj t h a t  lv'.S>(\„ , we hnve
Aft / -  -• T p  id L R/A, . ( I I . 9)J ''S
18T his a g re e s  w ith  th e  d i r e c t l y  c a lc u la te d  v a lu e  ( jT«5)  when eocoim t 
ta k e n  o f  an e x tr a  c o n tr ib u tio n , o f  Tf^^K^ 'LuZ from  th o  i n t e g r a t i o n  
th ro u g h  th e  v o r te x  c o re ,
'' more i n t e r e s t i n g  c a se  i s  t h a t  o f  e w ire  w ith  u n i t  c i r c u l a t i o n  
rnd p a r a l l e l  v o r te x  l i n e .  When th e  s e p a ra t io n  i s  l a r g e  vie have
q  = T1p^ ,ld( U &V«-o •!■ h  f / R )  , (11.10)
and a.fter ca.ptu.re
n: ( l ie  )'" L  ^ /  R  . ( I1 .1 1 )
   _ .% / t  ^ . 'T'i àT h ere fo re Al, = 7 ' "  j  (1 1 .1 2 )
I L L"' fta k in g  0 0 rz b -  u w ith  s u f f i c i e n t  accuracy»
From e q u a tio n  ( i , l O )  we know t h a t  th e  i n t e r a c t i o n  i s  r e p u ls iv e  f o r
(l3Ei)
i T R  nncl a t t r a c t i v e  f o r  TR'C •f < 1  R  , The energy  change 
t \A 'le fo i 'o  f a l l s  n e tu r? ‘l l y  in to  two p a r t s ,  d iv id e d  a t  tb o  c r i t i c a l  
r a c in s ,  Now
K p '  2  R 7  , ,q  _ — ... ( e o u a tio n
k  r  (  'R'^')
f'P
fkerefore Am = IfTp K Cj I r
j (  % R  b -
4'
i s  nega tive  end.
%
4 R 0 r - ' « 0  '
41%L av -■ Z tv f  K \ I t ,  I l a
V o  1/^ L  ( R a a o )
'  4 R ^ Ï ( R + m y - R ^ Ï
Ç ™ T T ^ K  U R / ^ A p  f o r  R ï> '>  o.p . (1 1 .1 4 )
l i l G I  0 1  iiX ’O 4- Adi AV iT ^  ^....................................................... ... w" g 1 1 1  « 1 5 3l i  I s
T ills e x p re ss io n  d iv e rg e s  a s  D , b u t  i t  i s  n a tu r a l  to  tak e  T) 1? t
th o  r a d iu s  o f  th e  c o n ta in in g  v e s s o l .  T h e re fo re , assum ing I) ZzS>" R  »
ho^ + ^  i r ^  Im J ( I I . 16)
(139)
v/hich a g re e s  w lkh th e  d i r e c t l y  c a lc u la te d  v a lu e  (X ï»12) i f  th e  c o re  
c o n tr ib u t io n  t n i  i s  added a s  b e fo r e ,
'Because i s  s t r o n g ly  p o s i t i v e  th e r e  i s  n p o t e n t i a l  b a r r i e r  to
b e  overcome i n  th e  c a p tu re  by  th e  w ire  o f a second quantum o f  c i r c u l a t i o n .  
E x te n s io n  o f  th e  argum ent shows t h a t  the c a p tu re  o f  f u r t h o r  q u an ta  i s  
s d m ila r ly  h in d ered *  S ta te s  vd.th i n t e g r a l  c ir c u la t io n  about th e  w iro , 
betw een  w hich th e  b a r r i e r s  occu r , w i l l  be  c a l l e d  quasi-* G q u ilib ria*  I t  
i s  assum ed t h a t  th e  c a l c u l a t i o n s  rem ain  q u a l i t a t i v e l y  v a l id  i n  r o t a t i n g  
helium .
The t o t a l  energy  change 4- i s  a ls o  p o s i t i v e ,  b u t  sm a ll.
The d i f f e r e n c e s  i n  energy betw een  th e  quas i - e q u i l i b r l a  a re  th e re fo re  
s m a l l ,  and may be  r ev ersed  i n  s ig n  by r e l a t i v e l y  minor changes i n  con­
d i t i o n s ,  i n  p a r t i c u l a r  by r o t a t i o n  a t  low a n g u la r  v e lo c i t y .  Of a l l  t h e  
p o s s ib l e  q u a si-eq u ilib r iu m  s t a t e s  th e  tru e  eq u ilib riu m  i s  t h a t  o f  lo w e s t 
f r e e  e n e rg y , Vinen ( l 9 6 l b )  h a s  c a l c u l a t e d  th e  e q u il ib r iu m  c i r c u l a t i o n  
f o r  a w ire  o f  r a d iu s  1*3*10 cm in  a c y l i n d r i c a l  v e s s e l  0 ,2  cm in  
r a d i u s ,  and f in d s  t h a t  i t  r i s e s  from  aero to  one quantum and a g a in  to  
two q u an ta  a t  a n g u la r  v e l o c i t i e s  i n  th e  ran g e  from  10*"'" to  10^^ r a d / s e c .  
The system  canno t r e a c h  i t s  t r u e  eq u ilib r iu m  from a qua si** e q u il ib r iu m  
o f  lo w er c i r c u l a t i o n  how ever, f o r  th e  angular v e lo c i ty  n e c a sso ry  to  
overcome th e  p o t e n t ia l  b a r r i e r s  in v o lv e d  i s  by equation ( l l , 2 ) ,  o f  t h e  
order o f K / ^ R ^  , w hich  i s  ab o u t 30 r a d /se c  i f  R  -  1 ,3»10~^ cm.
J u s t  as Ag p r e v e n ts  th e  capture o f  v o r te x  l i n e s ,  so  p r e -
v e n ts  t h e i r  lo s s .  I n  c h a p te r  3 (c )  th e  c o n d it io n  n e c e s s a ry  f o r  th e
(140)
c r e a t i o n  o f  a v o r te x  l i n e  a t  a f ib .r o ,  o r  any o th e r  s o l i d  s u r f a c e ,  was 
d e te rm in e d . I t  i s  so s t r i n g e n t  t h a t  n o rm a lly  such c r e a t io n  i s  impos*» 
s ib lo p  and so  i n  a quasi™ eq u ilib riu m  s t a t e  th o  w ire  i s  u n a b le  to  lo s e  
c i r c u l a t i o n ,
( i i i )  Summary*
The e q u il ib r iu m  s t a t e  o f  a r o t a t i n g  v e s s e l  o f  h e liu m  c o n ta in s  on 
a rz u y  o f  v o r te x  l i n e s  p a r a l l e l  to  th e  a x is  o f  ro ta t io n *  I f  a f i n e  m r e  
i s  s tr e tc h e d  a lo n g  t h i s  a x is  a q u a si-eq u ilib r iu m  s t a t e  w i l l  be a t t a in e d  
in  which th e r e  i s  u n i t  c i r c u l a t i o n  about th e  w ir e ,  ex ce p t p o s s ib ly  a t  
such  low r a te s  o f  .ro ta t io n  t h a t  no v o r te x  l i n e s  a r e  p r e s e n t  i n  th e  v e s s e l .  
The a tta in m e n t  o f  th e  tru e  e q u il ib r iu m , i f  t h a t  sh o u ld  I'oqu ire two o r  
more quan ta  o f  c i r c u l a t i o n  about th e  w ire , i s  opposed b y  en erg y  b a r r i e r s  
w hich can b e  overcome o n ly  b y  v ery  r a p id  r o t a t i o n  o f  th e  helium* I f  on 
th e  o th e r  hand to o  h ig h  a c i r c u l a t i o n  were somehow e s ta b lish e d  abou t 
th e  w ir e , eq u ilib r iu m  could n o t be  a t t a in e d  b e c a u se  o f  an energy  b a r r i e r  
opposing  th e  l o s s  o f  c i r c u l a t i o n .  There i s  no p o s s i b i l i t y  o f  th e  
a n n ih i l a t io n  o f  c i r c u l a t i o n  by  th e  c a p tu re  o f  v o r te x  l i n e s  o f  o p p o s i te  
s e n se , so t h a t  th e  c i r c u l a t i o n  c o u ld  f a l l  o n ly  i f  supe3?fluid w ere made 
to  s tream  p a s t  th e  f ib r e  f a s t e r  th a n  th e  c r i t i c a l  v e lo c i ty  found  in  
c h a p te r  3 ( c ) ,  f o r  exanp le  b y  v ib r a t in g  th e  wire* I t  i s  c l e a r  t h a t  in  
quasi^ equ ilibrium  s t a t e s  th e  en e rg y  b a r r i e r s  p re v e n t  n o t  o n ly  th e  
sim ultaneou s change o f c i r c u l a t i o n  a long  th o  w hole w ir e , b u t  a ls o  th e  
c a p tu re  o r  lo s s  o f  c i r c u l a t i o n  o v e r  s h o r t  le n g th s  (w hich w ould le a d  to  
th e  p a r t i a l  a tta c h m e n t o f  v o r te x  l i n e s  to  th e  w ire )  * Qua si-* e q u il ib r iu m
(l4d)
s t a t e s  are th e r e fo r e  m etaetable# I f  however a s t a t e  w ith  a vo r tex  l i n e  
p a r t ly  a ttach ed  to  th e  w ire cou ld  be e s ta b lis h e d , we might expect equi™ 
lib riu m  to  be approached b y  th e  p e e lin g  o f  th e  v o i t e x  l in e  on o r  o f f  
th e  w ire  u n t i l  the n e a r est  quasi^equi.librium  was reach ed . This p r o c e ss  
does n o t  r e q u i r e  th e  c r e a t io n  o r  d e s t r u c t io n  o f  a com plete  le n g th  o f  
v o r tex  l in e  but o n ly  th e  s tr e tc h in g  o r  sh orten in g  o f  e x i s t in g  l i n e ,  and 
so i t  i s  n ot opposed by th e  energy b a r r ie r s  o f  ( i i ) #  S ta te s  w ith  p a r t ly  
a ttach ed  v o r tex  l in e s  may n e v e r th e le s s  be m etastable*  B efore t h i s  can 
be d e c id e d  a tech n iq u e f o r  t r e a t i n g  th e  behaviour o f  cu rv ed  v ortex  l i n e s  
m ust b e  developed*
(b ) P a r t l y  a t ta c h e d  v o r te x  l in e s
( i )  The s e l f  ""induced v e l o c i t y  o f  a curved v ortex  l in e .
L et <^ ( V ) b e  th e  f lu id  v e lo c i t y  a t  p o in t  X in  an unbounded f l u i d .^  A/
Then th e  v o r t i c i t y
^ ( y )  V x a ( \ )  , (1 1 .1 7 )A* 'A' ^
and th e  v e lo c i ty  û induced  a t  v. by th e  volume elem ent 
a t  X i s  g iv en  by
B i^pose t h a t  a l l  v o r t i c i t y  i s  c o n c e n tra te d  i n  th e  oore o f  a s in g le
v o r te x  l in e  o f  r a d iu s  a  #
0
vortex core
X(lj)
X = X(l)
Figure H.1.  Coordinate  sy s te m  for the  c a lc u la t io n  
of the  s e l f - in d u c e d  v e lo c i t y  of a curved vortex line
'Then
( 1 4 2 )
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(11.19)
1 , ,
v o r te x  co re
L et X -  X (L) be th e  e q u a t io n  o f th e  v o r te x  l i n e  a x i s ,  w here L d e n o te s/V
d is ta n c e  m easured a lo n g  th e  a x is  from  a g iv e n  o r i g in ,  and l e t  a  X  ( I . ) 
Then q i s  th e  s e l f - in d u c e d  v e lo c i t y  o f  th e  v o r te x  l i n e  a t  X ( L ) ,  We 
may ta k e
X. K: X  ( L. ) (1 1 . 20)
f o r  p o i n t s  lyâ.ng in s id e  th e  c o re ,  w here i s  a v a r i a b le  v e c to r  i n  th e
p la n e  o f  th e  cross*" s e c t  io n  o f  th e  l i n e  a t  X  ( L| ) ,  o f  m agnitude  n o t 
g r e a t e r  th a n  , a s  shown i n  f i g u r e  1 1 ,1 .  P ro v id e d  th e  r a d iu s  o f  
c u rv a tu re  P , o f  th e  v o r te x  l i n e  i s  la r g e  compared w ith  (X , i s
j ■ ® --a
u n iq u e  f o r  e v e ry  Xj^  i n s i d e  th e  c o re .
Let th e  e lem ent o f  a re a  i n  th e  c r o s s - s e c t io n  a t  X ( L )  b e  d  S ,
Then
w ith “»  a. (11.21
(143)
T h e re fo re  from  e q u a t io n  ( I I . 18)
, iL) f f  a ' S .  I k ) '
' I x .
(1 1 . 2 2 )
/V c r o s s -  
s e c t io n J
w r i t in g  X ( L-) = X ' , X ( L ) = X, f o r  oonven ionce , w here i s
"  ‘ ) '“ i P i
th e  v e l o c i t y  Induced  a t  A ■ by  th e  3.ongth clL/ o f  v o r te x  l i n e  a t  X  ■1 JVA X
Now
l i  ^  ) = i n K .  ,  (1 1 . 23)i  )  'S
c r o s s -
s e c t io n
whore X'H'K * i s  th e  v e c to r  c i r c u l a t i o n  abou t th e  v o r te x  l i n e  a t  ' 
T h e re fo re , i f
X -  -  X ; A , s
'  ' k '  >vi
Hence th e  v e lo c i ty  c o n t r ib u t io n s  from  d i s t a n t  p a r t s  o f  th e  l i n e  depend 
on K b u t n o t  on th e  co re  s t r u c t u r e .  Comparison o f  e q u a tio n s  ( U . 2 2 )  
and ( l i e 24) shows t h a t  th e  e f f e c t  o f  f i n i t e  c o re  si% e i s  to  remove th e  
s i n g u l a r i t y  w hich o c c u rs  i n  (11*22,) when X* -  X* « To a good approx i- 
m otion  th e  t o t a l  v e lo c i ty
(144)
= I (1 1 .2 5 )
a l l  L ^  \)
can bo e v a lu a te d  by  u s in g  th e  approximate e x p re s s io n  ( l l , 2 4 )  and
c u t t in g  o f f  th e  i n t e g r a t i o n  a t  a low er l im i t  E ^  » S in c e
d û  ^  V* -  V ;  a f u r t h e r  ap p ro x im a tio n  may be  o b ta in e d  byr-' J /  %
r e ta in in g  o n ly  th e  lea d in g  te rm  in  th e  T a y lo r  expansion  o f  f X ' V* * I
V  ^about A • (Hama 1 962) •  To t h i s  o r d e r
e*
w here , i s  i n  th e  d i r e c t i o n  o f  th e  b in o rm a l a t  X* • The i n t e g r a l  
r e l a t i o n  (1 1 ,2 5 ) i s  th u s  re p la c e d  by  a d i f f e r e n t i a l  r e la t io n .  I n  t h i s ,  
w hich i s  Hama’s lo c a H s e d - in d u c t io n  ap p i'o x irra tio n  and a ls o  th e  a p p ro x i­
m ation  u sed  by H a ll  (155#) i n  h i s  d is c u s s io n  o f  th e  b e h a v io u r  o f cu rved  
v o r te x  l i n e s ,  i s  e q u a l t o  th e  s e l f - in d u c e d  v e lo c i ty  o f  a c i r c u l a r  
v o r te x  r in g  o f  r a d iu s  P . ,  ta n g e n t to  th e  l i n e  a t  X . and ly in g  in  th e^  V A/ t
o s c u la t in g  p la n e .
I n  o r d e r  t o  se e  how good th o  lo c a l i s e d - in d u o t io n  approx im ation i s  
we examine th e  sep arate  c o n tjr ib u t io n s  o f  th e  v a r io u s  p a r t s  o f  th e  c i r ­
cum ference o f  a c i r c u l a r  v o r te x  r in g  to  i t s  t o t a l  s e l f - in d u c e d  v e lo c i ty .  
C le a r ly ,  i f  th e  major c o n t r ib u t io n  to  th e  v e lo c i t y  a t  a g iv e n  p o in t  
comes from  n e ig h b o u rin g  p a r t s  o f  th e  c irc u m fe re n c e , th e  f a c t  t h a t  in  an
\Figure IC,2. Coordinate  s y s t e m  for  the descr ip t ion of  a vortex ring
(145)
az'b:ltro.i‘;v' c o n fig u r a tio n  d i s t a n t  p a r t s  o f  th e  v o r tex  l i n e  d e p a r t  from  
th e  c i r c u l a r  c o n f ig u r a t io n  w i l l  have l i t t l e  e f f e c t  on th e  v e lo c i t y ,  
and so th e  lo c a lis e d * d n d u c tio n  a p p ro x im a tio n  w i l l  be  good . C o n v e rse ly , 
i f  th e  whole c irc i.m iference  c o n tr ib u te s  s i g n i f i c a n t l y  to  th e  s e l f -  
in d u ced  v e lo c i ty ,  th e  a p p ro x im atio n  w i l l  be  a p o o r  o n e .
Suppose t h a t  th e  v o r te x  c o re  has a c io rc u la r  s e c t io n  o f  r a d iu s  , 
w ith in  w hich th e re  i s  v o r t i c i t y  depend ing  o n ly  on th e  d is ta n c e
r  = from  th e  a x is  o f  th e  c o re , /'■ c o o rd in a te  system  i s  s o t  up as
i n  f ig u r e  1 1 ,2  and we ta k e
r: ( P ,  O) )
and X-  = 8)  .
Then ) ( I I . 2?)/V
• :: ^ cl9 w ith  ^  g)
and (L^(0) g
w here d(^(9) i s  th e  v e lo c i ty  c o n tjr ib u tio n  a t  ( ,0 )  from  th e  e lem ent
a t  ( ^  g 9 ) .  S in c e  th e  t o t a l  s e l f  «-induced v e lo c i t y  o f  th e  r in g  
i s  known to  b e  in  th e  % - d ir e c t io n , o n ly  th e  components 
n eed  be  c o n s id e re d . Prom e q u a tio n  (XX.22)
(9} ~ 1 cLf" 1 if ^ ^  (v) ( i t . 28)
%  4 % 1  j .  i }
(14È
where À, - 1  ^ I  ^ à> i s  th e  p i^ o je o tlo n  o f  d  on t<
th e  x -y  p lene*  ]#ow
e 4- f  C O S  à> 1 C O S 0 ^ *i- r COB s ln  0
*r vf C O S  j) ^ s l u  0 /?  «f f
end
Also
Therefore
T herefore
ol' sin 0/2 = + rcoi l’j “ ^ OOS 0
=: s i n ^  0 / g  4-
Ck^  ^ g and Jcos <j> j 1
r Cos o 1 t
i  = l\-p sin 0^/2 + C
r e i n
(1 1 .2 9 )
(1 1 . 30)
(1 1 . 31)
(1 1 . 32)
T herefore
à q  (9 ) r* , c h
.V
( {4  r X  ( r )  ( Z f  s i n ’’ 0 /2  + r C o ié  ) 
( s i n  ' ' 0 /2  4 d  )^^’A-ir .
^  ' ( / ^ ^  s i n ^  9 /2  4 /  * ( 1 1 . 3 3 )
T h ere fo re  th e  t o t a l  s e l f - in d u c e d  v e lo c i ty  a t  ( Ç , 0 ) i s  g iv e n  by
(■147)
tr
i  = n .d q  (0) z
0= '“IT Tf r A
/  I d e
0
O '-y 7r)^ J ( 0  sin ^ 2  /^_ ... \
( / f g  s i n ’- 6 /2  -!• /  )^/’
I f  ^ ( f )  l a  ta k e n  a s  c o n s ta n t  f o r  t ' - ^  ,  and e q u a tio n  ( I I .2 3 )  i s
u se d , th e  v a lu e  o f  t h i s  i n t e g r a l  i s  (Lamb 1945» P<* 241 )
K f ( 1 \q  g  ^  t — T  W  v / i t h  p  c \ »
1/ \  (^0 ' V  ^
'  4  ‘"o ’
I f  th e  c o re  i s  n o t c i r c u l a r  and o f  un iform  v o r t i c i t y  th e  n u m e ric a l 
f a c t o r  in s id e  th e  lo g a rith m  i s  a l te re d #
By e q u a tio n  ( l l# 3 3 )  th e  c o n t r ib u t io n  from th e  e lem ent cl9 o f  th e  
c irc u m fe re n c e  o f  th e  v o r te x  r in g  to  th e  t o t a l  v e lo c i ty  i s  g iv en  by
I 2 1 r  f  ^  ( f )  s in ^  9 /2  y r \V\jÛ{ ( . 0 )  *Z Û  { ^ 0  \ ^  * \ X j ,  * ^ O J
K J ( s in  ^ 0 /2  4
r  Ç » and so f o r  9 ^ o / ( ^
s ln ^  9 /2  "as  , (1 1 . 37)
How
T h e re fo re
(148)
A.
sin^ 9 /2  j
K K 9
I s i n  9 /2
(IX. 38)
H ence, a s  i n  th e  g e n e ra l  c a s e  (1 1 .2 2 ) to  ( l l . Z g ) ,  th e  c o re  s t r u c tu r e  
a f f e c t s  o n ly  th e  c o n tr ib u t io n s  from  th e  n e a r e s t  p a r t s  o f  th e  circum ­
fe re n c e . I t  i s  ta k e n  i n t o  a cc o u n t when e q u a tio n  ( I I . 38) i s  u se d  by  
c u t t i n g  o f f  th e  i n t e g r a t i o n  o v e r  9 a t  a low er l im i t  9^ , g iv e n  by
0 = 449/ 6. 2 ,^ (1 1 .3 9 )
The c o n tr ib u t io n  to  fi'om th e  p a r t  o f  th e  c irc u m fe re n c e  beyond an 
an g le  9 from  th e  o r ig in  i s
I f  we p u t
X
B
d o
: vwünewïf *
i n  e / 2 1
~ o o t Q /4«
k
®, (''•) ~ (4 ^ 5 /6 .2  ç^)*'
(1 1 . 4 0 )
(1 1 . 4 1 )
th e n ,  p ro v id e d 1 :#> ©I -=s> «Vo/0
(14-9)
ir! "
\  Zkp 
0 , ^
= 4 A .  ( I T . ; ,2)
l* e ,  ( l  A, i /a )c j^  i s  eontrfîbutccl. by  e lesam tB  v d th in  cm a n g le  | o j  -  
( ^ ^ / 6 * 2 p  )^ fz'Om 0 :3 0 .  u i.th  #v -  6 ,  anJ tald.nig a s  ty% )loel v a lu e s
10  ^ cm, ^  :% 10  ^ om, w'-a see th a t  i s  co n trib u ted  by elementB
\d .t)iin  0»1 ra d in n o  o f  th e  p o in t  c o n e id o ro d ; t h n t  I n ,  by l /3 0  o f  th e  c ir '*  
cum foroncc o f  th e  l i n g .  r e q u i r e a  f r a c t i o n  bccomoe l a r g e r  ais o
dcoi'oecee, bub* provided ^  i s  reasonab ly  la rg e , i s  n mainly lo c a l 
v e lo o l ty ,  I n  n c n - c i r o u le r  c o n f ig u r a t io n s ,  th o i 'o fo ro , I f  p  v a r lc a  
s lo /. 'ly  enough in  m agnltudo end d l r c o k lo n , th e  lo c a l i s e d  In d u c tio n  a%)%.u'o%b 
r a t io n  i s  good* Vore p re c is e ly ,  | | /  | ^  | tak e n  over m. n n g u la r  die™
tanoG 0  (n )  muot be sm all f o r  re o s o n a h ly  l a r g e  h. ,  w hore ^  i s  th e  c u r*
.  yyy■Venture o f th e  v o r te x  l in o ,  Since y^ j ^  , th e  c r i t e r i o n  in  p lan ez' 
co n fig u ra tio n s  i s  th a t  ^ should be em ail, l*o«
k
Hence th e  app ro x im atio n  c an  be to a tc d  by s o lv in g  f o r  A th e  %"elntlon
9 k  I 1. (11.44)
ctL
(•150)
The la r g e r  th e  va lu e o f  w , th e  b e t t e r  th e  approx im ation,
( l l )  S teady  c o n f ig u r a t io n s  i n  on a p p a ra tu s  o f  Vlnen* s geom etiy* 
The se lf - in d u c e d  v e lo c i ty  a t  any p o in t  on a v o r te x  l i n e  can  be
/X/w rit ten  r s
i  =“ j ,  ( f  ) + <^  » (Xlo45)
/w* /V C
where ^  ^  ) i s  th e  v e lo c i t y  g iv en  by  th e  lo c a lis e c h - in d u c tio n  approx il-
m a tio n , and  i s  th e  c o r r e c t io n  due to  d e p a r tu re s  o f  th e  c o n f ig u ra t io na
from a c i r c l e ,  th e  p re s e n c e  o f  s o l id  b o u n d a r ie s ,  and superim posed  flovr
o f  th e  su p o rf lu ld #  I n  a s te a d y  c o n f ig u r a t io n  0# ' l* e
4 ( { ) • ! •  = 0 (1 1 .4 6 )
/V
I n  any s p e c i f i c  p rob lem  c o n fig u r a tio n s  s a t i s f y in g  t h i s  e q u a tio n  may be 
sou g h t by su c c e s s iv e  approx im ations. An i n i t i a l  c o n f ig u r a t io n  I ,  com­
p a t i b l e  w ith  th e  boundary  c o n d i t io n s ,  i s  assum ed, and  (x c a lc u la te d .  
The r a d iu s  o f c u rv a tu re  a t  each p o in t  i s  th e n  a d ju s te d  so t h a t  in  th e  
new c o n f ig u r a t io n  I I
^  ( ç )  -I- = 0 . (11.47)
X(L may th e n  b e  c a l c u l a t e d  and th e  p ro c e d u re  r e p e a te d ,  and so on.
The convergence  o f  t h i s  p ro c e s s  needs f u r t h e r  d is c u s s io n .
k -
(151 )
Suppose th e t  th e  %lre in  Vinen^s apparatus has vvi com plete quanta 
o f  c ir c u la t io n  about i t^  and th a t th ere  i s  one p ari;ly  a ttach ed  vortex  
l i n e ,  o f  wh ich th e  f a r  end i s  a tta ch ed  to  th e  w a ll o f  th e  v e s s e l  and 
which l i e s  in  a p la n e  c o n ta in in g  th e  a x is  o f  symmetry, a s  shown in  
f ig u r e  11 ,3#  w ish  to  know whether such a o o n flg u ra tio n  can be 
steady*
The g en o ra l boundary c o n d it io n  i s  th a t th e  p erp en d icu lar  v e lo c i t y  
component must van ish  on a l l  su r fa c e s . Now, suppose t h a t  th e  vortex  
l in e  m eets a su r fa ce  %ihose ra d iu s o f  curvature i s  la r g e  compared w ith  
. Then th e  su r fa ce  may be tr e a te d  a s p lan ar  f o i  d is c u ss io n  o f  be^ 
haviour in  th e  v ic in i t y  o f  th e  attachm ent p o in t ,  and so a l o c a l  image 
system  may be s e t  up as in  f ig u r e  11.4# I f  th e  vo r tex  l in e  were id e a l  
the rad iu s o f  curvature P o f  th e  line-^imege system  a t  th e  attachm ent 
p o in t would b e  i n f  i n i t  esima 1 f o r  non-^gero 6 ,  and the s e l f  “« induced v e l~  
o c i t y  would b e  s in g u la r  th e r e . Because a r e a l  v o r tex  l in o  has a f i n i t e  
core ^  cannot v an ish , but # A lthough  our a|)proxim at i e n s  b re a k
down i n  th e s e  c o n d itio n s  i t  i s  c l e a r  t h a t  th e  in d u ced  v e lo c i t y  i s  v e ry  
l a r g e ,  o f th e  o rd e r  o f  <Kq , a t  th e  attachm ent p o in t*  S in c e  t h i s  
q u a s i“* s in g u la r i ty  i s  removed i f  9  e  0 ,  i n  s te a d y  c o n f ig u r a t io n s  th e  
vortex  l in e  m ust meet th e  s u r f a c e  normally* The c u rv a tu re  &G/&L con*- 
t in u e s  sm oothly through th e  boundary, w ithou t n e c e s s a r i ly  va n ish in g .
In  th e  su c c e s s iv e  a p p ro x im atio n s  th e  ju n ctio n  o f  th e  vortex  l i n e  
w ith  th e  w ire i s  tr e a te d  in  the s i i ip l i f i e d  manner shown in  f ig u r e  11*3» 
d e t a i l  (b ) . The p a r t ly  a tta c h e d  quantum o f  c i r c u l a t i o n  i s  supposed to
i m a g e  ^ vortex l ine
Figure 31.^. Image of  o vortex l ine  in a p la n e  boundary
limit ing  configuration
Figure H .  5 .  S u c c e s s i v e  a p p ro x im a t io n s  to the  l im it ing  
lo o s e - e n d  c o n f i g u r a t io n  in th e  apparatus  of f igure  I I .3
from exactly^ and the vortex lin e  to leove the
vlrn noz')nelly at the po in t (R^ 0)$ %n the neighbourhood of th is  po in t 
the concept of the lo c a l image of the lin e  in  t} e surface o f tho v.ii'e 
i s  v a lid , /ny further contribution from the junction to the v e lo c ity  
f ie ld  i s  neglected*
Let the v e lo c ity  f ie ld  due to the c ircu la tio n  about the wire alone 
( i* e . exoluding that due to the vortex lin e )  be le t  the
vortex l in e  l i e  along 7 = 0 in  configuration 1 \ as in  figu re 11*5#
{(Then the boundary concütiona on 9 are s a t is f ie d )  and
( 0 (1 1 *4 8 )
Xwhere (f") = (^»0) i s  tho form taken by iu  configuration
1 * I t  i s  easy to show that
t
z) 1 ) K'/iT as % '—^
)
( 11*4 9 )
Hence Ci (r) sî ( 1/^ 4 k/ v^  perpendioular to  the plane* 
Now from equation (ll* 3 5 )
*< U  6 , 2  f (1 1 . 5 0 )
I n  c o n f ig u r a t io n  I I
( 1 5 3 )
I . e .
l.G,
But
T hero fo re
(^ ) (-r)
A,
r  ^ Og,
(it g ,n g  k; “P" see  0 *V ^l9 lA© 
i h  co s S d© lu 6,2 pW fWW j#  J J J -  K lMIWI I Wi m  L lM <
r  2 iH ‘j* 1 0^
(1 1 .5 1  )
(1 1 . 52 )
(1 1 . 53)
(11 . 5 4 )
S ince  th e  lo g a r ith m  i s  s-lowly vazy ing  we may r e p la c e  by  a mean v a lu e  
^  and i n t e g r a t e  m t h  th e  bom idary  c o n d it io n  0 - 0  when f  =•-- R  ,
Whence
s in  0 = (2  Kv't- 1 ) L  r  / (?
U \ 6 .2 ^  j(\ (11 . 5 5 )
i n  c o n f ig u r a t io n  II*  I n s p e c t io n  o f  s ig n s  shows t h a t  th e  d i r e c t i o n  o f  
c u rv a tu re  i s  a s  shown in  f ig u r e  11*5* Now e ith e z ’ th e  v o r te x  l i n e  does
n o t m eet th e  w a l l ,  o r  i t  m eets  i t  a t  a n o n -z e ro  a n g le  0 = 0, so
t h a t  th e  boundary c o n d i t io n  a t  f  -  S  i s  n o t s a t i s f i e d .  The second 
p o s s i b i l i t y  i s  c o n s id e re d  f u r t h e r  s in c e  i t  i s  th e  more p ro m is in g .
I f  th e  e f f e c t  o f  th e  w a l l ,  in c lu d in g  th e  boundary  c o n d i t io n ,  i s
(154)
te m p o ra r i ly  n e g le c te d ,  th e  l i n e  b e in g  t r e a t e d  a s  i f  i t  had a lo o s e  end 
a t  r= : S  , c o n f ig u r a t io n  I I  i s  g iv e n  by  e q u a tio n  ( I Î . 52)* By e q u a tio n
( 11. 45)
]T TE T( r )  = ( r )  -  a  ( f )  , (11 . 5 6 )
w here m odulus s ig n s  have been  o m itte d . The c o r r e c t io n  v e lo c i t y  may 
i t s e l f  b e  w r i t t e n  as
(ir) = (|^ (^r) + Hy(r-) . (11.57)
2  IVw here (<f) -  i n  t h i s  c o n f ig u r a t io n .  ( r ) ,  w hich i s
a s s o c ia te d  w ith  th e  s e c t io n  o f  f r e e  v o r te x  l i n e  betw een f  R and 
f  S3 S  , and may b e  p o s i t i v e  o r  n e g a t iv e ,  a r i s e s  b e c a u se  c|^  ( r )  
e x p re s s e s  o n ly  a p p ro x im a te ly  th e  e f f e c t  o f  i t s  c u rv a tu r e .  To th e  
e x te n t  t h a t  i s  a good ap p ro x im atio n  can be  n e g le c te d .  T h is 
p o in t  i s  exam ined be low . T here  i s  a ls o  a c o n tr ib u t io n  to  0^ from  th e  
s u r f a c e  o f  th e  VTdre. I t  i s  m in im ised  b y  ou r c h o ic e  o f  boundary  con­
d i t i o n  and o th e rw iso  n e g le c te d .  W ith th e s e  a p p ro x im a tio n s
 ^  ^  ^ W . (1 1 .58)
(v",z) i s  a m o n o to n ic a lly  d e c re a s in g ,  p o s i t i v e  fu n c t io n  o f  z  f o r  
g iv e n  f " . T h e re fo re , s in c e  from  f ig u r e  '.Cl,5
(155)
I  I
t  (* ')■< Z  k )  = o* ,  (1 1 .5 9 )
%  %0 <  ( f )  ■< ^  (r ) fo r  r ' >  R . (1 1 .6 0 )
T h erefore, u sin g  aq u ation s ( 1 1 ,4 7 ) ,  ( H .4 8 )  .'and ( I I . 58) ,
0 <  (,r) <■ ( | ^ ^ ( r )  . (1 1 . 61 )
But Cj^  i s  a m o n o to n ic a lly  deo reaB in g , p o s i t i v e  fu n c t io n  o f  ^  ,  and 
0^ { ^ )  — 0 a s  ^  CO . T h e re fo re
g ^ ( f )  = ^  >  g ^ ( i f )  ■> ^  (r )  ,  (11 . 62)
P ursuing t h i s  argum ent we f in d  th e  n e s t  o f  i n e q u a l i t i e s
Î  IE n(r) g g (v") ^ (r) ( I I .63)
and i n f e r  t h a t  th e  a p p ro x im a tio n  p ro c e d u re  converges on some g {\t) f o r  
w hich (v )^ % However, t h i s  co n fig u ra tio n  i s  n o t com p lete ly
steady® There remains th e  sm all v e lo c i t y  A<|^  ,  whose magnitude i s  
e s t im a te d  by s o lv in g  r e l a t i o n  ( I I .4 4 )  fo r  K , i n  c o n f ig u r a t io n  I I  f o r  
con ven ien ce .
In  t h i s  c o n f ig u ra t io n
(156)
"k = «— Lk 6,2p/<K., (eq u ation  1 1 ,5 2 ) r  SM.4- 1 t '  " '  ‘
& r Lv 6 ,2 p /< \^  2 vh+ 1
with <X = 10  ^ cm, we f in d  t h a t .
when = 10 ^ cm, p ^ 1 0  ^(2*#%+ 1 ) om )
)when 10 om, ^ l / ( 2 m  + 1 ) cm )
A*0%
( ih e  chosen va h ies  o f  are  th e  approxim ate r a d i i  o f  th e  w ire and o f  th e
c o n ta in in g  v e s s e l  in  Vinen*8 a p p a ra tu s ) .  F o r v a lu e s  o f  ç in  t h i s  ran g e
Lvv6.2^ /<K^  ^ 13 f ( lX .66)
p ro v id e d  va. i s  a sm a ll in te g e r#  S u b s t i tu t in g  t h i s  v a lu e  i n  e q u a tio n  
(11*64) we f i n d  A ^ / /V/ 13/ ( 2 ^^4- 1 ) f o r  s m a ll ,  i n t e g r a l  m® ( l l ,  
H ence, ta k in g  â ^ / À / ^  ^  /& !  , ( l l# 4 4 )  becomes
10~^Y^ 15
^ I 2 4 ' 1
With th e  v a lu es o f  ^  g iv e n  b y  ( I I . 63) th e  s o lu t io n  o f  ( l î « 68) i s
(157)
K ^  4 , when M sr 0 and \g iz 10""^ cm )
a  6 , when WV as 0 and f  r: 10“"^ cm 1
1 % v/hen m. = 1 and r  1= 10~^ cm )
when Ih  % 1 and 10"^ cm )
(11.69)
and so on<
û(?^ | j ^  K . .Although h  i s  n o t  a s  la r g e  as c o u ld  
b e  hoped, p a r t i c u l a r l y  when M. s  0 ,  i t  does a p p ea r th a t  t h e r e  e x i s t s  a
We expect t h a t
s te a d y , lo o se -en d  c o n f ig u r a t io n  n o t v e ry  d if fe r e n t  from  th e  one to  
w hich th e  su c c e s s iv e  a p p ro x im a tio n s  lead*
When th e  e f f e c t  o f  th o  w a ll i s  c o n sid e red  i s  a lte r e d  every­
where , b u t  th e  m ain change may b e  found  th ro u g h  a l o c a l  image system  
n e a r  th e  a tta o h n e r i t  p o i n t ,  w hich  c a u se s  ^  to  in c re a se  s tr o n g ly  as  
r  S  * I f  th e  c u rv a tu re  i s  in c re a s e d  i n  an a tte m p t to  keep th e  co n - 
f ig m ra tio n  s te a d y , th e  an g le  becomes l a r g e r ,  th e  in c r e a s e  in  a i s  
more m arked, and th e  boundary c o n d it io n  i s  s t i l l  f u r t h e r  from b e in g  
s a t i s f i e d *  T here i s  th e r e f o r e  no s te a d y  s t a t e  s a t i s f y in g  the g iv e n  con» 
d itio n B .
I n  p r a c t i c e  th e  w a ll  and th e  w ire  a re  n o t  p e r f e c t l y  smooth b u t ,  
even i f  th e y  a re  o p t i c a l l y  p o l i s h e d ,  may have ro u g h n ess  o f up to  ab o u t 
10 ^ cm i n  scale*  Suppose t h a t  th e  w a ll  i s  co v ered  w i th  i d e a l i s e d  
rouglm oss in  th e  form  o f  h e m is p h e r ic a l  p im p les  o f  r a d iu s  (K ,  a s  shown 
in  f i g u r e  I I . 3 , d e t a i l  ( a ) .  Then i f  ^  A. th e  v o r te x  l i n e  can
(158)
meet th e  boundary  n o rm a lly , a lth o u g h  0^ 4  The image In  th e  b u lk
o f  th e  w a ll  rem a in s , and so a , and hence  th e  c u rv a tu r e ,  m ust be  
l a r g e r  th a n  i n  th e  lo o se -e n d  c o n f ig u r a t io n .  We th e r e f o r e  expec t t h a t  
w ith  ro u g h n ess  o f  t h i s  s c a le  ( /^10 on th e  w a ll a s te a d y  c o n f ig u ra t io n  
e x i s t s  p ro v id e d  0^ i s  n o t  to o  l a r g o .  I f  i t  i s  la rg e  th e  rouglmesB 
must b e  c o ri’e sp e n d in g ly  g r e a t e r  f o r  th e  e x is te n c e  o f  a s te a d y  con­
f i g u r a t i o n .  S in ce  *> 0^ i n  th e  s te a d y  lo o se -e n d  c o n f ig u r a t io n ,
we ta k e  a s  a c o n v en ien t c r i t e r i o n
6j ^  30° . (11.70)
J u s t  a s  ro u g h n ess  on th e  w a ll  p e rm its  th e  boundary  c o n d it io n  th e r e  
t o  b e  ap p arently  v io la t e d ,  so  zm igbness on th e  w ire  a llow s non-zero  
v a lu e s  o f  0  on -  R » /g a i n  v e ry  la r g e  a n g le s  are n o t  advan tag eo u s 
b e c a u se  th e  c u rv a tu re  h a s  to  b e  in c re a s e d  to  com pensate f o r  th e  in c r e a s e  
i n  a caused  by th e  image system  i n  th e  wire# I f  we assume a g a in  t h a t  
a re a so n a b le  c r i t e r i o n  f o r  s te a d in e s s  i s
0 | 30® on r  = k  , (11,71 )
th en  th e  l im it in g  s te a d y  c o n f ig u ra t io n  w i l l  have 0 := - 3O® on r  1\ 
T his may b e  appi'ox im ately ta k e n  in to  acco u n t by  m odifying e q u a tio n
(1 1 . 55) to  r e a d
*
(159)
X  Ik r l H
k  6 2 ^
IEThe valu© o f ^  f o r  w h ich 8 = 30® i s  g iv en  by equation (1 1 .7 2 ) as
L o  = K ( 6 . 2 £ '  ^ 4 ,  )^""*-' (1 1 .7 3 )
%  TPT ills i s  a ls o  th e  v a lu e  o f  f* f o r  w hich 8 « 90® i f  © -  0 on œ rs *
The resu ],ts  a re  th e r e f o r e  n o t  to o  s e n s i t iv e  to  th e  c o r r e c tn e ss  o f  o u r 
c r i t e r i a .
I f  th e  g e o m e tr ic  mean o f  th e  extrem e v a lu e s  g iv e n  i n  ( I I . 63) i s  
ta k e n  a s  a reason ab le  e s t im a te  o f  p , i . e .
g  K |0""7(2M + 1) cm, (11. 74)
th e n , ‘*^ 7 w ith  « 10 cm, N 5= 10 om end no quantum o f  c i r c u l a t i o n
w iio lly  a t ta c h e d  t o  th e  w ire (m e  O ),
/V lO^*-cm. ( 11 . 75)
Talcing th e  s m a lle s t  p o s s ib le  e s t im a te  = K  ,  a g a in  vd.th m = 0 ,
'V iO^ cm. (1 1 .7 6 )
(160)
S in ce  even th e  s m a lle r  o f  th e s e  two e s t im a te s  i s  f a r  l a r g e r  th a n  th e
r a d iu s  ( S -  0 .2  cm) o f  th e  c o n ta in in g  v e s s e l ,  th e  v o r te x  l i n e  m eets
Xth e  w a ll  a t  an a n g le  G v/hich i s  c o n s id e ra b ly  l e s s  th a n  30®, Hence
th e  c r i t e r i o n  ( l îo 7 0 )  i s  e a s i l y  s a t i s f i e d  and th e  e x is te n c e  o f  a s te a d y
c o n f ig u r a t io n  i s  a s s u r e d ,  p ro v id e d  o n ly  t h a t  th e  s o l i d  s u r f a c e s  a re
••7rough  on a s c a le  l a r g e  compared w ith  10 cm,
llhon t h e r e  i s  one quantum o f  c irc iL la tio n  w ho lly  a t ta c h e d  to  th e  
w ire  and one p a z 't ly  a t ta c h e d  v o r te x  l i n e ,  m 1 , and b y  e q u a tio n  ( l l , 7 4 )
g -  3*10 ^ cm.
T h e re fo re  r  ^  10“ ’’ om, (H * 7 7 )
Saiios t h i s  i s  o f  th o  o r d e r  o f  th e  r a d iu s  S  th e  c r i t e r i o n  ( I I . 70) i s
s a t i s f i e d  o n ly  w ith  d i f f i c u l t y ,  i f  a t  a l l#  Because o f  o u r  a p p ro x i­
m ations we can  say  o n ly  t h a t ,  i f  a s te a d y  s t a t e  e x i s t s ,  i t  i s  on th e  
verge  o f  i n s t a b i l i t y #  I t  i s  p ro b a b ly  v e ry  s e n s i t iv e  to  th e  s c a le  o f  
th e  roughness on th e  s o l i d  s u r f a c e s  and e a s i l y  d is tu rb e d  by  sm a ll pear- 
tu fb a t io n s #
V/ith two w h o lly  a t ta c h e d  quan ta  and one p a r t l y  a t ta c h e d  v o r te x  
l i n e ,  VK = 2, By e q u a tio n  ( l l *  74)
^  2.10  ^ cm.
(ib1 )
T h ere fo re  T -]0 ^ cm. ( ï ï3o
C  XS in ce  o = 0 ,2  cm, 0 becom es e q u a l to  30° f a r  from  th e  v m ll  in  t l i l s
. . Xc a se . I t  can  f u r t h e r  bo  seen  from  e q u a tio n  (1 1 .7 2 ) t h a t  9 -  90®
««*1when r  ^  10 cm, and so  th e  v o r te x  l i n e  can i n  f a c t  h a r d ly  re a c h  th e  
w a ll  a t  a l l*  ( l l# 7 0 )  canno t be  s a t i s f i e d *  The th eo ry  t h e r e f o r e  p r e ­
d i c t s  t h a t  th e r e  i s  no s te a d y  c o n f ig u r a t io n  o f  t i i i s  ty p e  in  % nen  * s 
a p p a ra tu s .  W ith more quanta, w h o lly  a t ta c h e d  t o  th e  w ire  th e  impos­
s i b i l i t y  o f  any  s te a d y  c o n f ig u r a t io n  in v o lv in g  a p a r t l y  a t ta c h e d  v o r te x  
l i n e  i s  even more c e r t a i n .
The s t a b i l i t y  o f  th e  p r e d ic to d  s te a d y  c o n f ig u r a t io n s  h as n o t been 
p ro v e d , b u t  th e  agreement o f  th o  e n e rg e tic  and hydrodynain ica l approaches 
i n  th e  s im p le  c a s e s  o f  S e c tio n  (a )  su p p o r ts  th e  b e l i e f  t h a t  s te a d in e s s  
and s t a b i l i t y  a re  so  l in k e d  t h a t  s u r f a c e  roughness n o t  o n ly  a llo w s  
s te a d y  c o n f ig u r a t io n s  to  e x i s t ,  b u t  a ls o  e n su re s  t h e i r  m e t a s t a b i l i t y .
I t  can  bo shovai t h a t ,  to  th e  e x te n t  t h a t  th e  lo c a l i s c d - in d u c t io n  
a p p ro x im atio n  i s  c o r r e c t ,  th e  an g le  9^ a t  which th e  v o r te x  l in e  m ee ts 
th e  w a ll  o f  th e  c o n ta in in g  v e s s e l  h a s  a minimum v a lu e  i n  p la n a r  con­
f i g u r a t i o n s  o f  th e  ty p e  so f a r  c o n s id e re d . To t h i s  e x te n t  th e n  a 
p la n a r  c o n f ig u r a t io n  i s  th e  most fa v o u ra b le  foz" s t e a d in e s s .  I n  con­
f i g u r a t i o n s  w hich d e p a r t  g r e a t l y  from  a p la n e  th e  a p p ro x im atio n  i s  n o t  
good. Such c o m p lic a te d  c o n f ig u r a t io n s  w i l l  n o t  be  c o n s id e re d  however, 
a s  i t  seems both e n e r g e t ic a l ly  and hydrodynem ically im probable t h a t
(162)
th e y  c o u ld  be  stea d y .
(o) Comparison v /ith  experim en t
Vineri ( l9 6 lb )  m easured th e  sup or f lu id  c ir c u la  t lo n  a b o u t a w ire  
o r  r a d iu s  1 #3o10 cm s t r e tc h e d  a lo n g  th e  a x is  o f  a c y l i n d r i c a l  v e s s e l  
o f  h e liu m  o f  rad ius 0 ,2  cm by  o b se rv in g  changes in  th e  v ib r a t io n a l  
modes o f  th e  v.i.rc® .A fter s te a d y  r o t a t i o n  j u s t  above th e  \ - p o i n t  
fo llo w ed  by slow  c o o lin g  to  1.3®K, t h e  apparent c i r c u l a t i o n  was 
measured. D uring r o t a t i o n  th ere  was no s ig n  o f q u a n t i s a t io n ,  w h ile  
th e  v a r i a b i l i t y  o f  th e  r e s u l t s  showed t h a t  e q u il ib r iu m  was n o t a tta in e d *  
Large-am plitude v ib r a t io n  o f  th e  w ire  hod no d e f i n i t e  e f f e c t  on th e  
a p p a re n t c ir c u la t io n  and so did  n o t a id  th e  a tta in m e n t o f  e q u il ib r iu m . 
E v e n tu a l ly  a p l o t  o f  tho mean a p p a re n t c i r c u l a t i o n  a g a in s t  th e  a n g u la r  
v e lo c i t y  o f  r o t a t i o n  was o b ta in e d , which co rre sp o n d ed  i n  some r e s p e c t s  
to  a sm oothed v e rs io n  o f  th e  s te p w ise  v a r i a t i o n  p r e d ic te d  by  V inen 's  
f r e e - en orgy c a lc u la  t  io n s  «
The v a r i a t i o n  o f  th e  a p p a re n t c i r c u l a t i o n  w ith  tim e  a f t e r  s to p p in g  
r o t a t i o n  was a ls o  o b se rv ed , and i n  p a r t ic u la r  i t s  s t a b i l i t y  a g a in s t  
la rg o -a m p li tu d e  v ib r a tio n  o f  th e  w ire . I n  th e  u n d is tu rb e d  sy stem  th ere  
was l i t t l e  v a r i a t i o n .  Inrge-am plitudo v ib r a t io n  te r ip o z 'a r i ly  red u ced  
c i r c u l a t i o n s  o f  l e s s  th a n  one quantum , a lth o u g h  t h e i r  lo n g - te rm  s t a b i l i t y  
was u n a f f e c te d .  C i r c u la t io n s  betw een one and two quan ta  wore p e r ­
m anen tly  re d u c e d , and w ith  r e p e a te d  s tro n g  v ib r a tio n  th e y  f o i l  e i t h e r  
to  l e s s  th a n  one quantum or  som etim es to  e x a c t ly  t h i s  v a lu e , which then  
p e r s is t e d  unchanged by f u r t h e r  v ib r a t io n .  I t  proved im p o s s ib le  to
(•
e s t a b l i s h  c i r c u l a t i o n s  o f  more th a n  two q u a n ta .
From com parison  o f  th e  r e s u l t s  ( p r i n c i p a l l y  th e  f a i l u r e  to  a t t a i n  
e q u ilib r iu m  and th e  f a c t  t h a t  th e  mean a p p a re n t c i r c u l a t i o n  n e v e r  ro s e  
to  two q u an ta ) w ith  th e  e q u il ib r iu m  c ir c u la t io n , c a lc u la te d  a s  a function, 
o f  th e  a n g u la r  v e lo c i t y  and th e  e f f e c t iv e  v o r te x  coze .rad iu s c\ , i t  was0
deduced t h a t  must be  g r e a t e r  th a n  10 ^ cm, a value in  co.m plet0 d i e -  
agreem ent w ith  t h a t  su g g e s te d  by Feynman (o f  th e  o rd e r  o f th e  in te r a to m ic  
sp a c in g , 4*10 ^ cm) and t h a t  o b ta in e d  by  H a ll ( l9 5 8 ) from m easurem ents 
o f  th e  v e lo c i t y  o f  p ro p a g a tio n  o f  waves on v o r te x  l i n e s  (6 ,8 .1 0 ~ ^  cm).
The a n a ly s i s  to o k  v e ry  l i t t l e  a cc o u n t o f  th e  mechanism by w hich e q u i l i ­
brium  Y/O.S to  b e  a tta in e d #  The e x is te n c e  o f m e ta s ta b le ,  non-’eq u ilib riv im  
s t a t e s  p ro v id e s  an a l t e r n a t i v e  exp lan ation  f o r  th e  f a i lu r e  to reach  
o q u ilib i iu m .
Fhen r o t a t i o n  c e a s e s ,  tu rb u le n c e  i s  generated : in  th e  normal f l u i d ,  
accom panied , a c c o rd in g  to  c h a p te r  9 ( b ) ,  by randomly o r ie n ta te d  v o r t i c i t y  
i l l  th e  su p e r f lu !d* As oqu ilibrium  i s  r e - e s t a b l i s h e d  t h i s  v o r t i c i t y  
sh o u ld  c r y s t a l l i z e  o u t in to  a s te a d y  v o r te x - l in e  c o n f ig u r a t io n ,  i n  w hich 
th e  c ir c u la t io n  abou t th e  w ire  could in  p r i n c i p l e  b e  sm aller  th a n  i t  was 
d u r in g  ro ta t io n #  C l a s s i c a l l y  v/e w ould say th a t p a r t  o f  i t  had been  
a n n ih ila ted ®  In  f a c t  t h i s  happened a p p a re n tly  o n ly  to  a l im i te d  e x te n t ,  
i f  a t  a l io  Mo doubt th e  r a t e s  o f  r o t a t i o n  were so low  t h a t  to o  l i t t l e  
v o r t i c i t y  v/as induced in  th e  su p e r flu id  fo r  a n n ih ila t io n  to  be a probable  
p r o c e s s , l a t h e r  s i m i l a r  were th e  o b serva tion s t h a t ,  when r o t a t i o n  was 
s ta rr tc d  below  th e  \  - p o in t ,  th e  su p e rf lu ic l rem ained a p p a re n tly  a t  r e s t ,
( l 6 4 )
and th a t  rovorse r o ta t io n  o f  th e  apparatus d id  not n e c e s s a r i ly  d e str o y  
e s ta h llsh o d  c ir c u la t io n . The c la s s i c a l  exp lan ation  o f  a l l  th ree  o b ser ­
v a tio n s  i s  sim ply th a t  th e  c r é a tio n  o f  vortex  l i n e s  i s  a d i f f i c u l t  p ro ­
c e s s ,
l% atever th e  tru e  ex p la n a tio n , a f t e r  th e  c e s s a t io n  o f  r o ta t io n  and 
th e  decay o f  th e  a s s o c ia te d  tu rb u len ce , th e  su p e r flu id  c ir c u la t io n  about 
th e  wi.re i s  s u b s t a n t ia l ly  th e  same as i t  was duri.ng r o ta t io n . I f  tho  
mean o ir c u la t io n  i s  f r a c t io n a l  th ere  must be one or  more p a r t ly  a tta ch ed  
vortex  l in o s  in  m ota stab le  c o n fig u r a tio n s . I f  i t  i s  I n te g r a l th ere  are  
probably no p a r t ly  tittach ed  v o rtex  l i n e s ,  and so the su p e rflu id  i s  in  a 
q u a si-eq u ilib r iu m  s t a t e ,  w h ich we know from  S e c tio n  (a )  to  be h ig h ly  
m eta sta b le . This i s  in  agreement w ith  the experim ent, where i t  was 
found th a t  the two ob servab le  in te g r a l  c ir c u la t io n s ,  zero  and one quan­
tum, wore th e  only  c ir c u la t io n s  c o n s is t e n t ly  s ta b le  a g a in s t  la r g e -  
am plitude v ib r a tio n  o f th e  w ire .
In  f a c t  v ib r a t io n  o f  th e  w ire  w ith  v e lo c i t y  am plitude up to  oOttk/ R  
was in s u f f i c i e n t  to  d istu rb  th e  s t a b i l i t y  o f  a com p lete ly  a ttach ed  
quantum o f  c ir c u la t io n . In  the absence o f more p o s i t iv e  in form ation  we 
con t o n t a t iv e ly  in f e r  an upper l im it  to  th e  core rad iu s A. . F or, 
assuming th a t  th e  frequency o f  v ib r a tio n  (about 1 k o /s )  was not too  
to  porm it th e  c r e a tio n  o f  a v o i t  ex l in e  a t  th e  su rface  o f  th e  w ir e , i t  
fo llo w s  from r e la t io n  (3*11) t h a t ,  in  order o f  m agnitude.
(l65)
60wk/ K <  K /2 a „
1 . 8 .  &P <  R / i 2 0 - r r
?  3.10"^  O M . (1 1 .7 9 )
Tho f a c t  th a t  t h i s  upper l im it  I s  c o n s is te n t  w ith  o th e r  e stim a tes  o f  a .  , 
hut n o t w ith  th e  low er l im it  o f  10 ^ cm su ggested  by V inen, supports th e  
In te r p r e ta t io n  o f  h i s  e]q)erlment here put forv/ard.
In  co n sid er in g  th e  behaviour o f  p a r t ly  a ttoch ed  vortox  l in e s  a f t e r  
c e s s a t io n  o f  r o ta t io n  we tak e  = 10"^  ^ cm as a reason ab le  e stim a te .
The num erical c a lc u la t io n s  o f  S e c t io n  (b) ( i i )  are im m ediately a p p lic ­
ab le  s in c e  tho dim ensions used  th e re  are opprox im ately equal to  th o se  
o f  th e  experim ental ap p aratu s, and th ere  was c e r ta in ly  roughness o f  a t  
l e a s t  10 cm in  s c a le  on b oth  w ire and w a ll .  The r e s u l t s  o f  th e  c a l -  
c u la t io n s  a ro  now summarised,
With a s in g le  v ortex  l in e  p a r t ly  a ttach ed  to  th e  w ire and no w h o lly  
attach ed  quanta (Mw O) th e  c r i t e r io n  ( I I . 70) fo r  s te a d in e ss  i s  e a s i ly  
s a t i s f i e d ,  and so ste a d y , s ta b le  c o n fig u r a tio n s  should be formed w ithou t  
d i f f i c u l t y .  With one w h olly and one p a r t ly  a ttach ed  quantum (ht -  1 ) 
th e  e x is te n c e  o f  a stea d y  c o n fig u r a tio n  i s  more d o u b tfu l, p io b a b ly  
depending c r i t i c a l l y  on the roughness o f  th e  w ire  and th e  w a ll .  I f  i t  
does e x i s t  i t  i s  probably e a s i ly  d istu rb ed . Steady confif^Luxations o f
t h i s  ty p e , but w ith  more than one i;vholly attaohed quantum ( are
most lnprobable*
These r e s u l t s  are In  good agreement w ith  the experim ental obser­
v a tio n s  a f t e r  c e s s a t io n  o f  r o ta t io n . I t  appears t h a t ,  a s Vlnen 
su g g ested , laz'ge-am plitude v ib r a tio n  o f  th e  w ire i s  a b le  to  move on ly  
the end o f  th e  vo r tex  l in e  a tta ch ed  to  th e  vd.ro ii^en M = 0; th e  o th e r  
end remains anchored to  rou; kness on th o  w a l l ,  and so th e  vortex  l in e  
e v e n tu a lly  returns to  i t s  i n i t i a l  stea d y  c o n fig u r a tio n . Vdien 1 th e  
co n fig u r a tio n  i s  so n e a r ly  un steady t h a t ,  although the v ib r a tio n  in v o lv ed  
in  measurement o f  c ir c u la t io n  does not a f f e c t  i t ,  la i'ge-am p litu de  
v ib r a tio n  d is lo d g e s  b oth  ends o f  th e  vortex  l in e  and i t  moves towards 
G cuilibrium * The apparent c ir c u la t io n  th ero fo re  f a l l s .  F rn ctio n a l c i r ­
c u la t io n s  w ith  (^ ^ 2  were not observed . This i s  a t  l e a s t  c o n s is te n t  w ith  
the u n stea d in ess  o f  such s t a t e s ,  vh ich  im p lie s  th a t th e y  decoy in to  
a c c e s s ib le ,  m etaatab le s t a t e s  o f  low er c i i c u la t io n  by th e  p e e l in g - o f f  o f  
p a r t ly  a ttach ed  vo r tex  l in o s .  Howover, th e  absence o f  c ir c u la t io n s  o f  
e x a c tly  two quanta su g g e s ts  th a t  such s t a t e s  were never forn od , p o s s ib ly  
fo r  some d if f e r e n t  reason .
During r o ta t io n  o f  th e  apparatus th e  t h e o r e t ic a l  a n a ly s is  i s  
apparently  l i t t l e  a lte r e d . S ta te s  w ith  in t e g r a l  c ir c u la t io n  are s t i l l  
m otastab le below  an angular v e lo c i t y  o f  about 30 r a d /s e c , by ( l l . g ) .
The co n fig u r a tio n  o f  a p a r t ly  a ttach ed  l in e  may b e d is to r te d  out o f  th e  
p lan e by th e  p resen ce  o f  o th e r  v o r tex  l i n e s ,  b u t, s in c e  to  f i r s t  order  
th e se  l in e s  o n ly  cause th e  su p e r flu id  to  r o ta te  w ith  th e  w a lls  and
<*i67)
normal f l u i d ,  th e y  do n ot a l t e r  th e  argument. Hence apart from tJ 
p o s s ib le  e f f e c t  o f  C o r io lia  fo r c e s  th e  s i t u a t io n s  during end a f t e r  
r o ta t io n  seem to  be sim ila r*  We th e re fo re  do n ot expect any tendency  
towards eq u ilib r iu m  a t  1 . Eathei '  must th e  measured c ir c u la t io n s  
depend on th e  c o n d itio n s  n ear th e  X -p o in t , when th e  su p e r flu id  was 
crea ted . In th e  X -tr a n s it io n  some tu zb u len ce  i s  alm ost c e r ta in ly  
gen erated , so th a t th e  cret ted  c ir c u la t io n  d i f f e r s  from th a t  wh ich would 
occur in  p e r fe c t  r o ta t io n a l  oqL iilibrium. The v a r ia b i l i t y  o f  the  
observed c ir c u la t io n  and th e  f a c t  th a t  th e r e  was o ften  c ir c u la t io n  about 
th e  w ire  even when th e  c o o l in g  was done w ith ou t r o ta t io n  confirm  th is*  
D eduction o f  th e  expected c ir c u la t io n , in  p a r t ic u la r  o f  w hether i t  
should exceed  two quanta, i s  th e r e fo r e  d i f f i c u l t ,
Up to  t h i s  p o in t  theory  and experiment are c o n s is te n t .  However, 
during r o ta t io n  large-om p litu d e  v ib r a tio n  o f th e  w ire  had very l i t t l e  
e f f e c t  on c ir c u la t io n s  o f  any v a lu e . This behaviour i s  q u ite  d i f f e r e n t  
from th a t in  th e  n o n -ro ta t in g  c a se ;  th e  system  soems to  p o s se s s  un- 
exp eotod extra  s t a b i l i t y ,  C le a r ly  t h i s  may be due to  th e  breakdown o f  
our approx im ations in  th e  o o n d itio n s o f  ro ta t ion *  N on-plenar con­
f ig u r a t io n s  should be co n sid ered , a s  w e ll  a s  th e  e f f e c t  o f  C o r io l is  
f o r c e s ,  which appears to  in c r e a se  th e  s t a b i l i t y  o f  p a r tly  a ttach ed  
v e r te x  lin e s*  N e v er th e le ss  i t  i s  d i f f i c u l t  to  understand why, even  
w ith  g r e a te r  s t a b i l i t y ,  large-om p lltu d e  v ib r a tio n  o f  th e  y/iz-e sh ou ld  
n ot move th e  p o in t  o f  attachm ent o f  th e  vortex  l in e  to  the %ire a t  
l e a s t  tem porarily* There may th e r e fo r e  be some more fundament s i  sh o r t-
comiiig In  th e  theory*
(â) ^ o o l ic e t lo n  o f  th e  th e o iy  to  th e  p resen t experim ent
U nlike the tvlre In Vlnen^e app aratu s, a hanging f ib r e  In a v/lnd 
tu n n e l does not render th e  helium  tr u ly  doubly connected* The com plete  
attachm ent o f  quanta o f  c ir c u la t io n  t o  th e  f ib r e  I s  th e re fo re  Im p o ssib le  
In  th e  sen se  o f  S e c t io n  ( a ) , fo r  c ir c u la t io n  about th e  f ib r e  must 
alw ays b e  coup l e  ted  by a fr-. - v o r tex  l in e  running from th e  f ib r e  to  one 
o f  th e  f lu id  boundaries* C lea r ly  s t a b i l i t y  I s  g r e a t e s t ,  and the id e a l  
o f  com plete attachm ent most n e a r ly  approached, when th e  v ortex  l in e  
extend s from th e  low er end o f  th e  f ib r e  to  the f lo o r  o f  th e  tu n n el in  
th e  same s tr a ig h t  l in e  a s the f ib r e*  For t h i s  reason we expect a mean 
c ir o u la t lo n  o f  one quantum to  be f a i r l y  sta b le*  The s t a b i l i t y  o f  o th e r  
v o lu e s  can be judged by in v e s t ig a t in g  th e  s te a d in e ss  o f  vortex  l in e s  
p a r t ly  a ttach ed  to  th e  f ib r e ,  and tezm ln atin g  on th e  %,all o f  the wind 
tu n n e l,
Tlie measurements o f  c ir c u la t io n  were made in  tu n n el I I ,  in  Wrloh 
th e  p ezp on d icu lar  d is ta n c e  between th e  f ib r e  and the s id e  v a i l  was 
about 0 ,3  cm* Tlie r a d ii  o f  both  f ib r e s  I  and I I  were 0,35*10'^^ cm* In  
c o n fig u r a tio n  I I  o f  th e  th e o iy  o f  S ec t io n  (b) ( i i ) ,  th e  ra d iu s o f  cu r­
vature o f  th e  p a r t ly  a tta ch ed  v o i t  ex l in o  i s  g iv en  by equation ( l l . g g )  
a s
^ 3*10 l )  cm when f  = 3*10 cm)
) (11*80)
 ^ ^  1 0 / ( 2 ht4' 1 ) cm when r  « 3*10~^ cm, I
ta k in g  10 ^ cm. Again Ik. 6 ,2 ^ /^ ^  rv 13 I f  e sm all in te g e r ,
80 th a t  r e la t io n  ( l l* 6 8 )  i s  unohenged:
1
^  y 2 w\+ 1 '
With M.e: 0 and f  = 3*10  ^ cm th e  so lu t io n  l a  n &: 3 , so th a t  the  
lo o a llse d - ln d u o t lo n  approxl; n tlo n  I s  poorer than fo r  V ln en 's apparatus 
(sme (11+69))*
I f  th e  quarts f ib r e  i s  rough enough, e i t h e r  n a tu r a lly  or  beoauee  
o f  d u st p a r t i c l e s ,  equation s ( l l* 7 2 )  and ( l l , 7 3 )  are v a l id .  The 
geom etric mean o f  th e  valuos g iv en  in  (lI.G O ) i s
% Y S^lO^^^AgM^ 1 ) cm . (11*82)
«.7T h erefore, w ith  (A.*: 10 cm and M.%: 0 ,
10  ^ cm30 , *
w hile* w ith  vi\i= 1
3*10 cm . (11 , 84)
With one "com pletely attached" quantum o f  c ir o u la t lo n  a p a r t ly  a ttach ed  
vortex  l in e  could not p o s s ib ly ,  by ( I I . 84) ,  reach th e  ttm nel w a ll a t a
(170)
s u f f i c i e n t l y  o b tu se  a n g le  to  s a t i s f y  c r i t e r i o n  (11 . 70) .  T here i s  there™ 
f o r e  no p o s s i b i l i t y  t h a t  f r a c t i o n a l  mean c i r c u l a t i o n s  g r e a t e r  th a n  one 
quantum would be m e ta s ta b le ,  even i f  th e y  could, be  e s ta b l i s h e d .  W ith 
a s in g le ,  p a r t ly  a tta ch ed  v ortex  l in e  i t  i s ,  by ( I I . 83) ,  p o s s ib le  to  
e a t i e f y  th e  s te a d in e e s  c r i t e r io n ,  although much le e e  e a s i ly  than in  
¥ in en * s  a p p ara tu s*  D esp ite  th e  v e iy  app rox im ate  nature o f  th e  th e o ry  
we might e::qpeot eometimes to  f in d  p e r s is t e n t ,  f r a c t io n a l  c ir c u la t io n s  
o f  l e s s  th a n  one quantum. T hat such  c i r c u l a t i o n s  have very  r a r e ly  been 
observed may b e  due p a r t ly  to  th e  m easurement p ro c e s s  i t s e l f ,  which  
c a u se s  e d istu rb an ce  a t  l e a s t  as g r e a t  a s  th e  large-"am plitude v ib r a t io n  
o f  th e  w ire c a r r ie d  o u t in  V inen*s  ap p ara tu s*
( e) Summary o f  c o n c lu s io n s
In  V in en ’s apparatus, provided  t h a t  a l l  th e  e x is t in g  v o r te x  l in e s  
have a. p re ferred  o r ie n ta t io n  w ith  r esp ec t t o  th e  w ire  so t h a t  no 
a n n ih ila t io n  can take p la c e ,  th e r e  e x is t  m etastab le  s t a t e s  o f  two k inds#  
Any s t a t e  w ith  i n t e g r a l ,  non-^zero c ir c u la t io n  about th e  w ire  i s  meta­
s ta b le ,  an d , i f  th e  a p p a ra tu s  has s u f f i c i e n t ly  rough  s u r f a c e s ,  so are  
s t a t e s  w ith  f r a c t io n a l  apparent c ir c u la t io n s  a r is in g  from th e  p a r t ia l  
a ttach m en t o f  v o r te x  l i n e s  to  th e  w ire . The e x is te n c e  o f  th e  la t t e r  
depends c r i t i c a l l y  not o n ly  on th e  dim ensions o f  th e  apparatus but on 
th e  t o t a l  c ir c u la t io n  about th e  wire# S ta te s  w ith  a s in g le  p a r t ly  
a t ta c h e d  v o r te x  l i n e  are c e r t a in ly  met a s ta b le ;  th o se  w ith  one w ho lly  
and one p a r t ly  a tta c h e d  v o r te x  l i n e ,  more d o u b t f u l ly  so# A p a r t ly  
a t ta c h e d  v o r te x  l i n e  i s  alm ost c e r ta in ly  u n s ta b le  i f  th e r e  a r e  two or
(171)
more com plete quanta on th e  w ire: I t  i s  ejqpeoted to  p e e l  o ff#  The 
th eory  ag rees w e ll  w ith  th e  p u b lish ed  experim en ta l r e e u l t s  in  th e  ca se  
vhere th e  apparatus i s  no lo n g e r  rotatin g*  The in te r p r e ta t io n  o f  th e  
ob eervation e in  terme o f  q u a s i - o le s e ic a l  v o r tex  l in e s  here seems to  be  
q u ite  adequate* On th e  o th e r  hand th e  agreement in  the r o ta t in g  c a se  
i s  l e s s  happy. I t  i s  not c le a r  le a t h e r  t h i s  i e  due to  th e  breakdown o f  
th e  appiox im atione used or to  some inadequaoy in  th e  q u a s i - o le e s lc a l  
v o r te x - l in e  m odel, perhaps o f  th e  s o r t  su ggested  in  c h a p te r  9(b)*
For th e  apparatus o f  th e  experim ent d escr ib ed  in  th e  body o f  t h i s  
t h e s i s  th e  approx im ations made in  t h i s  th e o ry  are r a th er  d r a s t ic *  
N ev er th e le ss  i t  i s  expected  t h a t  a s in g le ,  p a r t ly  a tta c h e d  v o r te x  l in e  
c o u ld  be  m eta sta b le . Hence f r a c t i o n a l  mean c ir c u la t io n s  o f  l e s s  than  
one quantum should sometimes b e  p e r s is te n t*  Such c ir c u la t io n s  have been  
observed very  r a r e ly  (one example appears on the h istogram  in  f ig u r e  
7#5(ci))» A c ir c u la t io n  o f  one quantum i s  expected  to  bo e i^ e c ia l ly  
s t a b le ,  in  agreement w ith  th e  in te r p r e ta t io n  in  ch ap ter  8 (a ) ( i i i )  o f  
th e  h is to g ra m s  o f  p e r s i s t e n t  c i r c u l a t i o n s  (F ig u re  7*5 (a ) and (b ))*  
F ra c tio n a l c ir c u la t io n s  o f  more than one quantum would be u n sta b le  i f  
th ey  could be created# The agreement between th e se  p r e d ic t io n s  and th e  
experim ental r e s u l t s  i s  as good a s  can be ex p ected , a lthough n ot p a r t i -  
o u la r ly  con v in c in g .
By perform ing Vinen *s experim ent in  apparatuses o f  varying dimen­
s io n s  and e s ta b lis h in g  largQ^' c ir c u la t io n s  about th e  w ire  th e  p r e d ic t io n s  
o f  th e  th eory  could b e  checked  more r ig o r o u s ly . I t  sh o u ld  a ls o  b e
(172)
p o s s ib le  vd.th la r g e r  o ir o u la t io n s  to  dem onstrate th e  q u a n tisa tio n  o f
c i r c u l a t i o n  more c o n v in c in g ly  and t e s t  th e  th eory  o f  q u a s i- c la s s io a l  
vortex  l i n e s  more th orough ly than has so fa r  been done. For p a r t ly  
attach ed  v o r tex  l in e s  would then b e  u n s ta b le , and o n ly  in te g r a l  o i r -  
c u la t io n s  sh o u ld  b e  p e r s i s t e n t .  Such l a r g e  c i r c u l a t i o n s  c o u ld  be 
e s ta b l is h e d  by r o t a t io n  a t an a n g u la r  v e lo c i t y  h ig h  enough to  overcome 
th e  p o t e n t ia l  b a r r ie r s  opposing th e  o ip tu re  o f  su c c e s s iv e  vortex  lin e s#  
The experim ental measurement o f  t h i s  angu lar v e lo c i t y ,  which i s  expected  
to  be o f  th e  o rd e r  o f  where % i s  th e  r a d iu s  o f  th e  w ir e , would
p ro v id e  a f u r t h e r  t e s t  o f  th e  theory#
The fe a tu r e s  o f  h i s  experim en ta l r e s u l t s ,  in  p a r t ic u la r  th e  f a i lu r e  
to  a t ta in  eq u ilib r iu m , w hich Vinen su g g e s te d  m ight be ex p la in ed  by  
assuming th a t  vo r tex  l in e s  had a la r g e r  core  ( th a t  i s ,  low er energy) 
th a n  had  p r e v io u s ly  been aupx^osed, are  now a sc r ib ed  t o  th e  t r a p p in g  o f  
v o r te x  l in e s  in  m e ta s ta b le  s t a t e s .  H is su g g e s te d  lo w er l i m i t  to  th e  
c o re  r a d iu s , 10 cm, i s  th e r e f o r e  u n r e l ia b le ,  e s p e c ia l ly  a s  i t
i s  i n c o n s i s te n t  w ith  the u p p e r  l im it  t e n t a t i v e l y  in fe r r e d  from  th e  
o b s e rv a t io n s  o f  th e  s t a b i l i t y  o f  a com p lete ly  a ttach ed  quantum o f  c i r ­
c u la t io n , <  3*10  ^ cm*
(173)
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